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�
We
�

proposea memoryform of exchange-correlationpotential ���������
�! #" for
$

time-dependentinteracting
many-particle% systems. Unlike previousmemory-XC potentials,our &('�) is not limited to the linear
responseregime. The proposedform of *�+-, is a generalizedlocal-densityapproximationchosen
so. as to satisfy the nonlinearharmonicpotential theoremand Newton’s third law. For the caseof
the
/

inhomogeneouselectrongas,we give an explicit prescriptionfor 0�1-2 basedsolely on an existing
parametrization3 of thelinearXC responsekernel4 hom5-687:9<;>=@? of theuniform gas. Applicationto quantum
wellsA seemspromising. [S0031-9007(97)03984-7]

PACSnumbers:71.15.Mb,71.45.Gm,73.20.Dx,73.20.Mf

Widespread
B

interestin nonlineardynamic phenomena
leads
C

usto seekanefficientdescriptionof time-dependent
exchangeD andcorrelationeffectsin stronglyperturbedin-
teracting
E

many-body systems. These effects exhibit a
memory in general,and recentwork [1,2] on linear

F
re-

sponsesuggeststhat a spatially local memory approxi-
mation will only be availableif one works in terms of
currentsG and vector potentials,rather than densitiesand
scalarpotentials. Herewe will showthat, at leastin the
caseG of one-dimensionalspatial variation, a very simple
reinterpretationof the local-densityapproximation,at the
nonlinearH level, can lead to the correct linear

F
theory
E

as
expoundedD in Ref. [2].

We
B

startfrom time-dependentdensityfunctionaltheory
[3–5]. With suitablerepresentabilityconditions,it gives
the
E

exactI density
J

as

KML�NPORQTSVU W
XZY\[

]_^\`�a_bdcfehgfi j-k
(1)
�

wherel the orbitals mRn\o!p obeyq single-particle-like time-
dependent
J

Kohn-Sham(TDKS) equations

rtsudv\w\x�y_zd{f|h}V~ �
�\�
�����������d���_�d�f�h� �\�����P�>�T��� (2)

�
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�

Ô
is the interparticle interaction, Õ\Ö_×dØfÙhÚ is the external

one-particleq potential, and Û�Ü�ÝÊÞ_ßdà>áTâ is the exchange-
correlationG (XC) potential. For a given interactionã

and� a given initial wave function, äPå�æèç�éPêìëhí has a
uniqueî delayed, nonlocal dependenceon the densityï\ð�ñ³òZóRôöõ ÷ . We assumethat the initial many-bodywave
function
ø ùûú_ü�ý
þ>ÿRÿfÿ�þ��������	��


is
�

the nondegenerate,current-
free
ø

ground state ��
���������������������� ofq the initial potential�� "!$#"% &�'�(*),+�-�.�/ and� that the density 021"354�687:9	;�< is
�

the
ground-state= density >@?�A"BDC . The initial densitycan then

be
E

representedin terms of the ordinary ground-state
KS
F

orbitals GIHKJ L�M"NDO , which thereforealso serveas initial
orbitalsq PIQ�R"S5T�U	V�W for

ø
(1)–(3).

A
X

commonapproximationfor Y$Z�[]\"^5_�`ba is
�

theadiabatic
local-densityapproximation(ALDA), involving locality
both
E

in spaceandin time [6,7],

cedgf@hidjlk m�n5oqp"r5s�tbuwvyx hom
z {l|~}}}"�2���$���b��� � �������"�2� hom�l������ ��� ��� � ���

(4)
�

Here � hom��� is the XC energy per particle of the homo-
geneous= gas. To dateEqs.(1)–(4) haveusually [6–11]
been
E

solvedfor the linear
F

density
J

response�g  to
E

a small
externalD scalar potential ¡$¢ . In the linear regime the
TDKS
£

equationsself-consistentlydeterminethe density
perturbation¤ ¥§¦ in termsof the externaland Hartreepo-
tentials
E

plusa linearizedXC potential

¨$©�ª§« ¬�­"®5¯�°b±³² ´$µ�¶¸·"¹5º¼»¾½�¿ÁÀ�ÂÁÃ	Ä�Å§Æ�Ç"È�ÉËÊ�ÌÁÍ Î�ÏIÐ�ÑÓÒ�Ô�ÕÁÖØ× (5)
�

Ù$Ú�Û¸Ü"Ý5Þ¼ß¾à�áËâÁãåä�æ*çËè2é$ê�ë¸ì"í5îbï�ð�ñqò2ó"ô�õ�öÁ÷ùøËú�û üËý�þ
(6)
�

ÿ���� and� ����� are� not known exactly but Gross and
Kohn
F

[12] generalized(4) via a spatially local memory�
approximation,�
	�

������ ������������� �

� � � hom!�"$#�%%%�&('*)�+-,�.0/21436587 7 7:9<;>=�?A@0BDCFE(GIHDJLK (7)
M

whereN O homP�Q(R�S�TVU�W�X is the Fourier transform,with respect
to
Y

frequency,of the longitudinal XC kernel Z hom[�\(]�^�_V`�acb
ofd the homogeneous

e
gas.f For Coulomb systemsg hom

hi�j(k
is related to the local-field-correctionfactor l

by
m n hom

ho�p(q�r�sVtvucwyx
lim z|{V}*~0�����A�������>�:�����V�L�V�0�c�L� . Gross,

Kohn,
�

and Iwamoto [12,13] further derived a useful
parametrization� of � hom

h���$�����V�0�c�
whichN has been used

in
 

a number of numerical calculations [11,14]. By
contrast,¡ the ALDA yields, via (4) and (6), a frequency-
independent
  ¢�£�¤(¥§¦

A
¨

further analysisof © homª�«(¬�­�®V¯�°c± has
²

now³ becomeavailable[15].
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Recently
»

it was shown[1] that the approximation(7),
withN spatiallocality but time nonlocality,violatesanexact
condition,¡ the harmonicpotential theorem(HPT). (This
theorem
Y

[1], an extensionof the generalizedKohn theo-
rem¼ [16,17], appliesto interactingharmonicallyconfined
systems.It guaranteesexistenceof amodeinvolving rigid
oscillation,d at arbitrarily large amplitude,of the charge
density
½

and¾ many-bodywave function.) In Ref. [1] a
modificationto the Gross-Kohntheory,basedon the cur-
rent rather than the density alone,was suggestedin or-
der
½

to remedythis difficulty. Further work by Vignale
and¿ Kohn [2] (“VK”) involved a currentdependence,but
also¿ a vectorratherthana scalarXC potential,in orderto
achieve¿ a straightforwardlylocal linear theoryin the limit
ofd slow spatial variations. In VK the tensorconnection
between
m À
Á�Â

and¿ Ã wasN determinedby explicit enforce-
mentÄ of five differentconstraintsincludingNewton’sthird
law
Å

andtheHPT.Theresultingexpressioncontainslongi-
tudinal
Y

andtransversetermsdependingon thelongitudinal
and¿ transverseXC kernelsÆ homÇ�È(É and¿ Ê homË�Ì�Í ofd theuniform
electronÎ gas[12,13,15]. The transversepart of VK van-
ishesfor thecaseof one-dimensionalinhomogeneitiesand
currents.¡

The purposeof the presentwork is to exhibit anddis-
cuss¡ a simple,physically motivatednonlinearÏ functional
whichN containsmemoryand yields the longitudinal part
ofd the linear Vignale-Kohn theory in the limit of small
density
½

perturbations.Thusonehasboth(a) a newphysi-
cal¡ picture which exhibits the somewhatformal linear
VK
º

theoryasa modified local-densityapproximationfor
the
Y

XC force, and (b) a first attemptat the inclusion of
memory-XCÄ effectsin thenonlinearresponseregime.

