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We presenta unified treatmentof relativistic effectsin superconductorsThe relativistically correct(Dirac-
type) single-particleHamiltonian describingthe quasiparticlespectrumof superconductorss deducedfrom
symmetryconsiderationsindthe requiremenof the correctnonrelativisticlimit. We providea completelist of
all order parametergonsistentwith the requirementof Lorentz covarianceThis list containsthe relativistic
generalization®f the BCS andthe triplet orderparametersamongothers.Furthermorewe presenta symme-
try classificationof the order parametersiccordingto their behaviorunderthe Lorentz group, generalizing
previoustreatmentshatwerebasedon the Galilei group.The considerationin this paperarebasecbnly onthe
conceptsof pairing and Lorentz covariance They canthereforebe appliedto all situationsin which pairing
takes place. This includes BCS-type superconductorsas well as the heavy-fermion compounds,high-
temperaturesuperconductorgairing of neutronsand protonsin neutronstars,and superfluidhelium 3.
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I. INTRODUCTION

This is the first in a seriesof two papersdevotedto an
investigationof the effectsof relativity in superconductorst
has beennoted before by many authorsthat relativistic ef-
fects can have a profound influence on superconductivity.
Spin-orbit coupling, a relativistic effect of secondorderin
v/c, is known to influence the symmetry of the order
parametef; the spin-susceptibilityand the Knight shift,>®
magnetic impurities in  superconductor§, Josephson
currents-®~% the value of the uppercritical field ***? H.,,
and the magnetoopticalresponseof superconductors
amongother quantities.Relativistic correctionsto the Coo-
per pair masshave been evaluatedtheoretically and mea-
sured experimentally**= The self-consistentscreeningof
the currentswhich givesrise to the Meissnereffectis dueto
the current-currentinteraction?>?! which is of relativistic
origin andof secondorderin v/c. Plasmarequencyanoma-
lies which were observedin somehigh-temperaturesuper-
conductorshavebeensuggestedo be dueto current-current
interactionsaswell.?? In the anyonictheoryof superconduc-
tivity it was recentlyarguedthat one needsto startfrom a
relativistic Lagrangianin orderto obtaina completedescrip-
tion of the Meissnereffect?® In studyingthe electrodynamics
of vorticesin high-temperatursuperconductori wasfound
necessaryo employ a relativistically covariantwave equa-
tion in orderto explainthe experimentadata®* The relativ-
istically covarianttheory presentedn the presentpaperpro-
vides a unified frameworkwithin which sucheffectscanbe
interpretedand analyzed.

Moreover,whenevetthereareelementswith atomicnum-
berZ=40in the lattice ?® the bandstructurehasto be calcu-
lated usingrelativistic methods?®~2 Many interestingsuper-
conductorse.g.,the heavy-fermiorcompoundsandthe high-
temperaturesuperconductorgjo indeedcontainvery heavy
elementssuchas mercury(Z=80), uranium(Z=92), bis-
muth (Z=283), thallium (Z=81), platinum(Z=78), etc.In
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Sec.V of the presentpaperan equationis derived which
allows oneto performsuchrelativistic band-structurealcu-
lations for superconductors.

In spiteof thefact thatrelativity thusobviouslyis relevant
for a large numberof interestingeffectsin superconductors,
a unified and covariantrelativistic approacho superconduc-
tivity hasnot beenworked out, until very recently.In a pre-
vious papef® we presented first steptowardssucha rela-
tivistic theory of superconductivity.That theory led to a
relativistic generalizationof the Bogolubow-de Gennes
equationsof superconductivity.By performing a weakly
relativisticexpansiorup to secondorderin v/c, wherev is a
typical velocity of the particlesinvolved, we found the usual
relativistic corrections (spin-orbit coupling, mass-velocity
correction,and Darwin term) in a form appropriatefor su-
perconductors Furthermore,a number of new relativistic
correctionsof the same orderin v/c emergedwhich existin
superconductorsnly. Thesenew terms could be identified
asthe superconductingounterpart®f the spin-orbitandthe
Darwin term, with the pair potentialtaking the placeof the
lattice potential. The appearancef suchtermscanbe traced
backto the complexinterplay betweerrelativistic symmetry
breaking and superconductingcoherence.The theory has
meanwhilebeenshownto leadto potentially observableef-
fectson, e.g.,the energyspectrunmof a superconductdf and
on the magneto-opticatesponsef superconductors

The presentpaperprovidesa more generalapproachto
relativistic effectsin superconductordt is organizedasfol-
lows: after this introductionwe show, in Sec.Il, how the
Dirac equationis generalizedo describesuperconductorby
introducing the order parameterss 4 X4 matricesinto the
Dirac Hamiltonian.

In Secs.lll andIV we presenta detailedanalysisof the
resultingHamiltonian.We discusslLorentz covarianceof the
formalism and investigatethe behaviorof the order param-
etersunderLorentztransformationsThis leadsto a classifi-
cation of all possibleorder parametersvith respectto their
behaviorunderthe operationf the Lorentzgroup.Next we
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showthat theseorderparameterganbe interpretedn terms
of the symmetriesof the underlyingCooperpair states.This
givesrise to a relativistic generalizatiorof the conceptsof
singlet and triplet superconductivityand allows one to
specifywhatkind of physicsis describedoy the variousor-
der parameters.

In Sec.V we discussthe diagonalizationof the Hamil-
tonian. This leadsto a set of differential equationswhich
generalizethe Bogolubovw-de Gennesequationsof the non-
relativistic theory.

While the presentpaperthus dealswith the Dirac equa-
tion for superconductorshe secondpaperof this series’
will treatthe Pauli equationfor superconductordn that pa-
perwe take up the topic of weakly relativistic correctionsto
the conventionaltheory of superconductivityand discuss
someobservableconsequencesf the new terms.

Unfortunately, the respectiveterminologiesof relativity
and superconductivityare rather different and thereis little
overlapin the literatureon theseapparentlydistinct fields of
physics.To aid the nonspecialistywe havethereforeincluded
two sectionsin which we briefly review somepertinentas-
pectsof the microscopictheoryof inhomogeneousupercon-
ductors(Sec.ll A) andof relativistic covariancgSec.lll A).

It shouldbe stressedrom the outsetthat we do not at-
temptto formulatea fully relativisticinteracting field theory
of superconductivityWe quantizeonly the electrondegrees
of freedomand treat the externalfields as classicalfields.
Furthermorethe effectsof relativity are considerecnly on
the single-particle level, i.e., on the level of the
Bogolubow-de GennesequationsA relativistic treatmentof
the interactionis beyondthe scopeof the presentpaper,al-
thoughwe offer someremarksconcerningthis topic in Sec.
VC.

II. GENERAL FRAMEWORK FOR A RELATIVISTIC
THEORY OF SUPERCONDUCTIVITY

A. A basis for the nonreélativistic order parameter

In the nonrelativisticcaseit is well known that the order
parametefOP) structureis determinecdy very generalsym-
metry considerationsas follows:*~* Cooperpairing takes
placebetweensingle-particlestateswhich are,for any given
state|na), constructedoy applicationof the time-reversal
and parity operatorslf n standsfor a completesetof quan-
tum numbersneededto label a normal-stateeigenfunction,
we thus havethe states

Ino), |'A|'n0'>, ||5ncr>, ||5'A|'n0'> (1)
availablefor pairing, where T and P are the time-reversal
andparity operatorsrespectively.The possiblepairing states
of the superconductocanthenbe characterizedn termsof
thesestatesas’

|S)=|n0',:|'na'>—|I5'A|'n0',|5n0'>, (2
|T+>=|no-,|5no->, 3
|T—)=|PTno,Tna), (4)

|TO)=|no, Tno)+|PTne,Pna). (5
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The physicalsignificanceof this constructionis easily seen
by consideringa homogeneouslectrongas,wherespin and
momentumare good quantumnumberslf |[no)=|kT), then
|Tnoy=|-kl), |Pnoy=|-k1), and|PTno)=|k]|). Tak-
ing into accounthateachof thetwo-particlestateds a Slater
determinant,the configuration-spaceepresentatiorof |S)

takesthe form

(r,r' 1S =[eNe «(r)+e_KNerNxi®x,—x,

wherethe ¢, (r) are normal-statesingle-particlewave func-
tionsandthe y, arethe usualspin functions.Obviously,the
spatialpartof |S) is an evenfunction underexchangeof the
two particles,while the spin partis odd. This statedescribes
the conventionalsinglet Cooper pair 3% Representinghe
Paulispinorsasy;=(1,0)" andy, = (0,1)", this canbewrit-
tenas

(119 =[N e K (r+e_ (NerHImy  (7)

R 0 1
m]_::( -1 0) . (8)

with

The otherthreestatesareevenfunctionsof the spinvariables
and odd functionsof the spatialcoordinatesThey describe
triplet Cooperpairs, as found in superfluidhelium 3 (Ref.

