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It
�

is shownthat the interplay betweenrelativity and coherence,found in superconductorswith heavyele-
ments,leadsto a numberof interestingandpreviouslyunknowneffects.In particular,severaltypesof spin-
orbit� coupling are shownto exist only in superconductors.Explicit expressionsdescribingtheseeffectsare
derived
�

using a covariantformulation of the theory of superconductivity.It is demonstratedthat relativistic
effects� can becomerelevant,e.g., in high-temperatureand heavy-fermionsuperconductors,superconducting
heterostructures,androtatingsuperconductors.� S0163-1829� 99� 11205-0	

I. INTRODUCTION

This



is thesecondin a seriesof two papersdevotedto an
investigationof the effectsof relativity in superconductors.
In theprecedingpaper,1 henceforthreferredto aspaperI, we
studied� theDirac equationfor superconductors.It wasshown
there
�

that the order parameters
 OP’s
� �

describing
�

supercon-
ductivity
�

can be representedin termsof 4 � 4
�

matricesen-
tering
�

theDirac Hamiltonianon thesamefooting asthecon-

ventional� �ˆ matricesof the Dirac theory. By performinga
symmetry� analysiswith respectto the Lorentzgroup it was
foundthatonly five differenttypesof OP’s,with a total of 16
components,� are consistentwith the requirementof covari-
ance.� � This



is to be contrastedwith the nonrelativisticcase

where� one hastwo typesof OP’s, namelythosefor singlet
and� triplet superconductivity,with a total of four compo-
nents� . The five relativistic OP’s transform as a scalar,a
pseudoscalar,� a four vector,an axial four vectorandan an-
tisymmetric
�

tensorof rank two, respectively.TheseOP’s in-
clude� the relativistic generalizationof the BCS � singlet� � and�
the
�

Balian-Werthamer� triplet
� �

OP,
�

amongothers.
Our
�

study is motivatedby the fact that relativity influ-
ences� manypropertiesof superconductors,suchas,e.g.,the
Knight shift, the upper critical field, the order-parameter
symmetry,� the Meissner effect, the band structure, the
magneto-optical response,etc. However, in most of these
situations� relativity constitutesa smallperturbationactingon
an� unperturbed,essentiallynonrelativistic,superconductor.It
is, therefore,not alwaysnecessaryto employ the full Dirac
equation.� Considerablesimplificationis achievedby making
the
�

transitionto theweakly relativistic limit, i.e., by expand-
ing
!

to order ( " /
#
c$ )
% 2. Not only doesthis simplify the equa-

tions,
�

it also yields further insight into the subtle interplay
between
&

relativisticsymmetrybreakingandsuperconducting
coherence.� Thepresentpaperthereforedealsmainly with the
derivation
�

of weakly relativistic correctionsto the conven-
tional
�

theoryof superconductivity.
The simplestpossiblecase,that of a local order param-

eter,� treatedwithin the conventionalPauli approximationto
the
�

Dirac equation,wasalreadystudiedin our earlierpaper,
Ref.
'

2. In the presentpaperwe go in threerespectsbeyond
the
�

treatmentof thatwork. Firstly, we usereductionmethods

which� arebothmorereliablein higherordersandmorecon-
venient� for numerical calculations than the conventional
Pauli
(

approximation.Secondly,we apply thesemethodsto a
more generalrelativistic Hamiltoniancontaininga nonlocal
pair� potentialinsteadof a local one.This allowsus to inves-
tigate
�

the effectsof relativity not only on the center-of-mass
motion but also on the internal

)
degrees
�

of freedomof the
Cooper
*

pair. Thirdly, we study the weakly relativistic limit
of+ severaltypesof relativisticorderparametersnot studiedin
Ref.
'

2, but containedin the generalformalismof paperI.
The



presentpaperis organizedas follows: Sec.II intro-
duces
�

theDirac–Bogolubov–de Gennesequation.In Sec.III
we� discussa varietyof methodswhich canbeusedto reduce
the
�

Dirac equationto the form of a Schrödinger
�

equation
plus� correctionterms.Thesemethodsaregeneralizedto su-
perconducters� andusedto obtainzeroth-,first-, andsecond-
order+ approximations. In zeroth order we recover the
Bogolubov
,

–de Gennesequations,in first order appearsthe
interaction
!

with magneticfieldsandin secondorderwe find,
among� others,severalspin-orbit-typeterms.Finally, Sec.IV
is devotedto a first analysisof thesetermsandtheir effecton
realistic- superconductors.

II. THE DIRAC–BOGOLUBOV–DE GENNES EQUATIONS

Theconventional4 . 4 Dirac-Hamiltonian/ -density0 ,1 h
2ˆ

d
3 ,1

is definedby3,4
4

h
2ˆ

d
3 5 6ˆ

0
7 8 c$ 9ˆ p: ; mc< 2

= >
1 ?A@ˆ 0

7 BDC qE Fˆ G A HJILKNM E O ,1 P 1Q
where� E is the energy measuredrelative to mc< 2

=
,1 A RS (

T
V/
#
qE ,1 U A

V
)
%

is the four potential5
W

and� Xˆ Y stands� for the
usualZ [ˆ matrices.3,4

4
Hereand in the following a summation

over+ repeatedupper and lower greek indices, such as in\ˆ ] A ^ ,1 is implied.
The



conventionalBogolubov–de Gennesequation,which
is
!

thebasicequationof themicroscopictheoryof inhomoge-
neoussuperconductors,reads6,7

_

h
2ˆ

s` d
aˆ

d
aˆ † b h

2ˆ
s`*

uc k
d e rf g
h

k
d i rj k Ek

d uc k
d l rf m
n

k
d o rp ,1 q 2r
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where� uc k
d (T rf )% and y k

d (T rf )% are particle- and hole amplitudes,
respectively.h

2ˆ
s` is the Schrödinger

�
Hamiltonian

h
2ˆ

s` z
p{ 2
=

2
|

m< } V ~ rf � . � 3� �

The integraloperator

d
aˆ � d

a 3
4
r� � . . . ��� rf ,1 rf ��� � 4� �

contains� the pair potentialaskernel.For the caseof a local
pair� potentialit reducesto themultiplicativeoperator� (

T
R
�

),
%

where� R is the center-of-masscoordinateof the Cooper
pairs.�

In
�

our earlierpaper2 and� in paperI of this serieswe have
shown� that the proper relativistic generalizationof the
Bogolubov
,

–de Gennesequationis given by the 8 � 8
�

equa-
tion
�

h
2ˆ

d
3 �

� † � h
2ˆ

d
3*

uc jk
� � r�
�

jk
� � r� � E jk

� uc jk
� � r�
�

jk
� � r  ,1 ¡ 5¢ £

which� we called the Dirac–Bogolubov–de Gennesequation¤
DBdGE
¥ ¦

. Here h
2

d
3 is
!

the Dirac Hamiltonian,as definedin
Eq. § 1̈ and� © is the integraloperator

ª
d
aˆ «ˆ ¬ d

a 3
4
r� ­ . . . ®°¯ rf ,1 rf ±�²´³ˆ µ 6¶ ·

with� the 4 ¸ 4
�

matrix

¹ˆ º
0 1 0 0
»
¼ 1 0 0 0

0 0 0 1
»
0 0
» ½

1 0

¾ i
) ¿ ˆ

yÀ 0
»

0
»

i
) Á ˆ

yÀ
. Â 7Ã Ä

The particle and hole amplitudes uc jk
� and� Å

jk
� are� four-

component� Æ Dirac
¥ Ç

spinors� with componentsuc i jk and� È
i jk .

In
�

the terminologyof I, the matrix Éˆ leads
Ê

to the scalar
OP
�

of the generalizedBCS type,definedas

ËÍÌ rf ,1 rf Î�Ï Ð T Ñ rf Ò´Óˆ ÔÖÕ rf ×�Ø . Ù 8� Ú

It is this OP which is the direct relativistic generalizationof
the
�

BCS singletOP. In I we derived15 further OP’s which
describe
�

more complicatedpairing statesof the supercon-
ductor.
�

In the presentpaperwe are mainly concernedwith
BCS-type
,

pairing and thereforefocuson the Ûˆ -OP. We re-
turn
�

to the other15 OP’s in Sec.IV D.