We
Ð

first consider a straightforwardly local (“SL”)
but
m

nonlinear and time-delayedapproximation for the
exchange-correlationÎ potential. By this wemeanthat Ñ�Ò�Ó
hastheform

ÔIÕ�Ö×�ØÚÙ�Û�Ü�Ý�Þyß à
á àãâyä�å ææ æ�çéè�ê�ë�ìDí8î�ï�ðyñ4òDóõô ô ô÷öIøDùLú

(8)
M

whereN ûyü�ýÿþ�������� is, as yet, an unknownnonlinearfunc-
tion
Y

of two variables,with �
	���
���������������� for causal-
ity. Note that the spacevariable � is the sameon both
sidesof (8). A potentialof theform (8) wasproposedpre-
viously� [18] by BünnerandGross,who fixed �
�� by

m
ref-

erenceÎ to the XC kernel !#"�$ ofd the uniform electrongas.
This
%

potentialwasshownin [18] to changeits shapewhen
the
Y

densityis rigidly boosted,a behaviorwhich hassince
been
m

shown[19] to be forbidden:it alsocanbe shownto
violate� theHPT.

We
Ð

now introducea simplegeneralizationof thenotion
ofd spatiallocality which will ensurethat a modifiedform
ofd Eq. (8) satisfiesthe harmonicpotential theoremin its
nonlinear form: for this it is sufficient [1,19] that the
XC potential move rigidly when the density is rigidly
accelerated¿ with arbitraryamplitude. To this end,thenew
physical� input requiredis the notion that memory& resides
notÏ with eachfixedpoint ' in

(
space,but rather with each

separate) fluid element. Thus
%

theelementwhich arrivesat
location
Å *

at¿ time + “remembers”what happenedto it at
earlierÎ times ,.- whenN it wasat locations /10�2�35476.8:9<;#=�>@?
different
½

from its presentlocation A . Here the trajectory
function
B CED7F.G�H<IKJMLON

ofd a fluid elementis its position at
time
Y P.Q

, given that its position at time R is
  S

. T can¡
be
m

defined unambiguouslyby demandingthat its time
derivative
½

is the fluid velocity UWV�XZY\[ formedfrom the
quantal] currentdensitŷZ_�`KaMbOc ,deKf.gihEjlknm�o<pKqMrOsut�vxw�y{z�|.}�~����Z���E���.�����M�����E�M�.� �Z� (9)

M
whereN all occurrencesof � have

²
the sameargumentsas

ond the left side of Eq. (9). The boundarycondition on
(9)
M

is �5�7���<�
�M�O�u����  (10)

M
Note
¡

that,despitetheclassicalappearanceof theequations
defining
½ ¢

, we do not simply haveclassicalhydrodynam-
ics becausethecurrentin Eq. (9) is obtainedfrom theKS
orbitals,d

£Z¤¦¥#§7¨�©�ª «¬#­
®
¯±°³² ´¶µ¸·¹�ºu»�¼E½�¾�¿<ÀuÁxÂÃMÄ#Å (11)

M
[The cases we will be concernedwith below (e.g.,
quantum] wells with “edge” electromagneticexcitation)
involve
 

three-dimensionalsystems,but all quantitiesvary
in
 

one spacedirection only, and all currentsare in the
same direction. Under these conditions (11) follows
exactlyÎ from (1)–(3) by continuity.]

The simplest way to incorporate the above idea is
to
Y

replace Æ�ÇÉÈKÊ�ËOÌ�Í in (8) by Î�Ï Ï Ï¦ÐEÑlÒ.Ó�ÔiÕKÖM×OØ�Ù�Ú.Û¦ÜÜ Ü , thereby
satisfyingtheHPT. Unfortunately,unlike (8), this theory
violates� Newton’s third law, which requiresthe total XC
forceto bezeroat any time [5,19,20],

Ý�Þ7ßáàMâOã7äæå�ç�è7éáê�ëOìîí�ï�ðòñ�óuô (12)
M

Hereõ¸ö�÷ùøûú¸ü�ý#þ�ÿ is theXC forceperparticle. Clearly
(12)
M

is satisfiedif theXC forceperunit volume, � ����� , is
a¿ spacegradientof form ���	��

� whereN ���
� vanishes�
at¿ the boundaries. With this and the HPT in mind,
weN introducethe following ansatzfor the XC force per
particle:�
�����	����������� � !"$#&%('�)�*,+