37) and, possibly, organic superconductor& and heavy-
fermion compounds?® The spin partsof the triplet statesare

representedby
. 10
|T+>Hm2==(o O), ©)
. 0 0
IT— )—m3::(0 1): (10
R 0 1

Thesematricesform the basisfor manyapproacheto super-
conductivity. In particular,the Balian-Werthameparametri-
zation for the order parameterof triplet superconductorss
simply a linear combinationof the matrices|T+), |T—),
and |T0).%%4! The fact that the singlet OP is composedof
time-reversedingle-particlestatess the basisfor thetheory
of impuritiesin BCS superconductor®*3 Furthermorethe
abovedefinedstates(2)—(5) were takenas a starting point
for investigationof the order-parametesymmetryin uncon-
ventionalsuperconductors.g.,in Refs.31-34.

Multiplying these matricesfrom the left and from the
right with spinorswhoseentriesare functionsof r, yields a
real-spaceepresentationf the OP which is commonlyused
in the Bogolubov-de Gennesquation®® andin the density-
functional theory of superconductivit?>#1444° Since this
will be of considerablemportancebelow, we demonstratét
explicity for the singlet case. The conventional
Bogolubow-de GennesHamiltonianfor a singlet supercon-
ductoris®
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. p?
Hnon-reI:J' d3r§;4 l/fl(f){ﬁ+v(r)—4 o(r)

—f d3r d3r /AT (r,r)x; (1) +H.cl,

12

wherethe ¢, are secondquantizedfield operatorsp (r) is
the lattice potential, A, (r,r’) is the pair potential,and the
expectationvalue of )}Tl(r,r’) =, (r) ¢ (r') is the (nonlo-
cal) singletOP*? In Sec.V C therole of this Hamiltonianin
density-functionakheory for superconductorgs further dis-
cussed.

The termsin Eq. (12) referringto superconductivitycan
be rewrittenas

Jd3rd3r’A’{l(r,r’))}H(r,r’)

1
=§f d3r d3 " A (r,r")

a1 dl)
Y )\ =1 0/\y
andsimilarly for its Hermitianconjugate We havemadeuse
here of the fact that the pair potentialfor a singlet stateis
even under interchangeof (r) andr’. This is guaranteed
becausehe spinpartof the singletstateis anodd function of
the spins,andthe full pair potential,havingthe symmetries
of afermionicpair wavefunction,mustbe oddunderparticle
exchange.

It is seenthatthe matrix (8) appearsaturallyin Eq. (13).
In exactlythe sameway the matrices(9)—(11) appearin the
generalizationof the Bogolubov-de Gennesequationsto
triplet superconductorsas demonstratecexplicitly in Ref.
41. The correspondingpair potentialsare odd functions of
the spatialcoordinates.

In the mostgeneralcase,all theseOP are presentsimul-
taneously.Then all the order parametersenter the Hamil-
tonian, multiplied by the appropriatepair fields and the su-
perconductingermin the Hamiltonianbecomes

E 3 3 ,(lﬁr(r))T o A_(l//T(r,))
(z)fd rfdr i) Zawom| ,( |
14

13

where r?lj are the four matricesdefinedin Egs. (8)—(11).

Since m, and m; have only one entry, the factor 1/2 is
presentonly for j=1,4. [We can replaceit by 3(1+ j2
+ &j3) to havea closedexpressiorfor all cases.

It is by no meansnecessaryo usethis particular set of
matrices.Any linear combinationof them [respectively,of
the states(2)—(5)] canbe usedjust aswell. Writing the gen-

eral OP as
(l/ﬁ(r))Tﬁ](r r,)( %(r’))
Pi(r) ’ y(r')

with an arbitrary 2x2 matrix m(r,r’), we can expand
m(r,r’) in any completebasisin spin spaceinsteadof the

(15
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rﬁj , suchas,for example the setof the threePauli matrices
andthe 2X 2 unit matrix.

B. A basis for the relativistic order parameter

We arenow in a positionto formulatethe relativistic gen-
eralizationof the Bogolubov-de GennesHamiltonian (12)
or, equivalently,the superconductingyeneralizationof the
Dirac Hamiltonian. Proceedingin the spirit of a single-
particle theory it is obvious, that the first (i.e., the Schro
dingen partof Eq. (12) is to be replacedby the correspond-
ing Dirac Hamiltonian. In analogyto Eq. (15) the second
partcanalwaysbe expressedh termsof a generalandasyet

undeterminedt X 4 matrix M(r,r"), i.e.,

H= f d3r W(r)[cy-p+mc2+ qy“A, 1T (r)

- %J d3r a3 [WT(r)M(r,r")¥(r')+H.cl,
(16)

where\I'(rUs afour-componentield operator(Dirac-spinor
operatoy, \If(r)::\IfT(r)S/O and A, is the electromagnetic
four-potentiat®®?

1
AM=(a(v(r)—ﬂ),—A)- (17)

g is the chargeof the particlesinvolved. In writing the
above,we madeuse of the summationconvention,i.e., a
summatiorovergreek indiceswhich appeaionceasanupper
andonceas a lower index is implied. We now expandthe

matrix M(r,r’) in a basisset of 16 linearly independent
4X4 matricesl\7lj with expansiomoefficientSA}‘(r,r’):

TTIOM(r,r )T (r')=¥T(r)

; Af(r,r')l\"/lj}qr(r').
(19

Justasin the nonrelativisticcase,in principle, any complete
setof 4 X 4 matricescanbe choserasa basisfor this expan-
sion. Below we employ one particularsuchset, namelythat

of the 97 matricesdefinedby Egs.(19)—(34). This setwill be
shownto ensurerelativistic covarianceof the formalism (cf.
Sec.lll) andto permitaninterpretationof the physicsof the
paired statesanalogousto Egs. (2)—(5) (cf. Sec. V). For
clarity we displaybelow only thosematrix entrieswhich are
differentfrom zero:

I
i
=
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1
—1
~0
= -11:
1
1
1
~1
=l -1 )
1
i
i
~2
V= =i '
—i
~1
-1
~3
= 1 :
1
1
~1
7%= 1 =iy ey,
-1
1
-1
~0._ _""5"0
A= -1 R/ X/ /R
1
1
. -1 A
Thi= =
1
i
. [ SN
nai= i =n0°ny,
—j
-1
-1
~3._ _~-"5"3
na= 11=77 N>
1

RELATIVISTIC FRAMEWORKFOR ... . I. ...

(20

(21

(22

(23

(29)

(29

(26)

(27)

(28)
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~1
1
7=l 1 =909 NY (29
1
i
i
7= = 7y, (30)
i
1
1
=l 1 = DTy (3Y)
1
i
i
= i | =nmynd, (32
i
1
~ 13 1 ~~1°3
Ny = 1 =Ny, (33
1
i
R —i .
ne= =707y - (34)

Thesel6 matricesare linearly independentind hencecon-
stitute a completesetin which every 4X4 matrix can be

expanded? The labeling of the 7 matricesrefersto the
transformatiorbehaviorof the corresponding@P underLor-
entztransformationsaswill be explainedn Sec.lll B andin
Tablel.