III. WEAKLY RELATIVISTIC APPROXIMATION

A.
Ü

Conventional Pauli method

In order to identify weakly relativistic correctionsto the
conventional� theory of superconductivityone needsto re-
duce
�

the Dirac-type equation Ý 5¢ Þ to
�

the form of a
Schro
ß ¨dinger-type

�
equationplus correctiontermsof various

orders+ in à /
#
c$ . To this endwe first briefly discussthe meth-

ods+ availablefor this purposein thecaseof theconventional
Dirac Hamiltonian.Introducingthe vector of the Pauli ma-

trices
� á

and� writing thefour-componentspinorâ in
!

termsof
two
�

two-componentspinors, ã and� ä , a1 s

åçæ
rèD é

êìë
rí

îÍï rð ,1 ñ 9ò ó

Eq. ô 1õ can� be written in termsof two 2 ö 2 equationsas

V ÷ùø c$ ú ûýüÍþ E ÿ ,1

c$ � ������� V � 2mc< 2 	�

� E � . � 10�

Here � stands� for � p� � (
T
qE /
#
c$ )
%
A
V �

.
For
�

this Hamiltonianthereexistsa largevariety of meth-
ods+ which can be usedto generateweakly relativistic ap-
proximations.� All of themarebasedon the observationthat
in
!

the weakly relativistic limit the two componentsof the
spinor� � ,1 denotedthesmall components,areby a factor � /

#
c$

smaller� thanthoseof � ,1 which areconsequentlytermedthe
large components.The small componentscan thereforebe
approximately� eliminated from the equation,reducing the
4� 4 Dirac equationto a 2 � 2 equationof the Schrödinger

�
type.
�

The elimination can be performedin ordersof, e.g.,� /
#
c$ ,1 whereeachordercontributesrelativistic correctionsto

the
�

zeroorder,i.e., Schrödinger,
�

case.
This programis implementeddirectly in theconventional

Pauli
(

method � CPM
* �

in
!

which one solvesthe secondequa-
tion
�

of Eq. � 10 for ! and� substitutesthe result into thefirst.
This



yields an equationfor the largecomponents" only:+

V # c$ $ % 1

E &�' V ( 2mc< 2 ) c$ * + ,.- E
/ 0

. 1 112

Expandingto secondorderin 3 /
#
c$ and� evaluatingthederiva-

tives
�

leadsto thewell-knownDarwin-, spin-orbit-andmass-
velocity� corrections.3

4
,8–11

Thecounterpartof Eq. 4 115 in thesuperconductingcaseis
immediatelyfound from Eq. 6 5¢ 7 to

�
be

V i
) 8 ˆ

yÀ daˆ
9 i
) : ˆ

yÀ daˆ * ; V

< c$ =?> 0
»

0
» @

c$ ACB?DFE *
G E H�I V J 2mc< 2

= K L
i
) M ˆ

yÀ daˆ
i
) N ˆ

yÀ daˆ * E
/ O�P

V Q 2
|

mc< 2
= R

S 1

T c$ U?V 0
»

0
» W

c$ XZY?[F\ *
uc L
]
^

L

_ E
uc L
]
`

L
,1 a 12b

which� canbe rewrittenas
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V i
) c ˆ

yÀ daˆ
d i
) e ˆ

yÀ daˆ * f V g
1

2m<
h?i 0

»
0
» j�kZl?mon

*

p
V q E

/
2
|

mc< 2 r 1
i
) s ˆ

yÀ daˆ
2
|

mc< 2

t i
) u ˆ

yÀ daˆ *

2
|

mc< 2 v
V w E

2
|

mc< 2 x 1

y 1

z?{ 0
»

0
» |�}Z~?�F�

*

� uc L
]
�

L

� E
uc L
]
�

L
. � 13�

In
�

theseequationsuc L and� �
L are� the largecomponentsof the

DBdGE
¥ �

the
�

indicesjk
�

are� suppressedfor notationalclarity� .
Each
�

is itself a two-componentspinor.Equation � 13� is
!

still
exactly� equivalentto the original DBdGE � 5¢ � . According to
the
�

prescriptionof the CPM onenow proceedsto expandin
orders+ of

V � E

2
|

mc< 2
= ,1 V � E

2
|

mc< 2
= and� d

aˆ
2
|

mc< 2
= ,1 � 14�

and� analyticallyperformsthe inversionin everyorder.
Although
�

the CPM is a standardmethod,it suffersfrom
several� drawbacks:12,13 � i � Already in secondorder of � /

#
c$ ,1

the
�

effective Hamiltonian obtainedafter elimination of the
small� components,containsthe energyto be calculatedand
thus
�

doesnot havethe form of an eigenvalueproblemany
more. � ii � The large componentsof the Dirac Hamiltonian
alone� arenot normalized,only the full � four-component� so-�
lutions
Ê

are. It is, however, theselarge componentswhich
become
&

eigenfunctionsof the Pauli Hamiltonian. � iii! � The



Darwin term,asobtainedby theCPM, is not Hermitian. � iv �
Detailedevaluationof the threecorrectiontermsmentioned
above� showsthat they lead, in the presenceof a Coulomb
potential,� to variationallyunstableHamiltonians.The reason
for this lies in the badconvergencepropertiesof the expan-
sions� usedin the CPM   cf.� Sec.III D below¡ .

Similar
ß

problems show up in the Foldy-Wouthuysen
transformation
� ¢

FWT
� £

. While this used to be a standard
methodfor obtaining weakly relativistic approximationsto
Dirac-typeequations,3

4
recentresearchhasshownthat in the

presence� of Coulombpotentialsthe methodamountsto con-
structing� wave functions which are extremelysingular and
not normalizable.9

¤
Recentstudiesandreviewsthusgenerally

advise� againstemployingthe FWT.9,10,13
¤

–15

In
�

orderto avoid the problemsof the CPM andthe FWT
in the superconductingcase,we turn to more sophisticated
modificationsof the CPM. The first of these,the modified
Pauli
(

method ¥ MPM
¦ §

,1 12,16 is
!

mathematicallyvery similar to
the
�

CPM and solves problems ¨ i! © – ª iii! « . We employ this
methodin Sec.III C of the presentwork. In Sec.III D we
generalize¬ to superconductorsa reductionmethodwhich was
designed
�

specificallyto solveproblem ­ iv! ® ,1 namelytheregu-
lar
Ê

approximationof Baerendsandco-workers.13,14,17

As an additionalcomplicationthe inversion itself is not
trivial
�

anymorebecausein thesuperconductingcasethema-

trix
�

to be invertedcontainsthe nonlocalintegraloperatord
aˆ .

This



complicationwas not presentin our previouswork,2

because
&

we then assumedthe pair potential to be local, so
that
�

d
aˆ became
&

themultiplicativeoperator̄ (
T
R
�

)
%
. In Sec.III C

we� describea way to performtherequiredinversionanalyti-
cally� to any requiredorder in ° /

#
c$ .

B. First order in ± /
²
c³ :´

The spin–Bogolubov–de Gennes equation

Determining
¥

the first- and zero-orderapproximationto
Eq. µ 13¶ is straightforward,because · a� ¸ all� four above-
mentionedproblemsof theCPM manifestthemselvesonly in
higher
¹

than first order and º b& » the
�

termscontainingthe in-
verse� of the integral operatord

aˆ ,1 too, contributeonly to the
second� andhigherorders.Setting

V ¼ E

2
|

mc< 2 ½
V ¾ E

2
|

mc< 2 ¿
d
aˆ

2
|

mc< 2 À 0
» Á

15Â
the
�

matrix inversion becomestrivial. After straightforward
algebra,� which is essentiallythesameasin thenonsupercon-
ducting
�

case3,8,12
4

one+ finds, to first order,the following 4Ã 4
�

equation:�

h
2

i
) Ä ˆ

yÀ daˆ
Å i
) Æ ˆ

yÀ daˆ * Ç h
2

*

uc LÈ
L
É Ê E

/ uc LË
L
É ,1 Ì 16Í

where�

h
2ˆ ÎÐÏ 2

=
2
|

m< Ñ V ÒÔÓ 0
7 Õ B
Ö ×

17Ø
is
!