-
. -0/21
3

4 4 4&5$6&798;:=<?>A@�B�CEDGF?HAI I I
JLK?M;N
(13)
M

Here
O PRQTSGUWVYX[Z]\_^a`cb�d

and¿ e2f
gih&j]k=l�m is
 

a pressurelike
scalar memory function of two variables,whose value
willN be determinedbelow. Equation(13) is a modified
local-density
Å

assumption,in thatfor fixed n , o , and p?q , ras
t
depends
½

only on the densityat oneplace uRv : “locality” is
thereby
Y

definedrelativeto a fluid elementratherthanto a
fixed position w . For consistencywith thestaticLDA we
require(13) to reproducetheground-stateXC force,

x�y hom
h z�{R|||&}�~
�&���Y� � �0� ����
�&���,���2�
�	�� �&���������=�������
�� ��� (14)

M
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Here   hom¡
¢R£&¤(¥�¦ §¨ª©¬«&­$® hom¯
°R±�²(³Y´ is the static LDA XC
potential.� The form (13) guaranteessatisfactionof the
nonlinear HPT. To see this, note that in HPT motion
underµ harmonic confinement,the ground-statedensity¶�·�¸&¹�º suffersa rigid displacement»R¼�½�¾ so that thedensity
is
  ¿$À&ÁÃÂ=Ä�ÅÇÆGÈ�É
ÊÊ Ê�ËÍÌÏÎRÐ�Ñ�ÒYÒ Ò Ò

. Becausethemany-bodywave
function
B

also moves rigidly [1], the current density isÓÃÔ&Õ(ÖØ×�ÙÇÚ�Û�Ü�ÝÝ Ý&ÞÍßÏàRá�â�ãYã ã ã�ä	åRæèç,é
. The fluid velocity êìëíÃîØï

is
 

then ðiñRòôóLõ , independentof ö . ThenEqs.(9) and
(10)
M

show ÷ùø	ú�ûýüÿþ����������
	��
��� . Thus (13) and (14)
yield�

��������������� �"! #$&%�'''�(*),+�-
.�/�/ / /
021 354�6�7�8&9�:: :<;*=,>�?�@�A�A A ACB�DFEHGJI

K"L2M NPO�Q
RS�TVU�W&X�YY Y�Z\[^]�_
`�a�a a a�acb
That is, the XC potential in the caseof HPT motion
is
 

the rigidly shifted ground-stateXC potential,and this
guaranteesf satisfactionof theHPT [1,19,20].

In
d

the caseof 1D inhomogeneityone can go straight
from
B

the force (13) to a scalar potential by a spatial
integration,
 

egfJh�i�j&k�l�m npo qrts
uwvJx�y�z|{~}����t�������

(15)
M

resulting¼ in a highly nonlocalXC potentialfor usein the
TDKS
%

equations. For general3D variations,with a suit-
able¿ choiceof gaugeone can derive an equivalentvec-
tor
Y

potential�������
�t����� � � �t�����J�����t������� ��¡£¢ whichN is then
usedµ via a minimal gaugesubstitutionin the Kohn-Sham
single-particleSchrödinger equations. There are some
technical
Y

difficulties with this 3D approach,however,so
weN will restrict attentionhere to 1D inhomogeneity,in
whichN caseonecanchooseto useeither the scalaror the
vector� potentialasjust described,with equivalentresults.

Equation(13) is the main result of the presentwork.
It remains to identify the function ¤5¥�¦ for arbitrary§ , and to show that (13) reducesto the linear VK
theory
Y

in theappropriatelimit. Considersmallmotionsat
frequencÿ around¿ a staticequilibrium, in thesensethat
the
Y

displacement©«ª<¬g­�®�¯ °H±³²
´¶µ¸·�¹Cº »½¼¿¾ÁÀ ofd eachfluid
elementÎ from its initial Â
ÃwÄ,Å Æ�Ç position� È is small. ThenÉ

in
 

(9) is a small quantity (first order in Ê at¿ fixed Ë ),
Ì

and¿ (9) canbe integratedto give
Í³Î
Ï£Ð�Ñ¸ÒgÓ½Ô�Õ×ÖHØÚÙÜÛÞÝ�ß�à½á£â�ã¿äÁåÞæ�ç�èCé�ê¿ë^ì�í�îðï�ñóò