Clearly, the nonrelativistic limit of Eg. (16) is the
Bogolubow-de GennesHamiltonian for singlet and triplet
OP (Refs.43 and41) (the spindegreeof freedomare natu-
rally containedn therelativistic framework, while the non-
superconductingimit (all A;—0) is the conventionalDirac
Hamiltonian.

We cannow also seeanotherreasonwhy it is usefulto
introducethe matrix notationfor the order parameterThe
correspondingermsin the Hamiltonianare all of the form

spinor - (4X4 matrix)-spinor-field, (35

just asarethe termsof the Dirac Hamiltonian.In particular,
the pairing fields A; andthe electromagnetidield A, enter
the Hamiltonianon the samefooting. The four-currentden-

sity is defined,as usual,by j*=cW¥ S/MP, while the order
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TABLE |. Thistableis a completelist of all order-parametematriceswhich areconsistenwith the requiremenbf Lorentzcovariance.
The first column denotesthe transformationbehavior of the OP. The secondcolumn containsthe familiar bilinear covariantsof the
conventionalDirac equation.The third column containsthe correspondinganomaloushilinear covariants Every individual componentof
eachentryin thistableis a4 x4 matrix. ThelabelsSE, SO, TE, andTO, assignedo eachcomponentf theanomalousilinear covariants
refer to the spin character( S= singlet, T=triplet) andthe behaviorunderspaceinversion(E= even,O=o0dd) of the correspondingpairs.

Theselabelsare explainedin detailin Secs.lV B andIV C.

Transformationbehavior Conventionabilinear covariants Anomalousbilinear covariants
underLorentztransformations of the Dirac equation of Eq. (43)
W(r) ... ¥(r) wi(r) ... v(r)
Scalar 1 7 (SE)
-0 -
y W\ (s
~1
“ Y ~1 e
Four vector =] 12 o= N
Y ~2 Se)
~3 ™
Y ~3 SO
v
Pseudoscalar Y=Yy =innymngn (SO)
y® TO
Axial four vector 2,52 7 S °57 TE
M= =
[l PY: W=ITW | 1
y® TE
Antisymmetrictensor —igh= =
0 ",yOfyl ~,022 ",yOfy3 0 "7}\0/;}%/ ;)?/"7)\2/ "7]3;’3
2,051 2122 ~17,3
— O AnA Aq A PPN
LSO rT w0 wk W
vy vy vy M _~022 ~1°2 0 ~2°3
L5033 3133 5233 NN TN K
Yy Yy vy ~0°3 173 2”73

\
3
3

!
g
3

0 TO TO TO
TO 0 TE TE
TO TE 0 TE

O TE TE O

parametersare analogouslygiven by y;=¥™M;¥. The
four-currentdensity and the order parametersare thus also
treatedin a parallelway. This is particularly appealingfrom
the point of view of the density-functional theory of
superconductivit?*144% where the Bogolubov-de
Gennesequationshecomethe Kohn-Shamequationsfor su-
perconductor@nd the order parametergnterthe formalism
as“anomalousdensities,”in additionto the normaldensity
n(r) and,if necessarythe currentdensityj. We call Eq. (16)
the generalizedDirac-Bogolubovw-de GennesHamiltonian
becausét containsthe Dirac—-Bogolubov-de GennedHamil-
tonian previouslysuggestet asa specialcase.

1. SYMMETRY ANALYSISWITH RESPECT
TO THE LORENTZ GROUP

A. Bilinear covariants of the conventional Dirac equation

Every relativistic theory needsto be covariant,i.e., the
equationanusthavethe sameform in everyinertial system.
We, therefore,have to verify that our equationsare form
invariant under Lorentz transformations,i.e., invariant
modulo a Lorentz transformationof the argumentsThis is
clearly the casefor the conventionaDirac theory®*51:5%j e,
without the termscontainingthe A; . To determinewhether

the additionaltermsin Eq. (16) are covariant,we needto
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explicitly studytheir transformationbehaviorunderLorentz
transformations.

In principle, a discussiorof Lorentzinvarianceshouldbe
basedon the Lagrangiandensity and not the Hamiltonian
becauséhe formeris invariantitself, while the latteris not>°
The Hamiltonian formulation, though, is much more com-
mon and convenientin solid-statephysics. Since the La-
grangian density £ is related to the Hamiltonian H
=[d° H by

- L
H=2 i——L,
i i
all termsin £ which do not dependon ; [suchastheterms
describingsuperconductivityn Eq. (16)] appearin H and £
with oppositesign, but the sametransformationbehavior.
We canthus carry on with the Hamiltonianformulation, if
we keepin mind that the actual invariant quantity is the
Lagrangiandensity.

The prescriptionhow to performa Lorentztransformation
for Dirac spinorscan be found in many textbooks2®%1:53|f
¥ is the original spinor,thenthe spinorin a movinginertial
systemis relatedto it via

(36)

' (x")=8¥(x), 37

wherex=(ct,r) andx’=(ct’,r") arethe space-timeoordi-
natesin the original and the new inertial system,respec-
tively. For a transformationto an inertial systemmoving
with uniform velocity v, alongthe k axis (k=x,y,z), the
transformatiormatrix is given by

cosn s |L—siNnn = || ~
2 2/\g, O
o) _ b
tan)‘(E)— c

and o, arethe usual2x 2 Pauli matrices.This form applies
to finite, homogeneougnot involving translationy ortho-
chronous(not involving time reflectiong and pure (not in-
volving spatialrotationsandreflectiong Lorentztransforma-
tions (i.e., “Lorentz boosts™).

Onecannow form all possiblecombinationf the Dirac-

} matricesandinvestigatethe transformatiorbehaviorof the
quantities®>1>3

5= , (39)

where

(39

VYW =T =(SY)Y0y(SY) (40
underLorentztransformationswhere3/ standdor any of the
linearly independenDirac matrices.Sincethereare 16 lin-
earlyindependentl X 4 matrices,onecanfind 16 suchquan-
tities which can be classifiedaccordingto their transforma-
tion behavior. Explicitly, one finds that one can form a
scalar,a pseudoscalara (polarn four vector, an axial four
vector and an antisymmetrictensor of rank two. Each of
thesetransformsunder Lorentz transformationsand space
inversion accordingto an irreducible representatiorof the
Lorentzgroup” (seeSec.lll C for moredetaily. Thesefive
entities are normally called the bilinear covariants of the
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Dirac equation.They are listed in the secondcolumn of
Table I. Their constructionand a detailedanalysisof their
propertieds foundin manystandardextbookson relativistic
quantumfield theory®%°1°3Togetherthey have 16 compo-
nents.Sincewe hadonly 16 matricesto startwith, we have
exhaustedll possiblecombinationsFor the Dirac equation
thereare exactlythesefive and no otherbilinear covariants.

Theirimportancestemsfrom the fact thatthe Hamiltonian
(or the Lagrangian needsto be expressedn termsof these
bilinear covariantsin orderto be manifestlycovariantitself.
Furthermoresincethereis just a small numberof different
bilinear covariants,one canclassify all interactionswith re-
spectto the bilinear covariantswhich oneneedsfor a proper
description.It turnsout, thatalmosteveryinteractioncanbe
describedin termsof just one bilinear covariant. The most
prominentexceptionis the weak interactionof high-energy
physics.A descriptionof this interactionrequiresthe pres-
enceof a (polar four vectorand an axial four vectorin the
Lagrangian Sinceundera spatialreflectionthe former picks
up a relative sign with respectto the latter, the weak inter-
action violates parity invariance’>®® We have discussed
thesefacts at length becausehey will turn out to be highly
relevantfor the superconductingaseaswell.