the generalizationof Eq. Ù 3� Ú in
!

the presenceof magnetic
fields
Û

and Ü 0
7 ÝßÞ qE /2

#
mc< is

!
theBohr magneton.Equationà 16á

is
!

the spin–Bogolubov–de Gennesequation6,18
_

for
â

the case
of+ a nonlocalpair potential ã (

T
rf ,1 rf ä )% . The large components

of+ the Dirac spinorsbecomePauli spinorswith entriesfor
spin-up� andspin-down

uc L
É å rf æèç uc éëê k

d ì rf í
uc îëï k

d ð rf ñ ò 18ó
and� correspondinglyfor ô L . Here õ and� ö are� spin-quantum
numbers.÷ Written out asa 4 ø 4

�
equation,Eq. ù 16ú thus

�
be-

comes�

h
2 ûüû

h
2 ýüþ

0
»

d
aˆ

h
2 ÿ��

h
2 ��� �

d
aˆ 0

»

0
» �

d
aˆ † � h

2 ���
* � h

2 ��	
*

d
aˆ † 0

» 

h
2 ���

* 
 h
2 ���

*

uc ��� k
d � r�

uc ��� k
d � r������
k
d � rf ��� �!
k
d " rf #

$ E
/

k
d %

uc &�' k
d ( r)

uc *�+ k
d , r-.0/�1
k
d 2 rf 3405�6
k
d 7 rf 8

,1 9 19:

where�
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h
2 <=<?>A@ 1

2m< B i
) CEDGF eH

c$ A I rJ 2 K
V L rM NPO�ORQASUT 0

7 VXW B Y rZ\[X]�]R^ ._
20
| `

We
a

notein passingthat thesameequationis alsofound in a
completely� nonrelativistic calculation from the spin-
dependent
�

Bogolubov-Valatintransformation.6,18,19
_

bdcfe
rf gihkj l

k
d m uc n�o k

d p rf q ar s k
d tvuxw�y

k
d* z rf { ar | k

d† } . ~ 21
| �

The



zero-orderapproximationis obtainedfrom Eq. � 19�
by
&

settingA � B � 0.
»

In this casethe 4 � 4 equation � 19� re-
duces
�

to theconventional2 � 2
|

Bogolubov–de Gennesequa-
tion
�

of the theory of inhomogeneoussuperconductors.6
_

We
a

havethusverified that our theoryhasthe correctnonrelativ-
istic
!

limit.
Note
�

that while thereare first-ordercorrectionsfrom the
electromagnetic� potentials, namely the Zeeman term
(
T �

qE /2
#

mc< )
% �

B
Ö

and� the vector-potential term in ����� p�� (
T
qE /
#
c$ )
%
A� ,1 there are no such terms arising from the pair

potential.� This is a consequenceof the form of the matrix �ˆ
which� characterizesthe relativistic generalizationof the
BCS-OP.In Sec.IV D we discussthe circumstanceswhich
can� lead to first-ordercorrectionscontainingthe pair poten-
tial.
�

C. Second order in � /
²
c³ :´ the modified Pauli approximation

Using
�

theCPM in higherthanfirst orderleadsto the four
difficulties
�

discussedin Sec.III A. Thefirst threeof theseare
solved� by a modificationof the CPM.12,16 In the following
we� briefly outline this modificationfor thenonsuperconduct-
ing
!

casebeforegeneralizingit to superconductors.Thestart-
ing point is Eq. � 11� ,1 which is written as

M̂ � E ����� r�i� E  ¢¡ r£ ,1 ¤ 22¥
where� M

¦ ˆ (
T
E
/

)
%

is theoperatoron theleft-handsideof Eq. § 11̈ .
Note
�

that M
¦ ˆ (
T
E
/

)
%

is not a standardHamiltonian becauseit
contains� the ‘‘eigenvalue’’ E

/
. Since the four-component

wave� function © (
T
rf )% wasproperlynormalized,thelargecom-

ponents� alonearenot. The difference

1 ª d
a 3
4
r «�¬ r­ * ®�¯ r°i± d

a 3
4
r ²´³ rµ * ¶¸· r¹ º 23»

is
!

of secondorder in ¼ /
#
c$ and� can thus not be neglected

beyond
&

first order.
The first stepof the MPM consistsin rewriting Eq. ½ 11¾

as� 12,16

¿
24
| À

Choosing
*

ÁÃÂ
1 Ä

Å 2Æ 2

8
�

m< 2
=
c$ 2
= Ç 25È

leads
Ê

to a properly normalized ÉËÊ (T rf )% . It is this function
which� becomesthenonrelativisticPaulispinor,not theorigi-
nal Ì (

T
r)
%
. Equation Í 24Î is still not an eigenvalueequation.

However,
Ï

operatingwith

ÐÃÑ 2
= Ò

1 Ó
Ô 2Õ 2

4
�

m< 2
=
c$ 2
= Ö O

× Ø=Ù
/
#
c$ Ú 4
Û Ü

26Ý
on+

M̂ Þ�ß E à�áËâfã räiå E æËçfè ré ê 27ë
leads
Ê

to

ìkí 2
=
M̂ î�ï E ð�ñËòfó rôiõ E öË÷fø rùiú E

û 2ü 2

4
�

m< 2
=
c$ 2
= ýËþfÿ r��� O

× ���
/
#
c$ � 4
Û
.
�
28�

The



secondterm on the right-hand side in Eq. 	 28
| 


now÷
cancels,� to order ( � /

#
c$ )
% 2
=
,1 the energy-dependentterm on the

left-hand
Ê

side.After expansionof M
¦

(
T
E
/

)
%

to first order in

V � E
/

2mc< 2
= 


� 2

c$ 2
= ,1 � 29�

one+ finds from Eq. � 28�

1 �
� 2
= �

2
=

8
�

m< 2c$ 2
V � rf ��� 1

2
|

m< ��� 1 � V � r�
2
|

mc< 2 �� 
!

1 "
# 2$ 2

8
�

m< 2
=
c$ 2
= %'&)( r*�+ E ,'-). r/ . 0 30

� 1

Evidently, the first two above-mentionedproblemsof the
CPM
*

are now takencareof. It turns out that the third, the
nonhermiticity÷ of theDarwin term,doesnot requireany fur-
ther
�

treatment.Unlike Eq. 2 223 ,1 Eq. 4 30
� 5

already� yields the
correct,� Hermitian,Darwin term.20

=
EvaluatingEq. 6 30

� 7
upZ to

second� order in 8 /
#
c$ leads,
Ê

after straightforwardalgebraic
manipulations,12 to

�

9 2
=

2
|

m< : V ; rf <�=?> 0
7 @ B
Ö A

rf B

C 1

4
�

m< 2
=
c$ 2
=
D 2

2
E 2
=
V F rG�HJILKNMPO V Q�R pS

T pS 4

2m< U'V)W rX�Y E Z'[)\ r] . ^ 31
� _

The



first line is just the first-orderHamiltonian ` 17a ,1 while
the
�

secondline containsthe usualDarwin-, spin-orbit cou-
pling� b SOC

ß c
,1 andmass-velocitycorrections.

