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Scaling and virial theorems in current-density-functional theory
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Starting from a constrained-searcformulation of current-density-functionatheory we obtain rigorous
scalingandvirial relationsfor the kinetic, exchangeand correlationenegy functionalsof electronicsystems

in strongmagneticfields.

PACS numbef(s): 31.10+z, 31.15.Ew 31.25.Eb

The current-density-functionaheory (CDFT) of Vignale
and Rasolt[1-5] hasprovento be a powerful tool for de-
scribing inhomogeneouselectronic systemsin magnetic
fields of arbitrary strength.Atoms, molecules[6,7] and me-
soscopicsystems[5,8], electron-holedroplets[5,9,10, as
well asthe Wigner crystallization[5,11] in strongmagnetic
fields have beensuccessfullytreatedand, most recently a
two-dimensionalelectrongasin the quantumHall regime
[12,13 hasbeenstudied.

In CDFT, the quantummany-bodyproblemin the pres-
enceof magneticfields is formulatedin termsof two basic
variablesthe particledensityn(r) andthe paramagnetic cur-
rent densityj(r). The heartof the theory is the exchange-
correlationenepgy E,., whichis afunctionalof thetwo basic
variablesn andj. The exact functional E,n,j] can be de-
finedin termsof the (unknown exact many-bodywavefunc-
tion. In actual calculations,however one hasto resortto
approximateforms [14] of this functional.

In ordinary density-functionaltheory the knowledge of
rigorous propertiesof the exactexchange-correlatiofunc-
tional [15—30] hasprovidedvaluableguidelinesin the con-
struction of such approximatefunctionals.In CDFT, very
little is known aboutthe exactfunctionals.The purposeof
the presentarticle is to deducerigorous virial and scaling
relationsfor the functionalsappearingn CDFT.

We startfrom the Hamiltonianfor a systemof N interact-
ing electronssubjectto externalscalarandvector potentials
v(r) andA(r):

H=T+W+V (1)
with
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wheren(r) denotesthe density operatorand j(r) the para-
magnetic currentdensityoperator By virtue of the Rayleigh-
Ritz principle the ground-stateenegy E, of the systemcan
be expresseds

Eo=inf(x|H|x)=inf(x|T+W+V|x), (5)
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where the infimum is performedover all normalizedanti-
symmetricN- particle wave functionsy.

The starting point of our derivation is a constrained-
searchformulation of CDFT. Following the constrained-
searchprocedureg 15] of ordinary density-functionatheory
we split the infimum in Eg. (5) into two consecutivanfima:

Eo=inf(x|T+W+V|x)=inf[ inf (x|T+W+V|x)
X (nj)| x—=(n,j)

. e
= inf
(n.j)

F[n,j]+fd3r n(r)(v(r)+ Az(r))
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with
Fln,jl= inf (x|T+W|x)=(P|T+W|T). @
x—(n,j)

In Eq. (7) theinfimum is takenover all normalizedantisym-
metric N-particlewave functionsy thatyield the given den-
sities(n,j). In the following we shall assumehat, for given
(n,j), a minimizing wavefunction ¥ exists(which neednot
be unique. The functional F[n,j] is universal in the sense
thatit doesnot dependon the externalpotentialsv andA of
the particularsystemconsidered.

If the wave function W(ry, . .. ry) yields the densities
n and j and minimizes (T+W), then the scaled func-
tion W,(ry, ... ) =A3V20(\ry, ... Ary), A>0, obvious-
ly generatesthe scaled densities n,(r)=\°n(\r) and
i»(N=\%(xr) andleadsto

(U, T|W,) =\ W [T|w) ®
and
(T, | W[, ) =\(¥|W| ). 9

In analogyto the casewithout magneticfields[16] the scaled
wave function W,(r, . . . ry), which yields the scaledden-
sitiesn, andj,, is easily seento minimize (T+AW) and
thus differs from the wave function }I”‘(rAl, ... fn), Which
alsoyields n, andj, but minimizes(T+W). This givesthe
following inequalities:

TLNy ]+ WENy o= (W T+ W Wy
<(W,|T+W|¥,)
=N\2T[Nn,j]+\W[n,j], (10)
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TN i FAWIN, ] = (WM T+ AW W)
> (W, | T+AW|W,)
=N\2T[n,j]+N2W[n,j] (1D
for A#1. Combining(10) and(11) we obtain