B. Symmetry classification of all possible order parameters

We first considerthe transformationbehaviorof the OP

formed with 7. Given Eq. (39), it is a matter of simple
matrix multiplication to verify that

VT = (S0 (SP) =TT W, (41)

ie., \IfT;7‘I’ is form invariantunderLorentztransformations.
7 canbe expressedn termsof the y matricesas y* 7.
The bilinear covariantwhich is formed with thesey matri-

ces,namelya&laﬁ\lf, is, on the other hand, not invariant
under Lorentz transformationsAs displayedin the second

columnof Tablel, it transformsasthe component-*2 of the

antisymmetrictensora*”.
A similar situationis found for all OP: their transforma-
tion behaviorcannotsimply be obtainedfrom their represen-

tation in termsof the } matricesin Egs. (19)—(34) and a
comparisonwith the correspondingrepresentationof the
conventionabilinear covariantsin termsof the samematri-
ces.Thereasorfor thisis, thatthe OP contain¥ T insteadof
w=v710 Therefore,it is the transposedtransformation
matrix ST which entersandnot, asusual,the Hermitiancon-
jugate ST. Since S is, in general,a complex matrix, this
differenceleads,togethemwith the additionaly°, to a differ-
enttransformatiorbehavior,ascomparedo the conventional
case.This phenomenoris known alsofrom the nonrelativis-
tic triplet OP, whereit leadsto usingthe Balian-Werthamer
matricesinsteadof the Pauli matricesin orderto obtain a
quantity which transformsas a three vector under spatial
rotations’49:55

We can, of course,investigatethe transformationbehav-
ior underspacereflectionsin the sameway. Here the trans-

formation matrix is simply ¥° andit is readily verified that
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T Tp¥ = (Y°0) T p(y°¥) =V 5w (42)

is invariant underthis operationas well. We concludethat

v T W is aLorentzscalarwhich doesnot changesignunder
spatial reflections (the latter property excludesa pseudo-
scalar,which would changesign. We do not needto con-
sider spatial rotationsand translationsbecausehey do not
influencethe classificationof the bilinear covariantg51:53
Theseoperationsdo not, in general,leave the underlying
lattice of the superconductomnvariant. The symmetrygroup
of the lattice can be usedto further classify the Op 1335658

The considerationsf the presensectioncanbeviewedasan

extensionof theseworks from usingthe Galilei groupto the
Lorentzgroup.

In the sameway as for the ;7—OP we caninvestigatethe
transformationbehaviorof all the other 15 matrices.To de-
termine their transformationbehaviorwe perform Lorentz
transformationglongall threespatialaxes.This allowsusto
distinguish scalars,vectors,and tensors.To further distin-
guishbetweernproperscalarsandpseudoscalarandbetween
(polan four vectorsandaxial (pseud four vectors,we also
needto investigatehe behaviorunderspatialreflections.The
covariantquantitiesone finds in this way will be termed
anomalous bilinear covariants’® We summarizethe results
of this investigationin Table I, wherewe display the con-
ventional and the anomalousbilinear covariants,classified
accordingto their transformatiorbehavior.

The 16 componentof the five distinct covariantquanti-
ties of the Dirac equationcan all be expressedn a well-
known way*>°® in terms of just five matrices, namely

Y%, %4, 92,53, which form the (polan four vector, and the
unit matrix 1, which is the scalar.In just the sameway, the
16 component®f the five distinctanomalousovariantscan
all be expressedin terms of five matrices, namely

7%, 7%, %%, 75, which form the (polan four vector,andthe

7 matrix, which is the scalar.Thereis thus a far reaching
correspondencketweerthe conventionabilinear covariants
of the Dirac equatiorfor normalelectronsandtheanomalous
bilinear covariants (order parameters of the Dirac—
Bogolubovw-de Gennesequationfor superconductors.

In view of this correspondencé is not surprising that
thereexistsa transformationwhich, when appliedto one of
the 16 component®f the conventionakovariantsyieldsthe
correspondinginomalougovariantIf everyentryin thesec-

ond columnof Tablel is multiplied with 3133, thereresults
(up to factors 1) the correspondingentry in the third col-

umn.In the caseof the pseudoscala}s, for instancewe find

Yv33°=7°, while the tensor componenty°y? becomes

Y*v*¥°y?=— 95372 This rule transformsa conventional
bilinear covariantin the correspondinganomalousovariant,
which hasthe sametransformationbehaviorunder Lorentz
boostsandspatialreflectionsit summarizesn a conciseway

the lengthy calculationsnecessaryto determinethe matrix

representationsf the 16 7-OP by performingthe Lorentz
transformationgexplicitly.

Thisrule, extractedrom Tablel, canalsobe arrivedat by
means of a generalizationof the nonelativistic Balian-
Werthamerprescriptionfor the constructionof matricesfor
the singletandtriplet OP’s: Observingthat ordinarily a sca-
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lar is expressedn termsof the unit matrix, while a vectoris
expressedh termsof the threePauli matrices,onefinds ma-
tricesyielding scalarandvector OP simply by multiplication
with the nonrelativistictime-reversamatrix i (}y . Theresult-
ing matricesi o, andiayo, ,ioyo, ,ioyo,, respectivelyare
thoseemployedin the Balian-Werthameparametrizatiorfor
the nonrelativisticOP. In the samespirit all matricesdescrib-
ing relativistic OP can be obtainedfrom the conventional
Dirac matricesby multiplication with the relativistic time-

reversal matrix *7°. Although this procedureis highly
plausible,its generalvalidity can only be verified by per-
forming the Lorentz transformationsas describedabove.

Justasin the nonsuperconductingase the importanceof
the anomaloudilinear covariantsstemsfrom the fact that a
Lagrangianexpressedn termsof themis manifestlycovari-
antandfrom the possibility to classify systemawith respect
to theappropriatecovariantslf for anygivensuperconductor
more then one of the five covariantsappearin the Hamil-
tonian, a very generalsymmetry,such as parity, would be
broken.

In the spirit of a mean-field(Hartree-typg approximation,
whereone hasa linear relation betweenthe particle-particle
interactionandthe effective single-particlepotential,we can
classifythe interactionleadingto superconductivitywith re-
spectto the symmetry of the correspondingeffective pair
potential.If, for instance for a certainsuperconductoonly
the scalarOP is presentin the Hamiltonian,the interaction
leadingto superconductivitynustbe such thatthe pair fields
multiplying the otherbilinear OP’s vanishidentically. As we
will show below, this examplecorrespondgo the conven-
tional BCS-OP.In this way we can classify the interactions
as“scalar interaction,” “vector interaction,” etc.

We cannow formulatethe following theorem:No matter
what the OP symmetry and the detailed nature of the pairing
interaction leading to superconductivity, there are only five
OP with a total of 16 components, consistent with the prin-
ciple of general covariance. Each of these is a bilinear form
of the field operators ¥ and W transforming according to
an irreducible representation of the Lorentz group. This
theorem derivedhereby explicit constructionof a complete
setof matrices,is rederivedin Sec.lll C by purely group-
theoreticalconsiderationsThe resultinganomalousbilinear
covariantsare listed in Tablel. Using theseresultswe can
now write the Hamiltonian(16) with Eg. (18) as

H= f d3r w(r)[cy-p+ mc2+qy A, 1V (r)

1 A -
— Ef d3r Br{WT(N)[gA* (r,r")+ 7°A%(r,r")

+ AV (r )+ gaAR (1)

+pf AT

T’M,,(r,r’)]\I'(r’)+H.c.}. (43

Now every contributionto the superconductingpart of the
Hamiltonianis expressedh termsof covariantquantitiesthe

scalaris formedwith 7 andA, the pseudoscalawith 7° and
Ap, thefour vectorwith 7 andAy,, the axial vectorwith
7% andA,, andthe tensor finally, with 74" andA+ .
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Note the formal correspondencbetweenthe four-vector
product S/MAM, describingthe coupling of the four current,
WA to the four potential,A,,, andtheproductn Ay,

describingthe coupling of the four vector OP, ¥'T7 v, to
the four potential,Ay,, .

Equation (43) is one of the central equationsof the
presentwork. It constitutesthe desiredrelativistic Hamil-
tonianfor superconductorand containsall possibleanoma-
lous bilinear covariants.