In the superconductingcaseone can employ essentially
the
�

samemethodto generaterelativisticcorrections.Theop-
erator� d is generalizedto be a 2 e 2 matrix acting on the
particle-� andholecomponentsof theDBdGEeigenfunctions.
The



manipulationsof Eq. f 11g described
�

abovehave to be
repeated,now startingwith Eq. h 12i . However,this equation
requiresthe inversionof
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Ŵ
E
/ jlk

V m 2
|

mc< 2 n o i
) p ˆ

yÀ daˆ
i
) q ˆ

yÀ daˆ * E rls V t 2mc< 2 u v 32
� w

ratherthanE x (
T
V y 2mc< 2

=
)
%
, asrequiredin Eq. z 11{ . We thus

have
¹

to invert Ŵ and,� in particular,the integral operatord
aˆ ,1

before
&

we can employ the machineryof the MPM. To this
end� we makeuseof the following relation for operatorsA
and� B

|
:

}
A ~ B ��� 1 � A � 1 � A � 1BA � 1 � A � 1BA � 1BA � 1 � ,1�

33
� �

which� allows us to replacethe inversion of A � B by
&

an
infinite
!

series21
=

in
!

which eachterm requiresthe inversionof
A only.+ We now decomposeŴ according� to

�
34
� �

In this way we achieve a decompositionwhere, loosely
speaking,� A

�
contains� the information aboutrelativity, while

B
|

contains� thataboutsuperconductivity.Thematrix A
�

can� be

trivially
�

inverted.Furthermore,it containsall factorsof mc< 2,1
so� that eachterm in the series� 33

� �
contributes� asmanyfac-

tors
�

of 1/c$ 2 as� it containsfactors of A � 1. The matrix B,1
containing� theintegraloperatord

aˆ ,1 neednotbeinvertedatall.
To obtain the second-orderapproximationto Eq. � 13� we�
haveto go to order1/c$ 4

Û
in
!

Eq. � 33
� �

. It is readily found from
Eqs. � 33

� �
and� � 34

� �
that
�

to this order

Ŵ � 1 � 1

2mc< 2
=

1 � E
/  

V

2mc< 2 ¡ i
) ¢

yÀ
d
aˆ

2mc< 2

i
) £

yÀ
d
aˆ *

2
|

mc< 2 ¤ 1 ¥ E ¦ V

2
|

mc< 2

§
O
¨ ©

1/c$ 6
_ ª

.

«
35
� ¬

Inserting this result in Eq. ­ 12® we� can proceedwith the
MPM, asabove.We first defineproperlynormalizedBogol-
ubovZ spinorsby

uc L̄°
L
É ±

²
0
»

0
» ³ uc L´

L

µ
36
� ¶

and� then eliminate the energy-dependentterm on the left-
handsideof Eq. · 12̧ . Thecounterpartof Eq. ¹ 30

� º
is foundto

be
&

1 »
¼ 2½ 2

8
�

m< 2
=
c$ 2
=

V i
) ¾ ˆ yÀ daˆ

¿ i
) À ˆ yÀ daˆ * Á V

Â 1

2m<
Ã�Ä 1 Å V

2
|

mc< 2 Æ�Ç Æ�Ç
i
) È ˆ yÀ daˆ
2
|

mc< 2

ÉËÊ�ÌÎÍ
*

ÏlÐËÑ�ÒÎÓ * i
) Ô ˆ yÀ daˆ *

2
|

mc< 2 Õ�Ö × Ø�Ù�ÚÎÛ * 1 Ü V

2
|

mc< 2

ÝËÞ�ßáà
*

1 â
ã 2ä 2

8
�

m< 2
=
c$ 2
= uc L

É å
æ

Lç

è E
/ uc Léê

L
É ë ,1 ì 37

� í

which� is a propereigenvalueequationandhasthe structure
of+ a Bogolubov–de Gennes-typeequationfor the particle
and� hole amplitudesuc Lî and� ï

Lð . Note that, as is alwaysthe
case� for Bogolubov–de Gennes-typeequations,the upper
left
Ê

corner of the matrix equation ñ 37
� ò

corresponds� to the
nonsuperconductingresult ó 30

� ô
. By going throughthe same

algebra� as in the nonsuperconductingcase,we canevaluate
the
�

variousderivativesandmatrix productsin õ 37
� ö

. Keeping
only+ termsof secondorder in 1/c$ we� finally obtain

h
2

i
) ÷ ˆ

yÀ daˆ
ø i
) ù ˆ

yÀ daˆ * ú h
2

*
û 1

4m< 2c$ 2

h
2ˆ

2 d
aˆ

2

d
aˆ

2
† ü h

2ˆ
2*

uc L
É ý
þ

Lÿ
� E

uc L
É �
�

L

� ,1 �
38
� �

where�

h
2ˆ

2 �
� 2

2
� 2
=
V 	 r
���
������ V ��� pS � pS 4

2m< � 39
� �

and�

d
aˆ

2 � d
a 3
4
r ��� p: � � r,1 r !#"%$ p: & . . . ' i) ( yÀ )

* 1

2
| d

a 3
4
r� +-, pS 2. / rf ,1 rf 0#1�2�354 rf ,1 rf 6#7 pS 8 29 . . . : i) ; yÀ < .

=
40>

Here
Ï

the prime in pS ? stands� for a derivativewith respectto
r @ . In analogyto theDirac–Bogolubov–de GennesequationA
5
¢ B

we� call Eq. C 38
� D

the
�

Pauli-Bogolubov–de Gennesequa-
tion
� E

PBdGE
( F

.
The



relativisticcorrectiontermsof h
2ˆ

2
= and� d

aˆ
2
= are� themain

result- of the presentpaper.By comparisonwith Eq. G 31
� H

the
�

terms
�

of h
2ˆ

2
= are� seento be the conventionalrelativistic cor-

rections- in this order. In the superconductingcasethey ap-
pear� twice, once through h

2ˆ
2
= and� once through I h

2ˆ
2
=* . The

terms
�

of d
aˆ

2
= ,1 on theotherhand,arerelativisticcorrectionsof

the
�

sameJ order+ in 1/c$ existing� in superconductorsonly. Sec-
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tion
�

IV is devotedto a first analysisof the propertiesand
consequences� of theseweakly relativistic corrections.

Note
�

that thedecompositionK 34
� L

is
!

not theonly onelead-
ing
!

to the final result M 38
� N

. Choosing

A
� O E

/ PRQ
V0
S T 2
|

mcU 2 V W i
) X ˆ

yY daˆ 0
S

i
) Z ˆ

yY daˆ 0
S* E [R\ V0

S ] 2mcU 2
= ^ ,1 _ 41

� `

where� V0
S is the spatiallyconstantpart of V(

T
r)
%

andd
aˆ

0
S is the

integraloperator

d
aˆ

0
S a d

a 3
b
r� c . . . d e f rf ,1 rf gihkj l 42

� m
containing� the modulusof the pair potentialas kernel, and
defining
�

B
| n

W o A
�

,1 anothersuitable decompositionis ob-
tained.
�

After a lengthy calculationthe matrix A can� be in-
verted� analyticallyup to secondorder in p /

#
c$ . Its inverseis,

to
�

this order, of the form q 35
� r

,1 however with V0
S and� d

aˆ
0
S

substituted� for V and� d
aˆ . The secondterm in the series s 33

� t
then
�

containsthe contributionsof the spatially dependent
part� of V(

T
r)
%

and the phaseof the pair potential.Evaluating
this
�

term to secondorder in u /
#
c$ as� well, leadsto the same

final
Û

expressionas the simpler decompositionv 34
� w

,1 namely
to
�

Eq. x 38
� y

.