(16)
ô

Substituting
õ

(16) into (13), using (14) with ö hom÷�øúù�û«ü½ýÿþ��������� hom	�
���
�� and� writing ���������������! �"�#%$'&)(+*-,�.�/1032 we4
obtain5 a first-orderperturbation687�9;: to

<
theXC force,

=?>�@+A-B�C�DFE3G�HJI+K-L�M�NFO�PQSR�T�U�VXW?YSZ�[�\�]_^ hom
`a�b�c+dd d�e!f�g�h%i-j�kmlon�ppp

q rsSt�u�v%wyx
z
{ z

|}%~!�������������!�����%�1������������ ���_�?�!�����%������ �¡�¢�£�¤¦¥�§�¨ª©�«�¬�­-®�¯±°�²ª³µ´-¶�·�¸1¹�º�»_¼¾½y¿�À±Á (17)
Â

Time-Fourier transforming (17) and applying it to the
linearresponseof a uniform electrongasof densityÃ [for
whichÄ Å?Æ�Ç+È�ÉËÊ8Ì homÍ�ÎÐÏ+Ñ�ÒÔÓ�Õ�Ö_×?ØµÙ�Ú�Û�ÜÞÝ�ß , and à?áSâ�ã�ä�åçæoè ]

é
weÄ find êìë í�î?ï�ðÔñ�ò�óô�õ öo÷�ø homù�ú!û+ü�ýÔþ-ÿ����
where� � hom���
	���
������ is the well-known [12] longitudinal
dynamic
�

XC kernelof theuniform electrongas. Thus

���������������! "#%$�& hom')(+*�,�-!.0/�1325476 (18)
8

since 9�:�;=<%> for a gas of zero density. Fourier
transforming
?

(18) we obtain(see[13])@�A�BDC�E�F�G�HJILKNM�O�PRQ�SUTWV�XZY\[J]_^)`Da�b�c�d�e�f
(19)
g

whereh iNjlk�mRn!o pqsrutUvxwxyz){+|�}�~!���D�3�5� . The ������� part� of
(19)
�

is mandatedby the third frequencymoment sum
rule,� andfrom [13] we obtain ���l���R�!���u��� �)�)�5���u�5� �)�) 5¡¢¤£)¥¦£¨§)§ , and ©uª�« ¬)­�®¯® (

� °0±�²�³
Hartree units) for ´ such

that
? µ�¶�·¹¸�º�¸�» ¼5ºW½

, and ¾ , respectively. Figure 1 shows
the
?

memory part ¿JÀ_Á)Â withinÃ the parametrizationof
Ref. [13].

Returning to the linear responseof a nonuniform
system,Fourier transformationand partial expansionof

the
?

outergradientin thesecondtermof (17) now give
ÄuÅ�ÆÈÇ0É�ÊRËÍÌ�Î!Ï�ÐÒÑ�Ó3Ô)Õ�ÖØ×Ù3Ú)Û�ÜØÝßÞ�à�á0â�ãRäÍå�æèç=éDê+ë)ì�íØîJïÈðUñ�òRóõô�öW÷�ø5ù

ú=ûDü�ý�þ+ÿ��������	��
���
��������������������! #" $&%	'�(
(20)
)

where* +-,/. hom02143�55 57698�:�;�<�=�>�?? ? and@ ACBED/F homG2H4I�JJ J7K9L�M�N�O�P�Q�RR RTSU homV�W9X�YY Y�Z\[^]7_2`�a�bdcfe�gg g .
We
Ð

can now use relations hji!k9l�m�n�o�prqtsvuxw [the lin-
earizedy form of (9)] and z�{�|~}��\�!���������E�	���9� (lin-

�
earizedy continuity). By thesemeanswe verify that the

FIG. 1. Memory function ���x�2� vs� delay � (Hartreeunits).
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linearized
�

form (20) is identical with �����x��� ���� ¡£¢j¤¦¥�§�¨ª©�«
where¬ ­�® ¯�°�±²£³j´¦µ�¶�·7¸�¹ denotes