C. Irreducible representations of the Lorentz group

The methodusedaboveto determinethe relativistic OPis
basedon explicit expressiongor eachOP in termsof a4x4
matrix. The main conclusionof the previous section can,
however,alsobe found without any recourseto explicit ma-
trices, simply by exploiting the propertiesof the irreducible
representation§lR’s) of the Lorentz group. To this endwe
first recapitulatea numberof propertiesof suchIR’s which
will be usedbelow®—®

The IR’s of the Lorentz group, denotedr, are character-
ized by two labels,p and g, which cantake positiveinteger
and half-integervaluesonly. (Infinite dimensionalrepresen-
tationscharacterizedy continuouslabelsexist aswell, but
are not relevantfor the presentconsideration$.The dimen-
sion of the IR 7,4 is (2p+1)(29+1). A four vector, for
instancetransformsaccordingto the (four-dimensional rep-
resentation

T1/2 1/2= T1/20Q To 1/2, (44)

while afour-componenDirac spinortransformsaccordingto
the direct sumrepresentatiornr, ¢® 79 1/2 -
Productrepresentationsf suchIR’s are,in general,re-
ducible, and can be written as a direct sum of irreducible
representationsThis is greatly facilitated by noting that the
IR’s of the Lorentzgroup satisfy
Toq® Tam= @ THi - (45)
|p—n|<ksp+n
[g—m|<I<g+m
Obviously, this is just the familiar rule for the coupling of
two angularmomenta(i.e., for forming the productof two
IR’s of therotationgroup, applied,however,to eachof the
two labelsof the IR’s individually. Equation(44) is a special
caseof this rule. Anotherexampleis a generatensorof rank
two. Being definedas the direct productof two vectors, it
transformsaccordingto

T1/2 1/2® T1/2 1/2= Too® 711D T10® To1- (46)

Here oo denotegheidenticalrepresentatiorSymmetricten-
sorstransformaccordingto the ten-dimensionablirect sum
representationy® 711 (Notethata symmetrictensorof rank
two, definedin a four-dimensionalector space hasten in-
dependenentries. Antisymmetrictensorstransformaccord-
ing to the six-dimensionallR’'s 7o® 7, (an antisymmetric
tensorin a four-dimensionalvector spacehassix indepen-
dententries.

The task of enumeratingall possiblerelativistic OP is
now reducedto finding all distinct IR’s accordingto which
theanomalousilinearforms of Dirac spinorstransform.Ex-
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plicitly, the bilinear form ¥77¥ transformsfor any 7,
accordingto the direct productrepresentatiomf two spinor
representations,e.,

(47)

The resulting productrepresentations immediatelyseento
be reducible.Using Eq. (45) onefinds

[71/209 70 1/2]® [ T1/20® 70 1/2]-

[ 717209 70 1/2]® [ T1/2 0@ T0 1/2] = To0® T00P T1/2 1/2

@ 7172 129 7109 To1-
(48)

We find that therearetwo Lorentz scalars(twice the identi-

cal representation two four vectors(twice 74,,1/5) andone
antisymmetrictensorof rank two containedin the product
representationAn analysis of the proper Lorentz group
alone does not suffice to distinguish betweenscalarsand
pseudoscalargr vectorsandaxial vectors, respectively We

havethereforeobtainedtwo scalarsandtwo vectors.Parity
then servesto further classify thesequantitiesaccordingto

their behaviorunderspaceinversion.It shouldbe notedthat
exactly the sameanalysisgoesthroughfor the conventional
bilinear covariants?I'¥, wherel is any of the 16 conven-
tional Dirac matrices As thesequantitiesareformedwith the
adjoint spinorthey transformaccordingto

[71/20® 11209 711209 T01/2]s (49)

where r;q is the complex conjugaterepresentatiorof 7, .
Forthe Lorentzgroupan|IR is not generallyequivalentto its
conjugatelR. It follows immediately that anomalousand
conventionalbilinear covariantsdescribedistinct physical
objects.The transformatiorbehaviorof theseobjects,how-
ever,dependonly on thelabelsp andq andis thereforethe
samefor the conventionalasfor the anomaloudilinear co-
variants.The resulting classificationof the conventionalbi-
linear covariantsinto scalars,vectors,and an antisymmetric
tensorof ranktwo is, of course hot new, but foundin many

standardtextbooksby way of explicit manipulationsof 3/
matrices*°153

As far astheanomaloudilinear covariantsareconcerned,
Eq. (48) constitutesa rederivationof the abovetheoremby
purely group-theoreticalconsiderationswithout having to
write down explicit matricesor Dirac-typeequations.

IV. SYMMETRY ANALYSISWITH RESPECT
TO DISCRETE SYMMETRIES

A. Discrete symmetries of the Dirac equation

We now generalizethe consideration®f Sec.Il A to the
relativistic case,i.e., we constructa symmetryadaptedbasis
set of two-particle statesinto which any OP can be ex-
panded.In a relativistic situation one has three symmetry
operationsjnsteadof two, namelytime-reversall, parity P
and chargeconjugationC.5%5-53Every solution, |n), of the
Dirac equationyields four linearly independentstates,ac-
cordingto
|Tn), |Pn),

In), |PTn).

The correspondingharge-conjugatstatesare

(50
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|Cny), (51)

As will turn out below, a completeset of OP’s are only
obtainedif both types of states,Egs. (50) and (51), are
included®® The BCS prescriptionfor pairingrequiresthatthe
single-particlestatesare pairedto yield a two-particle state
with zerocenter-of-massnomentum.The Pauliprinciple re-
quiresthat thesetwo-particle statesbe antisymmetricunder
particleexchangeWe now constructthe appropriatesymme-
try adaptedbasis functions, which are the counterpartsto
Egs.(2)—(5) in the nonrelativisticcase.To this end, we first
considethomogeneousystemsin which themomentunis a
good quantum number, and introduce four-component
spinorsof the form

|CTn), |CPn), |CPTn).

(rlkiy= (N xi, (52

where

1 0
0 0
X1=| Xs=| 4 Xa= . (53

=~ O O O

0
1
X2= 0
0

0 0

We will referto the spacedefinedby thelabeli asi spacelt
is the formal generalizatiorof the nonrelativisticspin space.
The three symmetry operators act on ¢,x; according

0% T[x1]=dkx2, Ploxil=d-x1,  Clowxil
= ¢ x4, €tc.Usingthis notation,the relativistic counterpart
of the state|S) is, for homogeneousystemsgiven by

|1)=|ki,Tki)—|PTki,Pki)+|CPTki,CPki)
—|Cki,CTki). (54)

It is readily verified that the configuration-spaceepresenta-
tion of this stateis

(rr'|1)y=[u(r)p_(r")+ () p(r')]
X(X1® X2~ X2® X1 X3® Xa— Xa® X3)-
(55

(rr'|1) is seento be evenin the spatialcoordinatesand odd
in the i spacecoordinatesin this senset describegherela-
tivistic counterpartof a singlet state.Performingthe tensor
productsof the y; yields the matrix

1

(56)

which is just 7, as definedin Eq. (19).

In inhomogeneousystemsk is not a goodquantumnum-
beranymore.In completeanalogyto the nonrelativisticcase
onethereforedefinesthe generalbasisstateas

|1)=|ni,Tni)—|PTni,Pni)+|CPTni,CPni)

—|Cni,CTni), (57)
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wheren standsfor a completesetof quantumnumbersnec-
essaryto label a solution of the Dirac equation.Evidently,
Eq. (57) containsEgs. (54) and (2) asspecialcaseslin the

sameway in which |1) is mappedonto the matrix 7, the

matrices 7Y to 75> correspondjn this order, (up to global
factors=1,%i) to the basisstates

|2)=|ni,Tni)—|PTni,Pni)—|CPTni,CPni)