D.
z

The regular approximation

Beforewe proceedto a discussionof h
2ˆ

2
= and� d

aˆ
2
= ,1 we have

to
�

returnto theproblemsof thePaulieliminationmethod.As
demonstrated
�

explicitly, the MPM solvesproblems { i! | – } iii! ~
of+ theCPM, for both thesuperconductingandthenonsuper-
conducting� case.Problem � iv � ,1 the variational instability of
the
�

resulting Hamiltonian,still needsto be addressed.The
source� of this problemis the expansionin

V � E
/

2mcU 2
= ��� 2

c$ 2
= ,1 � 43�

which� is small when � /
#
c$ is small, but large close to the

nucleus.This leadsto convergenceproblemsandrelatedun-
physical� behaviorof the Pauli Hamiltonian.Similarly, keep-
ing
!

only the first two terms in the expansion � 33
� �

is
!

not
justified,
�

unless
�
B
| �����

A
� �

,1 � 44
� �

where� � � is
!

theoperatornorm.22 However,
Ï

this conditionis
not satisfiedif E � V is of the sameorder as 2mcU 2

=
. Very

close� to the nucleus,E
/ �

V can� evenget larger than 2mcU 2

and� neitherthe conventional,nor the modifiedPauli method
converge.� Thesedifficulties areavoided,e.g.,in theso-called
regular- approximation.13,14,17In

�
this methodonerewritesthe

fraction
â

in Eq. � 11� according� to

1

E �R� V � 2mcU 2
= ��� 1

2mcU 2
= 1   E

/ ¡
V

2mcU 2
=
¢ 1

£ 1

2mcU 2 ¤ V
1 ¥ E

/
2mcU 2 ¦ V

§ 1 ¨
45©

and� proceedsto expandin

E
/

2mcU 2 ª V « r¬ . ­ 46
� ®

Evidently,
�

this term is small not only in the nonrelativistic
domain,
�

where mcU 2 ¯ V(
T
rf )% , but also close to the nucleus,

where� V(
T
r)
%

is large.It thusconstitutesa muchbetterexpan-
sion� parameter as the more conventional choice, Eq.°
43
� ±

.13,14,17

The



regularapproximationis readilygeneralizedto super-
conductors.� First, the matrix to be inverted in Eq. ² 12³ is
rewrittenaccordingto

E ´Rµ V ¶ 2mcU 2
= · ¸

i
) ¹ ˆ

yY daˆ
i
) º ˆ

yY daˆ * E »R¼ V ½ 2mcU 2
= ¾
¿ 1

À 1

2
|

mcU 2
= Á

V

E
/

2mcU 2
= Â

V

Ã
1 Ä ÄÆÅ ˆ yY daˆ

2mcU 2
= Ç

V

ÈÊÉ ˆ
yY daˆ *

2mcU 2 Ë V

E
/

2mcU 2 Ì V Í 1

Î 1

.

Ï
47
� Ð

The inversionitself proceedsalong the samelines as in the
case� of the MPM. The expansion,finally, is in powersof
E/(2
#

mcU 2
= Ñ

V)
%

and d
aˆ /(2
#

mcU 2
= Ò

V)
%
. In the nonsuperconduct-

ing case,one often limits oneselfto the zero-orderterm in
this
�

expansion,leadingto the zero-orderregularapproxima-
tion
� Ó

ZORA
Ô Õ

. A conceptuallynew featureof the regularap-
proximation� is that it no longer is an expansionin ordersofÖ /
#
c$ . As a consequence,theZORA Hamiltonianalreadycon-

tains
�

relativistic correctionsto arbitrary high order in 1/c$ .
The



sameis true for the superconductinggeneralizationof
the
�

ZORA. Onefinds, from Eqs. × 47
� Ø

and� Ù 12Ú ,1
h
2ˆ

zÛ Ü V i Ý ˆ yY daˆ
Þ i
) ß ˆ

yY daˆ * à h
2ˆ

zÛ* á V

uc L
â
ã

L

ä E
uc L
â
å

L
,1 æ 48ç

where�

h
2ˆ

zÛ èêéìë mcU 2
=

2
|

mcU 2 í V îìï . ð 49
� ñ

Equation ò 48ó is denotedthe ZORA-Bogolubov–de Gennes
equation� ô ZBdGEõ . Clearly, therearezero-ordercorrections
arising� from the lattice potential,V(

T
rf ),% ö which� do not have

the
�

form of the conventionalspin-orbit terms,etc.÷ but
&

none
from
â

the pair potential ø (
T
rf ,1 rf ù )% . In higher orders,thereap-

pear� alsocorrectionscontainingú (
T
r,1 r û ).%

On
�

physicalgrounds,we expectthat in most solid-state
situations� only the ü modified ý Pauli

(
method,andhenceEqs.þ

38
� ÿ

– � 40� ,1 areneeded.In solids,thecoreelectronsscreenthe
Coulomb
*

potentialof the nuclei, so that for the conduction
electrons� � which� are involved in superconductivity� Pauli-

(
type
�

expansionsaresufficient. In materialswith very heavy
elements� in the lattice, problem � iv � can� also becomerel-
evant� in solid-stateapplications.In this case,the ZBdGE�
48
� �

provides� a viable alternativeto Pauli-typeprocedures.
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IV. ANALYSIS OF THE
PAULI–BOGOLUBOV–DE GENNES EQUATIONS

A. Interpretation of the correction terms

The weakly relativistic correction terms in the PBdGE
containing� the pair potential, as given in Eq. � 40	 ,1 can be
rewritten- in a more transparentway. First, we specializeto
finite
Û

systems,so that one can perform partial integrations
without� occurrenceof surfaceterms.It is thenreadily found
that
�

d
aˆ

2 
 d
a 3
b
r� � i) ��


pS ��� rf ,1 rf ������� pS � . . . i
) � ˆ

yY
� 1

2
d
a 3
b
r ��� � pS ! pS "$# 2%'& r,1 r (*)�+ . . . i

) , ˆ
yY . - 50

¢ .

Here
Ï

the momentumoperatorsact only on the directly fol-
lowing
Ê

quantities,as indicated explicitly by the brackets.
Similar
ß

termsare also found in the Pauli approximationto
the
�

relativisticBreit equationfor two-electronatoms.23
=

In the
present� context we deal with single-particleequations,but
the
�

nonlocalityof the pair potentialreflectsthe two-particle
aspects� of the Cooperpair. We now introducerelative and
center-of-mass� coordinates,s/ and� R

�
,1 accordingto

s/ 0 rf ,1 rf 1*2 rf 3 rf 4 5 51
¢ 6

and�

R
� 7

r,1 r 8�9 rf : rf ;
2

. < 52
¢ =

We
a

usethe samesymbol for the pair potentialexpressedin
the
�

coordinatesof the individual particles,> (
T
rf ,1 rf ? )% , andex-

pressed� in center-of-massand relative coordinates,@ (
T
s/ ,1 R).

%
Equation A 50

¢ B
then
�

becomes

d
aˆ

2
= C d

a 3
b
r� D�E daˆ 2

F
1 G$H s/ ,1 R� IKJ

d
aˆ

2

L
2 M$N s/ ,1 R� OKP

d
aˆ

2

Q
3
b R$S

s/ ,1 R� T�U
. . . i

) V ˆ
yY ,1W
53
¢ X

where� the integrationis still over rf Y . The threetermsin the
kernel
Z

of Eq. [ 53
¢ \

can� now be interpretedphysically:

d
aˆ

2

]
1 ^$_ s/ ,1 R� ` acb dfe

R
g h'i s/ ,1 R� j�k�l

pS m n 54
¢ o

is
!

a spin-orbittypetermwith respectto theorbital motionof
the
�

center-of-masscoordinate.It will in the following be
denoted
�

astheanomalous24 spin-orbit� couplingterm p ASOCq
for the center-of-massdegreesof freedom r C-ASOC

* s
.

d
aˆ

2

t
2 u$v s/ ,1 R� w x

2
| y z${ s| }�~ s/ ,1 R� �����

p� � ,1 � 55
¢ �

on+ the other hand,is a spin-orbit type term with respectto
the
�

relative motion of+ the two electronsin the Cooperpair.
This



term will be referred to as the anomalousspin-orbit
coupling� termfor therelativedegreesof freedom� R-ASOC

' �
.

Having classifiedthe ASOC termswith respectto the or-
bital
&

motion, we now turn to the spin degreesof freedom.
There



exist at least threespinlike quantumnumberswhich
are� of relevancefor superconductors.The first is the total
spin� of the Cooperpair. As we discussonly singletpairs in
the
�

presentpaper,this is alwayszero.Thesecondis thespin

of+ the individual electronsin the pair. Finally, there is the
spinlike� label for theBogolons,thequasiparticlescreatedby
breaking
&

Cooper pairs. � In� Eqs. � 18� – � 21
| �

the
�

latter two
quantum� numbersare denoted � and� � ,1 respectively.� The
spin� involved in both C-ASOCandR-ASOCis the electron
spin.� It is coupled to the orbital motion of the individual
electrons� in the presenceof the pair potential � (

T
s/ ,1 R)

%
. The

effect� describedby theseterms is the additional spin-orbit
coupling� which originatesfrom the coherent$ motion of the
two
�

electronsin theCooperpair. In theabsenceof coherence�
(
T
s/ ,1 R� )

% �
0
»

andonly theconventionalSOC,arisingfrom the
lattice
Ê

potential, � (
T
r)
%
, remains.