T[Ny LW ]>N2Tn,j]1 for A<1, (12)
T[Ny J<A?T[n,j] for A>1, (13
W, ,jyJ<AW[n,j] for <1, (14)
Wn, i) ]>AW[n,j] for \>1. (15

In noninteractingsystemslet ®(r, . .. ry) be the wave
functionthatminimizes(T) andyields givendensitiesn and
j. Thenthewavefunction®(r, . . . r) thatminimizes(T)
but yields the scaleddensitiesn, and]j 3mls identical to the

scaledwave function @, (ry, . .. F\)=NV2D(Arg, ... \ry).
As a consequencehe functlonals
TLn,j1=(®|T|®) (16
and
Ex[n.j]=(@W|®)—-U[n], 17

whereU[n] denoteghe classicalCoulombenegy
n(ryn(r
Uln]l=—= fd3 fd3 'M, (18)

scalehomogeneousjynamely
T il = (M T|DY) = (0, [T|®,) =\X(®|T|®)
=\*Tdn,j], (19
Eny )] = (@) W|D) —U[n,]=(®,|W|®,)—\U[n]
=N(D|W|D)—AU[n]=NE,[n,j]. (20)

The exchange-correlatioanegy functional definedby

.. d . .
kQ[n,j]= lim aQ[nx,jx]=I|m(fd3r

oQ[Ny ,jx] dny(r)

Exdn.j1=TIN,jI+Wn,j]=Tgn,jl-U[n]  (21)
does not scale homogeneouslylt satisfiesthe following
inequalities:
E.d Ny JaI<ANEdn,j] for A<1,
(22)

E,d Ny y]>NEdn,j] for A>1.

The inequality for N<<1 is readily provenby the following
chainof aguments:

Exd Ny dn =TI i +WEny a1 =Ty ja ] = ULy ]
<NZT[N,j1+AWIN,j]1—N2T{n,j]—AU[N]
=NExdN,j]+ (N2 =N)(T[n,j1-Tdn,j])
<\E_[n,j]. (23

Herethe first inequality follows immediatelyfrom applying
(10) and (19). The secondone, on the other hand, is a
consequenceof (A2=\)<0 for 0<A<1 and of the fact
that T—T, is alwaysnon-negativewhich follows from the
observationthat, amongall wave functionsyielding n and
j, ® is the one that minimizes (T) so that T,
=(®|T|®)<(W¥|T|W)=T). Theinequalityfor \>1 in (22)
can be shownwith a similar agumentusing (11) and (19).
Owing to the homogeneouscaling of E,, the inequalities
(22) also hold for the correlation enegy functional
E.=E,.—E, alone.

Next, let us considera homogeneouslgcalingfunctional
Q[n,j] of degreek, i.e.,

QLn, i\ 1= *Q[n,j]. (24)

Takingthe derivativeof this equationwith respecto \ in the
limit A—1, we find

NEZN)

+Jd3 oQ[n, ,j

Nl Nl ony(r) 2N rW I\
- [ e %M DO+ [ e (;[(r')’] tim Tt
:f dr ?g(r’;] (3+rV)n(r)+J dr 53.[(?’)” (4+rV)j(n), (25)
[
wherewe haveusedthe identit
liml%f(hr:/er(r). i —— [ ) ot [ ina-m) %7)

If the densitiesn(r) andj(r) vanishfor r—oo, partial inte-
grationyields

Applying this resultto the homogeneouslgcalingfunctions
T, andE,, we obtain
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on(zy 1 &ny(zZ/N)

fd3r N(r)(rv) — fd3r (r)(1-rv) oTs ! S(ZN—=1)=8(z—\r), (31
an ( ) ] S’ ony(r) A% omy(r) A°
(28
we obtain
OE,
E.= dd a3 j(r)(1-rV) —— _ 8Q[n,j] _
on 1) = =
f n(r) f J<("2>9) a0 =N g =M alnilan. (32
Furtherscalingrelationscanbe derivedfor the functional  In the sameway we find

derivatives q([n,jlr)=8Q[n,jléen(r) and q((n.jlr) . k-1 -
=8Q[n,j1/d(r). Taking the functional derivativeswith re- a(fny.ixd.n)=N""a(n,jl,ar). (33

spectto n,(r) andj,(r), respectively on both sidesof Eq.
(24) we find

oQ[Nny ,ji]

. 5Q n’-
amin N = =55 k00N,

ony(r)