+|Cni,CTni), (58)
|3)=|ni,CPTni)—|CTni,Pni)—|Tni,CPni)
+|Cni,PTni), (59)
|4)=|ni,CPTni)—|CTni,Pni)+|Tni,CPni)
—|Cni,PTni), (60)
5)=ni,Cni)—|CPni,Pni)+|Tni,CTni)
—|CPTni,PTni), (61)
|6)=|ni,Cni)—|CPni,Pni)—|Tni,CTni)
+|CPTni,PTni), (62)
|7)=|ni,Cni)+|CPni,Pni)+|Tni,CTni)
+|CPTni,PTni), (63
|8)=|ni,Pni)—|PTni,Tni)+|CPTni,CTni)
—|Cni,CPni), (64)
|9)=|ni,Pni)+|PTni,Tni)+|CPTni,CTni)
+|Cni,CPni), (65)
[10)=|ni,Tni)+|PTni,Pni)+|CPTni,CPni)
+|Cni,CTni), (66)
|12)=|ni,CPTni)+|CTni,Pni)+|Tni,CPni)
+|Cni,PTni), (67)
112)=|ni,CPTni)+|CTni,Pni)—|Tni,CPni)
—|Cni,PTni), (68)
|13)=1ni,Cni)+|CPni,Pni)—|Tni,CTni)
—|CPTni,PTni), (69)
|14)=|ni,Tni)+|PTni,Pni)—|CPTni,CPni)
—|Cni,CTni), (70)
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|15)=|ni,Pni)+|PTni,Tni)—|CPTni,CTni)

—|Cni,CPni), 71)
|16)=|ni,Pni)—|PTni,Tni)—|CPTni,CTni)
+|Cni,CPni), (72)

respectively. The states|1)—|16) are independentof the
choicefor the label i in the sensethati=2,3,4 lead, up to
global phasefactors,to the samel6 matricesasi = 1. These
matricesare determinecdonly up to within an overall unitary
transformation.The same applies, evidently, to the basis
states(57)—(72). The presentchoiceis simply a matter of
convenience.

This connectionbetweenthe discretesymmetriesof the
Dirac equationandthe behaviorof the relativistic OP under
Lorentz transformation¥' can now be usedto discussthe
physicalmeaningof the varioustermsin Eq. (43).

B. Order parameters involving charge conjugation

The charge-conjugatiomperationC relatespositive and
negative-energysolutions of the Dirac equationto each
other. The natureof the correspondingpairs can be under-
stoodby expressindhe orderparameterin termsof creation
andannihilationoperatorf single-particlestatesatherthan
in terms of field operators.The field operators¥ havean
expansiorof the form:>

4

>

f B(S)’
& osPP

(73

v=>

where the b{ annihilate positive energy electronsfor s
=1,2 and negativeenergyelectronsfor s=3,4. The coeffi-
cientfs , canbe expressedn termsof solutionsof the cor-
respondingDirac equatior®® The orderparametershuscon-
tain operators for two positive-energy electrons (e.g.,

b{Pb{?)), two negative-energglectrons(e.g.,b{¥b¢*) or a
positive and a negative-energglectron(e.g., b{"b{) % It
follows thatthereareno electron-positromairscontainedn
our theory, asthesewould requiretermslike b$" (b)),
The appearancef pair statesformed with one C opera-

tion, suchas|ni,Cni), in the basissetthusreflectsthe pos-
sibility of pairs consisting of a positive and a negative-
energyelectron.Suchpairsrequirethe pairing interactionto
bridgethe gapof 2mc?. As this energyis far biggerthanthe
typical energiesof pairing mechanismsliscussedn connec-
tion with ordinarysuperconductorsuchpairsareunlikely to
be realizedin solid-statesituations.In particular,in the non-
relativistic limit the negative-energystatesare completely
decoupledfrom the positive-energystates,so that the pairs
formedwith oneC operationdo not contributeat all in this
limit.

Ontheotherhandi,it is necessary to includethesepairsin
the formal developmentf the theory,becausevithout them
one doesnot recoverthe completesetof 16 4 X4 matrices.
Furthermoreit should be notedthat such pairs are not for-
bidden by either relativity or symmetry. Whetherthey are
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actually realizedin nature dependstherefore,only on the
existenceof a suitableinteraction.
In the nonrelativisticlimit we only have the stateswith

zeroor two C operationsj.e., pairs betweentwo positive or
two negative-energ\statesat our disposalto form Cooper
pairs.Consideringhesestatest is importantto notethatthe
theoryis exactly symmetricwith respectto the operationof
chargeconjugation.To everysingle-particlestatein Eq. (50)
correspondone in Eq. (51) which differs from it just by

applicationof C. Furthermoreaswe did not specifythe sign
of the externalpotential, A,, we havein fact no way to
distinguishsuperconductivityinvolving two electronsmov-
ing in a lattice of ordinary atoms,from that involving two
positronsin alattice composedf anti atoms.lt is thereforea
definite (andratherplausible predictionof the theorythatin
an “antiworld” superconductivitytakesplace betweentwo
positronsinsteadof two electrons.Sinceboth electronsand
positronsare solutionsof a Dirac equationthereare relativ-
istic correctionsto both typesof pairs.

Already to secondorderin v/c, at the weakly relativistic
level, thesecorrectionslead to important effects, such as
spin-orbit coupling, the Darwin term, etc. From the above
considerationgt appearsighly plausiblethatthereare such
correctionsto the order parametersas well, which indeed
turnsout to be the case(seethe secondpaperin this series.

In Table| eachmatrix is assignedwo labelsto indicate
the natureof the underlyingbasisstates.The second of these
labelsrefersto the behaviorof the pairs underspaceinver-
sion. The matricescorrespondingo the statesformed with

zeroor two C operationsareall evenunderspaceinversion.
Thesematricesare labeledE. Thosecorrespondingo pairs

formed with one applicationof C turn out to be odd under
inversionandare labeledO.

C. Order parametersinvolving triplet pairing

In the nonrelativisticcase wherespinis a good quantum
number,all pair statescan be classifiedas either singlet or
triplet statesThis classificationis reflectedin the form of the
pair states(2)—(5). In the relativistic case singletandtriplet
statedosetheir meaningbecausespinis not a goodquantum
numberany more.However,aslong asa centerof inversion
is present,a classificationaccordingto the behaviorunder
particle exchangeis still possible**! Order parameters
which areevenin i spaceandoddin r spacearethe gener-
alization of triplet OP. Those OP which are odd in i space
andevenin r spacegeneralizesingletOP.

The symmetryin i spacecan be immediately read off
from the matrix representationsf the various OP in Egs.
(19—(34). All matricessatisfyingz"= 7 areevenin i space
and lead to triplet OP’s in the nonrelativisticlimit. These
matricescorrespondo the states7—16. In Tablel thesema-
trices carry a T (for triplet pair) as a first label. Matrices

satisfying 7= — 7, on the other hand, give rise to singlet
OP in the nonrelativisticlimit. Thesematricescorrespondo
the basisstatesl—6. In Tablel theycarryan S (for a singlet
pair) asa first label.

The matriceslabeledTE in Tablel (correspondindo the
states8,9,10,14,15,16)describetriplet pairs betweentwo
positive or two negative-energgtates.Thesearethe relativ-
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istic generalizationsf the Balian-Werthamematrices Erya,
to which they rigorouslyreduce(up to phasefactors+1, =i

which area consequencef our definition of the 7 matrice$
in the nonrelativisticlimit.

D. Order parameters of the generalized BCS-type

It is perfectlypossibleto formulatea relativistic theoryof
superconductivityon the basisof the completeHamiltonian
(43). Onewould carry on with 16 differentorderparameters
and the associategair fields, which transformas the com-
ponentsof the variousbilinear covariants.

Obviously, this Hamiltonianleadsto very generalequa-
tions of motion whosesolution will be ratherinvolved. In
most,if not all, realistic situationsthe interactionleadingto
superconductivitywill pick one of the various coupling
channeldi.e., bilinearcovariant$ andfavor one(or afew) of
the greatvariety of order parametersin the following sec-
tionswe will thusnot continuewith the full equation(43).

We assumeinsteadthat the nonelativistic limit of our
equationsmust describea singlet superconductowith pair-
ing betweentwo positive-energystates.OP’s with such a
nonrelativisticlimit will in the following be termed“order
parameter®f the generalizedBCS type.”

For ananalysisof triplet superconductorandmoreexotic
pairsoneneedso go backto Eq. (43) andselecttherelevant
termsfrom Eqgs.(19)—(34), just aswe shall do belowfor the
BCS case.