In
�

many situationsthe modulusof the pair potential is
spatially� constantand its phasedependsonly on the center-
of-mass+ coordinate,sothatthefull pair potentialcanbewrit-
ten
�

as

���
s/ ,1 R�K���¯ eH i ��� R

� �
,1 � 56

¢  

where� ¡¯ is a real-valuedconstant.Sucha pair potentialde-
scribes,� e.g.,supercurrentsin thin films.6

_
For a pair potential

of+ theform ¢ 56
¢ £

and� sufficientlycloseto thecritical tempera-
ture,
�

thesupercurrentsareproportionalto thegradientof the
phase� of the orderparameter,viz.,

j
¤

s| ¥ R¦K§c¨ ©¯ ª 2= «
R ¬®­ R̄ . ° 57

¢ ±
Therefore,

d
aˆ

2
= ² 1³$´ s/ ,1 RµK¶¸· ¹ j¤ s| º p� »f¼ ,1 ½ 58

¢ ¾

which� showsthat the C-ASOCterm canalternativelybe in-
terpreted
�

asa couplingof the spin to the supercurrents.
Due
¥

to the term j
¤

s| ¿ p� À ,1 the expectationvalueof Eq. Á 58
¢ Â

is
!

roughly proportionalto the ratio Ã s| Ä /
#
c$ 2,1 where Å s| is

!
the

velocity� associatedwith the supercurrentsÆ the
�

phaseof the
condensate� Ç and� È is thatof thequasiparticleexcitationsÉ the

�
BogolonsÊ . This is to be contrastedwith the ratio Ë 2

=
/
#
c$ 2
=
,1

which� appearsin the expectationvalue of the conventional
relativistic- correctionscontainedin h

2ˆ
2 . TheMPM for super-

conductors� generatesthe leading terms in an expansionin
both
&

of theseparameters.
The



R-ASOCtermcan,alongsimilar lines,be interpreted
as� a coupling of the spin to the internal currentsdue to the
coherent� relativemotion of the electronsin the Cooperpair.

The third term in Eq. Ì 53
¢ Í

contains� secondderivatives
with� respectto thecenter-of-masscoordinateandis givenby

d
aˆ

2
= Î 3b Ï$Ð s/ ,1 RÑ

Ò 2

2
Ó

R
g2= Ô'Õ

s/ ,1 RÖ . × 59
¢ Ø

Being
,

the counterpartto the conventionalDarwin term, this
term
�

is referredto asthe anomalousDarwin term Ù ADT
� Ú

.
Note
�

that two typesof relativistic correctionsone might
haveexpectedare not present.First, thereis no anomalous
Darwin
¥

term containingsecondderivativeswith respectto
the
�

relativecoordinate.Thus,in contrastto theASOCterms,
R-ASOC and C-ASOC, there is no ‘‘R-ADT,’’ but only a
‘‘C-ADT’’ term. This is consistentwith the requirementof
the
�

correctlocal limit, to bediscussedin Sec.IV C. Further-
more, there is no superconductingcounterpartto the mass-
velocity� correction.This is physicallyreasonablebecausethe
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mass-velocitycorrectionis entirely of kinematicorigin and
thus
�

independentof the presenceor absenceof externalpo-
tentials.
�

B. Discussion of consequences of the relativistic corrections

The



various relativistic correctionscan be classifiedac-
cording� to whetherthey lead to the breakingof symmetries
or+ not. The mass-velocitycorrection,the conventionaland
the
�

anomalousDarwin termsdo not breakanysymmetriesas
compared� to a nonrelativisticsuperconductor.Retainingonly
these
�

termsin the equationsconstitutesthe superconducting
analog� to thefamiliar ‘‘scalar relativistic’’ approximationof-
ten
�

appliedin relativistic electronicstructurecalculations.It
is
!

generallyfound that the relativistic effect on the kinetic
energy,� i.e., the mass-velocitycorrection,is far moreimpor-
tant
�

thantheDarwin term.As theydo not breakanysymme-
tries,
�

the main effect of thesetermsis of a quantitativena-
ture.
�

Examples are the relativistic mass correction for
the
�

Cooper pair, which was already measured
experimentally� 2

=
5–28 and� the relativistic shift in the energy

spectrum� of a superconductor,predictedin Ref. 2.
In
�

Refs. 25–28 the experimentaldata for the massen-
hancement
¹

of the Cooperpair, obtainedusing a technique
based
&

on rotating superconductors,were interpretedon the
basis
&

of adr hoc substitution� of relativistic masscorrections
into
!

the BCS equations.It turnedout that this procedureis
very� delicateand is likely to miss correctionsarising from
the
�

internaldynamicsof theCooperpair. Indeed,a quantita-
tive
�

explanation of the experimentaldata could not be
achieved� in this way.25–28 Note

�
that our equation Û 39

� Ü
pre-�

dicts
�

thatsucha massenhancementtakesplaceandr allows� to
evaluate� it on thesamefootingwith theeffectsof theinternal
Cooper
*

pair dynamicsandsuperconductingcoherence.
The



spin-orbitterms,on theotherhand,couplethespinto
the
�

orbital degreesof freedomand,therefore,breakthe rota-
tional
�

invariancein spin space.This symmetrybreakinghas
a� large numberof importantconsequences,suchas the hy-
bridization
&

of singletand triplet states,the lifting of degen-
eracies,� the orientation of the macroscopicmagnetization
relative to the lattice in ferromagneticsolids and the intro-
duction
�

of the total angular-momentumquantumnumber,j
�
,1

instead
!

of the individual quantumnumbersl
Ý

and� sÞ .
The



effectof theseconsequencesof theconventionalSOC
on+ various propertiesof superconductorshas beenworked
out+ in detailby manyauthors.Fromtheseinvestigationsit is
known that, e.g.,SOCcan lead to a finite Knight shift at Tß 0,
»

which is in striking contrastto the BCS predictionof
zero Knight shift at T à 0.

» 2
=

9–31 The conditionsfor coexist-
ence� of magnetismand superconductivityare also strongly
influenced
!

by SOC.32,33
b

Furthermore,
�

SOC can induce Jo-
sephson� currentsin situationswherenonewould be present
nonrelativistically.3

b
4–37 The valueof the uppercritical field,

in
!

particularthe influenceof Pauli paramagneticlimiting, is
known
Z

to be significantly affectedby SOC.38,39
b

Moreover,
¦

the
�

magneto-opticalresponseof both normal and supercon-
ductors
�

is changedin thepresenceof SOC.In particular,the
absorption� of light with left-handedpolarizationdiffers from
that
�

of light with right-handedpolarization.This phenom-
enon,� termeddichroism,is mainly dueto SOC.40–43

With
a

theexceptionof dichroism,all theseeffectswere,as
yet,á analyzedon the basisof the conventionalSOConly. In

each� casethe ASOC termsprovide an additionalsourceof
spin-orbit� coupling which has a very different temperature
behavior
&

ascomparedto theconventionalSOC.For thecase
of+ the absorptionof polarizedlight we havemeanwhilein-
vestigated� the effectsof SOC and ASOC in detail4

â
1–43 and�

found that ASOC indeed constitutesan additional, poten-
tially
�

observable,sourceof dichroism,which is distinguished
by
&

its temperaturedependenceanduniquecoherencefactors.
Finally, the symmetryof the order parameteris strongly

influencedby SOC.34,44
b

–48 The ASOC terms,containingthe
pair� potential itself, can obviously havea similar effect. In
particular,� thespin-orbitcouplingwith respectto therelative
coordinate� of thetwo electronsin theCooperpair, R-ASOC,
suggests� that a classificationaccordingto the total angular
momentum of the pair j

�
,1 insteadof its orbital componentl

Ý
,1

may be more important than previously thought.The com-
monclassificationinto sÞ -waveandd

a
-wavesuperconductivity

refers- to theinternalsymmetryof theCopperpair, i.e., to the
relative- coordinate.In orderto discussthesymmetryproper-
ties
�

of the OP one usually decomposesit in contributions
which� transformaccordingto the irreduciblerepresentations
of+ the point group of the crystal.47,48