~ Q[n,j] an(2)
- 2 g

(30)
Using

d
fim G (VAR = lim

~ ~ 3 e 2
=2<\I’|T|\P>+<W|W|\If>+f d r(v(r)+mA (r)

lim i{ 2<\p\ﬂ\p>+>\<«y\\7v|\p>+f d3r(v(r)+

In orderto derive a virial theoremfor electronicsystems
in an externalmagneticfield we startfrom the equation

lim W, |H|¥,)=0,

A—1

an ¢ (34)

which follows from the Rayleigh-Ritz principle if ¥ is
the ground-statewave function of H. Using relations (8)
and(9) we find

2

— Az(r))m(mg | d3rA<r)jA<r>}

2

(3+rV)n(r)+§fd3r A(r)(4+rV)j(r)=0,

(39

wherethe secondequality follows from Eq. (26). Finally, partial integrationyields

2<xp|?|qf>+<qf|\7v|xp>ff d3r n(r)(rV)(v(r)+

if thedensities(r) andj(r) vanishfor r — . Thevariational
principle of CDFT, on the otherhand,ensuredhat

2
(TI 1+ WEn 1) +0(1)+ 5 A% =,

1)
on(r) (37)

(T[nJ]+W[nJ])+ A(r)=0. (39

s
3j(r)

Usingtheseequationsthetermsin Eq. (36) involvingv or A
canbe eliminated,leadingto

S(T+W)
on(r)
o(T+W)

jd3r1(r)(rv 1) —— 500) —~=0.

2T+W+J d3r n(r)(rv)
(39

For noninteractingsystemg W=0, T=T,) oneimmediately

2

Zec2 A2(r))—g f d3 j(r)(rV—1)A(r)=0 (36)

recoversEq. (28). Subtracting(28) from (39) andreplacing
T+W-T, by E,.+U, we obtainthe centralresult:

OE,¢
derJ(r)(rV 1)

3
Exc+j d>r n(r)(rv) 30

5n(r)

=—T+T=—-T,.. (40
In order to obtain an equationfor the correlation enegy
alonewe subtractEg. (29) from Eq. (40), leadingto

SE, _ SE,
Eﬁf d3 n(r)(rv) m+f d3r j(r)(rv) 50

5E,
ff d3r j(r) %=7Txc. (42

As shownby VignaleandRasolt[ 2], the gaugeinvariance
of E,J[n,j] implies that the exchange-correlatiorenegy
functional only dependson the densityand a new variable,
the so-called vorticity, »(r)=VX[j(r)/n(r)], i.e., E,{n,]
=E,n,r]. Thesamestatemenholdsfor E, andfor E. sepa-
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rately In contrastto the paramagneticurrentdensityj(r),
v(r) is a gauge-invarianguantity In order to expresskq.
(40) in termsof the variable » we usethe following identi-
ties:

SEe  SEe (1) __ 0By
sn(r)  an(r) nZ(r) VX Su(r) (42
and
B 1 OE 42
5 ) "o “3

Substitutionof (42) and (43) into (40) yields, after some
straightforwardalgebra,the equation

Exc+f d3r n(r)(rv) fd3r v(r)(rv)

5n( ) 5V(f)

T, (44

fd3r v(r) 51/()

or, equivalently

E, SE,
+f d®r v(r)(rv) G

_ P)
Ex+f d3r n(r)(rv) ()

fd3r v(r) =0, (45

5v(r)

_ 5Ec Ec
Ec+fd3r n(r)(rv) 5n(r)+f d3 »(r)(rv) 0
SE,
+f d3r w(r) G =—Ty. (46)

Thesetwo equationsarethe centralresultof our analysis.
Equation (45) [or, equivalently Eq. (29)] is particularly
usefulif approximateexpressiongor the exchanggotentials
are employed without explicit knowledge of the corres-
ponding (approximatg exchangeenergy functional. Given
the exchanggotentialsandthe correspondingelf-consistent
densities(n,j), then Eq. (29) immediatelyyields the corre-
spondingexchange-engy value.

Equations(28), (29), and (41), as well as (45) and (46)
have beenobtainedunderthe assumptiorthat the densities
n(r) and j(r) vanish for r—oo. Analogous equationsfor
extendedsystemscan easily be derived if Egs. (25) and
(35) are useddirectly [rather than the partially integrated
Egs.(27) and(36)].

We finally notethatin arbitrary integerdimensiond the
scaled densites are given by n,(r)=\%n(r),
iD=\ (), and ,(r)=A"1p(Ar). The above rela-
tions (12)—(22), (27)—(33), (39)—(41), and(44)—(46) remain
valid if all vectors and integrals are consideredto be
d-dimensional.
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