By inspectionof Tablel we find thatonly two out of the
16 possibleOP areof thegeneralizedCStype.Oneof them

is the Lorentzscalar formedusingthe matrix ;7 Theotheris
the zeroth componentof the (polar four vector, which is

formedwith the matrix 7Y
If we took both of thesetwo OP’s into account,the re-
sulting expressiorfor the Lagrangianwould not be covari-

ant, because?y?, is only a single componentof a bilinear

covariant.This on its own doesnot disqualify the %S—OP as
a valid OP, but it hasthe immediateconsequencehat to
form a covariantquantitywe needto combineit with the OP

v, n%, and 73 which were alreadyexcludedabove, be-
causethey correspondto pairs betweena positive and a
negative-energelectron.Thereforewe will focusmainly on
the scalarOP in the remainderof this paper.

For laterreferencave now explicitly write out the Hamil-
tonian containingthe generalizedBCS-typeOP

x(r,r)=¥T(r)pP(r’), (74)

namely

H= J d3r w(r)[cy-p+ mc2+qy A, JW(r)
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0100
~10 0 0

_% [ et U(r')A%(r, 1)
000 1
0 0-10

=
+H.c.].
(79

This is the BCS versionof (43) or, equivalently,the relativ-
istic versionof (12) and (13). The other OP of the general-

ized BCS-type, 7Y, leadsto the term

010 0
-100
-% [ ) B() Al (r, 1)
0 00 -1
001 0
=0,
+H.c.]
(76

If (76) is includedin Eg. (75), the resulting Hamiltonian
containsall termswhich in the nonrelativisticlimit reduceto
BCS-typeOP’s, but the Lagrangianit corresponddo is not
covariant.

The formulationof therelativistic theoryof superconduc-
tivity givenin Ref. 29 is a specialcaseof the presenformu-
lation, in which only the center-of-masslegreef freedom
of the Cooperpair areconsideredaindonly the scalarOP, Eq.
(74), formedwith ;7 isincluded.The nonrelativisticlimit of
the approachof the presentsectionhasbeenshownin Ref.
29 to lead to the standardBogolubow-de Gennestheory of
inhomogeneousuperconductofs with a local OP.

Theessencef this reductioncanalreadybe seenfrom the
structureof the ;7—OP. Using the anticommutatiorrelations
of the four componentf the ¥, ¢;, andthe symmetryof
the pair field A(r,r’) under particle exchangewe can re-
write

%J d3r a3 WT(r) ¥ (r')A*(r,r") (77)

as

fd3rd3r’[¢1(r)¢2(r’)+%(r)m(r’)]A*(r,r’).
(78)

Here we have essentiallyperformedthe stepsin reverse,
which led from Eq. (12) to Eq. (13) in the nonrelativistic
case.We now seethe physical significanceof the matrix
entriesin 7. Thefirst product,,(r) »(r’), is just the rela-
tivistic counterparto the familiar ¢ (r)¢ (r’), to which it
rigorously reducesn the nonrelativisticlimit.
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The secondproduct, ¢3(r) ¢4(r'), is the analogougerm
for the lower componentsof the Dirac spinor. Sincein a
relativistic theory upper and lower componentsmust be
treatedon the samefooting, the appearancef thesetermsis
highly plausible.In the nonrelativisticlimit the lower com-
ponentsare by a factor of v/c smallerthanthe uppercom-
ponents. Therefore, the second product, being of order
(v/c)?, doesnot contributein this limit.

From theseconsiderationst follows thatit is not neces-
saryto appealto the discretesymmetriesof the Dirac equa-
tion in orderto identify the relativistic generalizatiorof the
BCS OP, aswe havedonein the beginningof this subsec-
tion. It is sufficientto look at the upperleft cornerof the

various 7 matrices which mustbe of the form

0 1
-1 0/’
in orderto reduceto the BCS OP ¢(r) ¢ (r") in the non-

relativistic limit. Obviously, both ways to identify the rela-
tivistic generalizatiorof the BCS OP leadto the sameresult.

(79

V. THE RELATIVISTIC
BOGOLUBOV-DE GENNES EQUATIONS

A. Relativistic Bogolubov-Valatin transformation

Equation (75) definesthe Dirac-Bogolubowde Gennes

Hamiltonian for the generalizedBCS-OP 37 This Hamil-
tonian can be diagonalizedby a unitary canonicaltransfor-
mation from the field operators¥ (r) to new operatorsay.
(Usually thesenew operatorsare labeledy, in the literature
on superconductivityWe usea, in orderto avoid confusion

with the Dirac matricesy.) In the nonrelativisticcase,the
transformationwhich diagonalizesEqg. (12) is given by the
Bogolubov-Valatintransformatiof®:6-6

W):; (ug(ag —vk(r*af), (80)

Pi()=2 (Udnay +o(n*aly), (81)
wherethe coefficientsu,(r) andv,(r) aredeterminedrom
the requirementhat the transformedHamiltonianbe diago-
nal. Obviously,the spinof the quasiparticlegntersthetrans-
formation only in a fixed combination.To treat magnetic
impurities,spin-orbitcoupling,triplet pairing, etc.,thistrans-

formation needs to be replaced by the more general
form1,37,41,43,45,69

wr(r):; [urok(r)aok+vtok(r)a3k]! (82)

wherethe spin degreef freedomareinvolvedin the trans-
formationaswell. In the relativistic case the spinlike quan-
tum numberso and 7 have to be replacedby component
labelsof the Dirac spinors.The relativistic generalizatiorof

Eq. (82) is thus

z/fi<r>=§ [uij(Dajt v (raf,]. (83
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There are severalconditionsthe transformation(83) hasto

satisfy?®'° First of all it needsto be unitary (i.e., preserve
the normalizationof the quasiparticlewave functiong and
canonical(i.e., preservethe anticommutationrelationsof the

field operators’® Unitarity requiresthat

f d3r2i [Uijk(r)vr}rkr(r)+uijk(r)ui*jrkr(r)]: Sk 6
(84)

and

j der [0ij(NDUjjrie (1) FUjj(H i (r) ] =0,
(85

while the conditions

;J_[uijk<r>vi*,jk<r'>+vﬁk<r>uir,-k<r'>]=o (86)

and

%_: [ui*jk(r)ui’jk(r,)+Uijk(r)vi*fjk(r’)]: Sijro(r—r’)
(87)

ensurethatthe transformatioris canonical As in the nonrel-
ativistic case,it turns out that the samerelationsare also
obtainedby demandingthat the solutions of the resulting
single-particleequationsbe completeand orthonormaft>4°
Explicitly we find thatcompletenessef the solutionsfollows,
if the transformationis canonical,while orthonormalityfol-
lows, if it is unitary.

B. Dirac—Bogolubov—de Gennes equations

Furtherconditionson the coefficientsu;j(r) andv;;(r)
follow from demandinghat the Hamiltonian(75) be diago-
nalin the new creationand annihilationoperatorsa;y, :

H:% Ejkajfkajk‘l' Eo, (88)

whereE, is the ground-stateenergyandthe a;, createand
annihilate elementaryexcitations (Bogolonsg with energy
Ejk. In the sameway asin the nonrelativisticcase’® one
finds from Eqgs. (83) and (88) that the ujj(r) and v;j(r)

which diagonalizeEq. (75) satisfya setof coupledintegrod-
ifferential equationsof the Bogolubowde Gennestype.
Theseequationsare most convenientlywritten in a matrix

notationas
h D Ujk(r))_ (ujk(r))
-D* —ﬁ*)(vjk(r) ~Eix vi(r)/) ®9

Hereh is the kernel of the Dirac Hamiltonian

h=9[cy-p+mc(1—9°) +ay“A,l. (90)
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Thetermmc?(1— 3°) arisesfrom subtractingmc? from the
energyeigenvaluef Eq. (75) before diagonalization,.e.,
measuringthe energiesrelative to the restenergy.D is an
integral operatorthat containsthe pair potentialaskernel

D=fd3r'...A(r,r')27. (92)

For the caseof a local pair potentialit reducego the multi-
plicative operatorA (R) 7, whereR is the center-of-masso-
ordinateof the Cooperpairs.Eachentryin the matrix in Eq.