â
Specializing
ß

momen-
tarily
�

to the caseof a homogeneoussystem,sucha decom-
position� is achievedby Fourier transformingã (

T
s/ )% with re-

spect� to the relative coordinate s/ and� expanding ä (
T
k)
%

according� to

å�æ
k
ç èKéëê

lm
ì c$ lm

ì í î kç ïñð Y mòl
ì ó

k
ç ˆ ô ,1 õ 60

¶ ö

where� Y mòl
ì

denotes
�

the sphericalharmonicsand k
ç ˆ is
!

a unit
vector� in the directionof k

ç
. The approximation

c$ lm
ì ÷ ø kç ùûúKü c$ mò ý kþ F ÿ�� l

ì
,2 ,1 � 61

¶ �

which� restrictsattentionto theFermisurfaceandretainsonly
the
�

l
Ý �

2 sphericalharmonic, then leads to the much dis-
cussed� caseof d

a
-wavesuperconductivity.Thepoint groupof

the
�

crystal is taken into accountby replacingthe spherical
harmonics
¹

by symmetryadaptedbasisfunctionsof the point
group.¬ 47 It

�
is tempting to speculatethat the difficulties en-

countered� in uniquely assigning the OP in the high-
temperature
�

superconductorsand the heavy-fermioncom-
pounds� a valueof l

Ý �
Refs.
'

34,44,48� may be partially dueto
the
�

fact that, asa consequenceof R-ASOC,the internalde-
grees¬ of freedomactuallyhaveto beclassifiedaccordingto j

�
.

Whether
a

or not this classificationis mandatorydepends,of
course,� on the actualmagnitudeof the variousSOC terms.
We,
a

therefore,now turn to a brief discussionof the circum-
stances� under which SOC and ASOC can be relevant for
realistic- superconductors.

The



energycontributiondueto SOC,asdescribedby the
second� term in Eq. � 39

� �
,1 is known to rise approximatelyas

Z
	

eff
4 ,1 wherethe effectivenuclearchargeis given by Z
	

eff
 � Z
	

� z
 . The shielding correctionz
 takes
�

into accountthat the
core� electrons screen the nuclear Coulomb potential.
Normal-state
�

calculationsshow that for elementswith Z
	

�
40
�

inclusion of the SOC is essential. Every high-
temperature
�

superconductorand all heavy-fermionsystems
contain� suchelements.
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To assessthe importanceof the ASOC termswe replace
the
�

gradientsof the pair potentialby suitableaverages,ac-
cording� to

�
R ��� s/ ,1 R���

�����
� ,1 � 62

¶ �

where� ���� is
!

the averageenergygapand ! is
!

the coherence
length.For a superconductorwith a coherencelengthwhich
is,
!

e.g.,100 times smallerand an energygap which is 100
times
�

larger than for typical BCS-type superconductors,
ASOC
�

becomes104 times
�

moreimportant.Thesenumerical
values� aretypical of the high-temperaturesuperconductors.

The fact that the magnitudeof ASOC hencedoes not
depend
�

primarily on the presenceof heavyatoms " i.e., high
Z)
%
, but alsoon typical superconductingpropertiessuchas # ,1

implies that ASOC canbe relevantevenwhenSOCaloneis
not.÷ Relativity might thereforebeimportantfor a largerclass
of+ materialsthanpreviouslythought.Sucha situationis re-
alized,� e.g., in the vortex stateof a superconductorcontain-
ing light atoms.HereSOC is small, sinceZ is small, while
C-ASOC
*

is largebecause$ R % (
T
s/ ,1 R� )

%
is largein the vortices.

Similar
ß

considerationsapply to superconductingheterostruc-
tures
�

where &(' R
g ) (
T
s/ ,1 R� )

% *
/
# +

(
T
s/ ,1 R� )

%
becomeslargeat the inter-

faces.
R-ASOC,on theotherhand,canbeexpectedto beimpor-

tant
�

for an OP with a complicatedinternalstructure,suchas
the
�

OP describinganisotropicsuperconductivity,the Fulde-
Ferrel state, coexistenceof superconductivityand magne-
tism,
�

etc., becausein thesecases, s| - (
T
s/ ,1 R� )

%
is enhanced,as

compared� to homogeneoussÞ -waveorderparameters.
It should finally be stressedthat, althoughthe absolute

magnitudeof SOCandASOCis small in mostmaterials,the
effects� producedby them can be quite large. The SOC-
induced
!

splitting of bandscan,e.g.,leadto bandgapsof the
order+ of 0.1 eV or more,49

â
which� is due to the symmetry-

breaking
&

effect of the conventionalSOC. A similar effect
might occur also for the ASOC terms.Furthersituationsin
which� SOC and ASOC can play a role are mentionedin
Sec.
ß

V.

C.
.

Relation to the previous formulation of the relativistic
theory of superconductivity

In a previouspaper2
=

we� presenteda relativistic theoryof
superconductivity� for superconductorswith a local

Ý
pair� po-

tential.
�

A local formulation is, of course,not able to handle
the
�

internaldegreesof freedomof the Cooperpair, but it is
adequate� to treatmacroscopicinhomogeneities,suchassur-
faces,
â

vortices,etc.
The



correspondingOPwasexpressedin termsof thema-
trix
� /ˆ ,1 as given in Eq. 0 7Ã 1 of+ the presentpaper,accordingto

243 r5�687:9 r; T <>=:? r@ ,A B 63
C D

whereE F (
G
r is a four componentsolutionto the Dirac equa-

tion.
H

This is the local versionof theBCS-typeOPdefinedin
Eq.
I J

8
K L

.
In
M

the presentpaperwe are mainly concernedwith the
nonlocal case, for which we used the MPM to generate
weaklyE relativistic corrections.In Ref. 2, on the otherhand,
weE usedthe CPM for a local

N
pairO potentialand,beingfaced

withE the above-mentionedproblemsof the CPM, employed
perturbationO theory to constructan energy-independentand
Hermitian
P

Hamiltonian.
The
Q

local limit of the first term in Eq. R 40
S T

is
U

obtained
from the replacement

V�W
r,A r XZY�[]\�^ r _Z`�acb r d r e(f g 64

C h
andi yields

j�k
pl m�npo�q rrts�u pl vxwzy|{ r}t~ i� � yY �
� p� ��� r� � p� �|� r� � � i� � yY ���8��� r� � p� 2

� �|�
r� �t� i� � yY ��

i
� �

p� ��� r� � � p� �|� r�   ¡ i� ¢ yY £ ,A ¤ 65
C ¥

whereE ¦ (
G
r)
§

is an arbitrary test function and the right-hand
side¨ follows from the propertiesof the Pauli matrices.The
corresponding© limit of the secondterm in Eq. ª 40« is

¬ 1

2
­
p� 2 ®�¯ r� °²±|³ r� ´ µ8¶�· r� ¸ p� 2 ¹|º r� »x¼�½ i� ¾ y¿ À

ÁÃÂ 1

2
Ä p� 2

� Å�Æ
r� Ç È|É i� Ê y¿ Ë�Ì8Í�Î r� Ï p� 2

� ÐÒÑ
r� ÓtÔ i� Õ y¿ Ö

× p� Ø�Ù r� Ú p� Û|Ü r� Ý Þ i� ß y¿ à . á 66
C â

The sumof both is thus

i
� ã

p� ä�å r� æ ç p� è 1

2
Ä p� 2é�ê r� ë ì|í r� îtï i� ð y¿ ñ ,A ò 67

C ó

whichE is therelativisticcorrectionfor a local pair potentialas
derived
ô

in Ref. 2. In view of the different methodsusedin
both
õ

approachesthis agreementconstitutesa useful consis-
tency
H

test.
Note
ö

that the correct local limit is obtained from the
R-ASOC,C-ASOC,andADT contributions,asdescribedin
Sec.
÷

IV A. Thepresenceof a furtherADT containingderiva-
tives
H

with respectto the relativeø coordinate© would be impos-
sible¨ to reconcilewith the requirementof the correct local
limit. Indeed,postulatingù the

H
appearanceof an anomalous

Darwin term of the form

d
úˆ

2
�û 4 ü(ý s/ ,A Rþ ÿ

� 2

2
�

s�2��� s/ ,A R� � 68
C �

in
U

Eq. 	 53

 �

andi determiningthe factor � from



the require-
mentof thecorrectlocal limit, it is found that theonly solu-
tion
H

is ��� 0.
�

Our treatmentof the nonlocal pair potential
withE the MPM automaticallyyields the corrrectADT.