º
the “longitudinal” part of the

XC
»

vectorpotential,obtainedfrom Eq. (19) of Ref. [2] by
omission¼ of the transverseterms involving ½¿¾À2ÁÃÂ . Thus
in
Ä

the caseof 1D variationswhere the transverseterms
in
Ä

Ref. [2] vanish identically, the presentnonlinearthe-
ory¼ linearizesto give exactlytheVK result:this VK form
is
Ä

known to be valid in the linear limit of slow spatial
variations.Å

It
Æ

may seemsurprisingthat the nonlinearresponseof
anÇ inhomogeneoussystemis entirely determined,in the
presentÈ theory, by the linear XC coefficient É homÊ�Ë9Ì�Í�Î¿Ï�Ð�Ñ
of¼ the uniform gas. This arises becauseof the bold
assumptionÇ of theform (13) for thenonlinearXC potentialÒ�Ó2ÔÖÕ7×�Ø!ÙÛÚ , dependingon the density at only one foreign
spacetimepoint at a time—i.e., no crossdependencies
suchas Ü�Ý7Þ\ßáà�â#ãªäæå�ç�è^é é&ê�ë#ì ìîí areÇ included. The form (13) can
be
ï

regardedasthe lowest term in a resummedfunctional
Taylor
ð

expansionof ñCò2ó�ô�õ�ö�÷Ûø in terms of densitiesat
one¼ foreign spacetimepoint, two suchpoints, threesuch
points,È etc. This notion is discussedin more detail
on¼ pp. 127–128 of Ref. [5], where the need to satisfy
Eq.
ù

(12) was not, however,considered. A consequence
of¼ the presentform is that the second-orderand higher
nonlineartermsin an expansionof ú�û2ü in powersof the
density
º

will containa restrictedform of memoryrelating
to
ý

thedensityat just oneprevioustime,not two, three,. . . ,
previousÈ times as would be allowed for theseexpansion
coefficientsþ in general. This is a consequenceof the
veryÅ simple“local-with-memory”form of (13). With this
restriction,Eq. (13) sumsall ordersof nonlinearresponse.

Numerical
¡

implementationof thepresentschememight
appearÇ difficult becauseof the apparentneed to store
aÇ two-time quantity ÿ��������	��

��� alongÇ with the TDKS
orbitals¼ ������������� . In fact, oneonly needsto usethe one-
time
ý

quantity �������
 �!#"%$�&�')(	*�+-, .0/ where¬ 1 2 is
Ä

the initial
time.
ý

Indeed,it may be more convenientto rewrite the
KS
3

equationsin termsof KS wavefunctions 465 relabeled7
by
ï

the initial positionof thefluid element,8690:�;�<>=�?#@BA�C�D DD�E�F�G�H
I�JLK
M�N N N�O
Then
ð

memory resides separately with each chosen
pointÈ P .

In
Æ

summary,we have shown how the conceptof a
local-density
�

approximation for the XC potential can
be
ï

extendedto the nonlinear time-dependentcasewith
memory,with satisfactionof exactnonlinearconstraints,
the
ý

harmonicpotential theorem[1], and Newton’s third
law. Our schemefollows by postulating that locality
shouldbe definedrelative to a fluid elementrather than
to
ý

a fixed spatialpoint Q . It is summarizedby Eqs.(13),

(18),
�

(9), and (15). It uses as input only the well-
known
R

linear longitudinal XC coefficient S hom
TUWVYX[Z�\^]�_a`

of¼
the
ý

uniform gas[12,13,15]. Whenlinearized,it yieldsthe
longitudinal
�

part of the Vignale-Kohnform of XC vector
potentialÈ [2], which is believedto beexactin the limit of
slow 1D spatial variationsof a 3D system. Immediate
applicationsÇ may arise in the context of recent work
[21,22] on nonlinearprocessesinvolving 1D motionsof
the
ý

electrongasin semiconductorquantumwells.
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