(89) is thusa 4 X 4 matrix. Accordingly, the four-component
spinorsu;(r) anduj(r) aregiven by

Ugjk V1jk
U2k U 2jk
Uj(r)= vi(r)= (92
Usjk Usjk
Usjk Uajk

Equation(89) with Egs.(90)—(92) constituteghe relativistic
generalizatiorof the Bogolubow-de Gennesequation It will
in the following be referredto asthe Dirac—Bogolubov-de
Gennesquation.We canimmediatelyverify thata number
of importantspecialcasess containedcorrectlyin Eqg. (89):
(i) The nonrelativistic limit is obtainedif we neglectthe
lower two componentsof the spinors uj(r) and vj(r),
which are small in the weakly relativistic limit and zeroin
the nonrelativisticcase The 8 X 8 equation(89) thenreduces
to a 4x4 equation,which is identical to the nonrelativistic
4x4 spin-Bogolubow-de Gennesequatior>#>9ji) In the
nonsuperconducting limit, D=0, we obtainthe conventional
Dirac Hamiltoniansfor electronsandholes.(iii) In thelocal
limit theintegraloperatorD becomesa multiplicative opera-
tor A(r) and we obtain the local version of the Dirac—
Bogolubovw-de Gennesequation,derivedin Ref. 29.
Equationsof a similar algebraicform as Eg. (89) were
previouslyproposedn the contextof nuclearphysicsand of
Hartree-Fock-Bogolubotheoryby KucharekandRing’* and
by Zimdahl/? The presentderivationwithin the framework
of superconductivityand density-functionaltheory, the de-
tailed symmetryanalysisof the order parameterandthe in-
vestigation of the weakly relativistic limit and its conse-
quencespresentedn the presentandthe following paper®
however,are not containedin theseolder works.

C. Dendity-functional aspects

The nonrelativisticHamiltonian (12) is the startingpoint
for manymicroscopicdnvestigationsof superconductivitypf
which we canjust discussa few.369.7379

In the nonrelativisticcasethe potentialsv (r) andA(r,r’)
appearingn Eg. (12 areeitherusedasparametersn order
to simulate, e.g., superconducting multilayers and
heterostructuréd " or determinedmicroscopicallyin a self-
consistentfashion. The first approachcan be usedin the
relativistic caseaswell. If, for example,one of the two ma-
terials at the interface containsheavy atoms, a relativistic
descriptionis calledfor.

The self-consistenhumericalcalculationsare often done
in a mean-field framework®"57°% or more recently,
using the apparatus of the density-functional theory
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(DFT). 21414449 | the DFT for superconductorthe interac-
tion leadingto superconductivityand the Coulombinterac-
tion are formally eliminatedin favor of suitably choosen
effectivepair, A(r,r’), andlattice,v (r), potentials.The po-
tentialsv(r) andA(r,r’) aredeterminedself-consistentlyas
functionalsof the densityandthe order parameterpy solv-
ing the Kohn-ShamBogolubov-de GennesquationsThese
effectice potentialscanthus be viewed as a convenientway
to dealwith the interactionsat hand. 21414449

That suchrelativistic calculationscan becomenecessary
for realistic superconductorgontaining heavy elementsis
exemplifiedby the resultsof Singh and co-workers?® who
performed(conventional relativistic band-structurealcula-
tions for Ba(Sn,SbYD; and concludedthat the absenceof
superconductivityin thesematerialsis dueto relativistic ef-
fects on the band structure. The Dirac-Bogolubovwde
Gennesequationsderived aboveprovide the opportunity to
improvesuchcalculationsby treatingthe effectsof relativity
and superconductivityon the samefooting.

A proper relativistic DFT for superconductor$as not
beenformulatedasyet. The mainreasorfor this is the prob-
lem of variational stability of the relativistic electron gas
which, from a purists point of view, is only partly solved,
evenfor normal(i.e., nonsuperonductingystems? It is not
the intention of the presentpaperto tackle this questionfor
the superconductingase.lt is, however,a definite conse-
quenceof the presenpaperthatthe Kohn-Shamequationof
any conceivablerelativistic DFT for superconductorsnust
have the algebraic form of Eq. (89). In lieu of a microscopic
prescriptionhow to determinethe effectivepotentialsA , and
A in this “Kohn-Sham-Dirac-Bogolubov-de Gennes”
equationwe suggesthatthey be treatedeitherasadjustable
parameterdo modelrealistic materials,as, e.g.,in Refs.74
and 75, or by parametrizinghemin termsof the underlying
orbitals of the systemunderstudy as, e.g.,in Refs.47 and
48.

VI. SUMMARY AND OUTLOOK

The main resultsof this work are summarizedn Tablel
andEq. (43). In Table| we classifiedall possibleorder pa-
rametersconsistentvith the requiremenbf relativistic cova-
riance,accordingto their transformatiorbehaviorunderLor-
entz transformations. This table therefore generalizes
previous symmetry classificationsof the order parameter
from the Galilei groupto the Lorentzgroup. The table con-
tainsthe relativistic generalization®f the standardBCS or-
der parameter,as well as that of the ftriplet (Balian-
Werthamey order parameterslt also predictsthat thereare
severalother typesof order parametersvhich havenot yet
beenconsideredn the literatureon superconductivity.

Equation (43) containsall theseorder parametersn a
manifestlycovariantfashion.It expressethetheoremthatall
orderparameterfiaveto transformlike bilinearcovariantsof
the Dirac equationin orderto ensurelLorentzinvariance.

Many of theseresultsare derived from more than one
viewpoint. In particular, the classificationof all relativistic
OP’sasscalarfour vector,etc.,expressedh the abovetheo-
rem and Table I, follows from either one of the following
methods: (i) A decompositionof bilinear forms of Dirac
spinorsaccordingto irreducible representationsf the Lor-
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entz group. This methodis completelygeneraland algebra-
ically extremelysimple. However,it doesnot yield explicit
expressiongor the OP. (ii) The constructionof explicit ma-
trices having the indicatedtransformationproperties.Such
matricesin turn canbe foundin at leastthreeways: (iia) By
making educatedyuessessto the form of the matrix, fol-
lowed by verification through explicit Lorentz transforma-
tions. This methodis laboriousbut explicit. (iib) By gener-
alizing the Balian-Werthamer construction (i.e.,
multiplication of the Pauli matriceswith the nonrelativistic
time-reversamatrix) to therelativisticdomain(i.e., multipli-
cation of Dirac matriceswith the relativistic time-reversal
matrix). (iic) By forming linear combinationsof pair states
constructedusingthe discretesymmetriesof the Dirac equa-
tion, insteadof the Lorentzgroup.

Thelatter constructiorallows for a physicalinterpretation
of the 16 orderparameterdeadingto the distinctionbetween
betweentriplet and singlet pairs andto identifying pairsin-
volving positive and negative-energygolutionsof the Dirac
equation.

We identified one of the 16 order parameterasthe rela-
tivistic versionof the BCS orderparameterThe Hamiltonian
containingthis orderparametewasdiagonalizedTheresult-
ing single-particleequationscan be regardedas the Dirac
equivalentof the Bogolubowde Gennesequations.

All our considerationgn this paperarebasedon the con-
ceptsof pairing and Lorentz invariance.They cantherefore
be appliedwheneverpairing takesplace, not merelyin the
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caseof proper superconductorsOther situationsto which
our results apply are superfluid helium 32"*! nuclear
matter®® and the pairing of neutronsand protonsin neutron
stars®1:82

In orderto predict observableconsequencesf the rela-
tivistic termsit is advisableto proceedo the weakly relativ-
istic limit. Thiswill bethe subjectof the secondpaperin this
seriesjn which a numberof reductiontechniquesreapplied
to the Dirac—Bogolubow-de GennesquationsThesemeth-
ods allow one to recoverthe familiar nonrelativisticequa-
tionsin zerothorderandto derive relativistic correctionsin
higherorderof v/c. Explicit formsfor thesecorrectionswill
be derivedandit will be pointedoutin which situationsthey
arerelevantfor realistic superconductors.
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