Concluding
�

this sectionwe point out that while Ref. 2
wasE the first to provide a microscopicderivationof a spin-
orbit� termcontainingthepair potential,UedaandRice50

�
pre-O

viously� suggestedsucha term on group-theoreticalgrounds.
However,their result is limited to pù -wavesuperconductivity
in a cubic crystal and contains phenomenologicalcoeffi-
cients.©

D. Inclusion of the second OP of the generalized BCS-type

In
M

I we discussedin detail which typesof OP and pair
potentialsO can be included in a relativistic theory of super-
conductivity© without violating covariance.It turnedout that
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only� two of the 16 OP componentsare consistentwith the
requirementof BCS-typepairing.Thefirst, transformingasa
scalar¨ underLorentz transformations,is � (

G
r,A r � )§ , as defined

in Eq. � 8K � .
The
Q

other,transformingasthezerothcomponentof a four
vector,� is

�
V
0
� �

r� ,A r� � � ! T " r� #%$ˆ
V
0
� &('

r� ) * ,A + 69
C ,

whereE -ˆ
V
0
�

is
U

definedas

.ˆ
V
0
� /

0 1
�

0 0
0 1 0 0 0

0 0
�

0 1 1

0 0
�

1 0

2 i
� 3 ˆ

y¿ 0
�

0
� 4

i
� 5 ˆ

y¿ . 6 70
7 8

The
Q

associatedpair potentialis 9 V0
� (
G
r� ,A r� : )§ ;

cf.© Eqs. < 74
7 =

andi>
75
7 ?

of� paperI @ . Although retainingonly the zerothcompo-
nentof the four vector is not Lorentz invariant,51

A
it is inter-

estingB to investigatetheweaklyrelativisticcorrectionsdueto
the
H

secondOP of the generalizedBCS type.We caninclude
this
H

OP in the DBdGE simply by replacingC ,A as definedin
Eq.
I D

6
C E

, bA y

FHGJI
d
K 3
L
r M . . . NP ORQ r,A r S T%Uˆ VXW

V0
� Y r,A r Z\[^]ˆ V

0
� _

. ` 71
7 a

Defining
bXced

r,A r f g h�i r,A r j kmlXn V0
� o r,A r p\q r 72

7 s
andi repeatingthe stepsof the MPM, we find a slightly dif-
ferent



form of the weakly relativistic corrections.
In zerothandfirst ordertheonly changeis that t (

G
r,A r u ) i

§
s

replacedeverywhereby vXw (
G
r,A r x )§ . This merelyamountsto a

redefinitionof thepair potential,without changingthestruc-
ture
H

of theequations.In secondorder,however,thestructure
does
ô

change.Namely, in all correctionterms y (
G
r,A r z )§ is re-

placedO by {R| (
G
r� ,A r� } )§ , sothatnow two different

K
pairO potentials

appeari in the PBdGE.
In the sameway the other 14 OP’s derived in I can be

includedaswell. All OP matriceswhich areof the form

X 0
�

0
�

Y
,A ~ 73

7 �

whereE X
�

andi Y arei 2 � 2
Ä

matrices,leadto increasinglycom-
plexO combinationsof pair potentialsand2 � 2 matricesin the
weaklyE relativistic correctionterms.The OP’s of this form
wereE shownin I to describethe relativistic generalizationof
singlet¨ and triplet pairs, formed from two positive- or two
negative-energysolutionsof the Dirac equation.

OP’s
�

containingoff-diagonalentriesin Eq. � 73
7 �

, oA n the
other� hand, describepairs composedof a positive and a
negative-energystate.While it is unlikely that such pairs
existB in solid-statesituations,their existenceis not forbidden
by
õ

relativity. SuchOP’s lead to off-diagonalentriesin the
matrices�

c� ��� 0
�

0
� �

c� �����e� *
�
74
7 �

appearingi in the courseof the CPM or the MPM � cf.© Eq.�
12�P� andi thusto relativisticcorrectionsof first

�
order in � /

�
c� ,A

i.e., of the sameorder as the Zeemanterm and the vector-
potentialO term.

Note
�

that thepairing interactionwould haveto bridgethe
energyB gapof 2mc� 2 to

H
yield pairsconsistingof anE � 0

�
and

ani E
� �

0
�

solutionof theDirac equation.If suchaninteraction
exists,B theleadingcorrectionswill beof first order.However,
the
H

orderparametersdescribingpairscomposedof a positive
andi a negative-energysolutionof theDirac equationarema-
trix
H

elementsbetweenstatesdiffering in energyby, typically,
2
Ä

mc� 2 andi thusexpectedto be very small.
Normally
�

any given interactionleading to superconduc-
tivity
H

will lead to only one type of OP. If severaldistinct
OP’s
�

arepresentin onesystemthis will result in a compli-
cated© phasediagram,with more than one superconducting
phase.O It follows from the abovethat the effect of relativity
then
H

dependson the phaseunderconsideration.This might
be
õ

relevant for the heavy-fermion compoundsUPt3L andi
U
�

1   x¡ Thx¡ Be13 whichE do indeedcontainextremelyheavyat-
oms� anddisplayseveraldistinct superconductingphases.34

L

V.
¢

CONCLUSION AND OUTLOOK

The
Q

main resultof this paperis the derivationof weakly
relativistic£ correctiontermsto the ordinary theoryof super-
conductivity,© asgiven in Eqs. ¤ 39

¥ ¦
,A § 40̈ ,A and © 53


 ª
. The exis-

tence
H

of suchtermsis a necessaryconsequenceof formulat-
ing
U

the underlying theory of pairing in a Lorentz invariant
fashion.



Theconventional« nonrelativistic¬ theory
H

of superconduc-
tivity
H

wasshownto bethenonrelativisticlimit of our theory.
This
Q

identification allowed us to employ various reduction
proceduresO which generateweakly relativistic corrections
from the Dirac equation,in order to derivesuchcorrections
for superconductors.Three reduction procedures,the con-
ventional� Pauli approximation,the modified Pauli approxi-
mation,� and the regularapproximationwere generalizedto
superconductors¨ andcomparedwith eachother.

The resulting weakly relativistic correctionsare of two
types.
H

First, one finds the usual spin-orbit, Darwin-, and
mass-velocity� corrections,which are well known from the
normalstate.Second,thereappearcounterpartsto thesecor-
rectionscontainingthe pair potential in placeof the lattice
potential.O The latter type of correctionsexistsonly in super-
conductors© andwaspreviouslyunknown.

We
­

interpretthe correctionsin termsof the influenceof
relativity on thecoherentmotionof theelectronsin theCoo-
perO pair. A first analysisof the significanceof the terms
indicates
U

that they may be relevantfor high-temperaturesu-
perconductors,O heavy-fermion compounds,and supercon-
ducting
ô

heterostructures.
In
M

all of the abovewe neitherhad to specify the precise
nature® of the interactionleadingto pairing, nor the type of
the
H

particlesinvolved.Therefore,just asis thecasefor paper
I, the applicationof our resultsis not limited to propersu-
perconductors,O but extendsto any situationin which pairing
takes
H

place.Apart from BCS-typeandunconventionalsuper-
conductivity© this also includes,e.g., superfluidity in helium
3.
¥ 19,52 Other

�
circumstancesin which pairing and relativity

may� play a role simultaneouslyare the BCS model of
nuclearmatter,53

A
andi astrophysicalsituations,suchaspairing

of� neutronsandprotonsin neutronstars.54,55
A
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