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Starting from a constrained-searchformulation of current-density-functionaltheory, we obtain rigorous

scalingandvirial relationsfor the kinetic, exchange,andcorrelationenergy functionalsof electronicsystems
in strongmagneticfields.
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The
�

current-density-functionaltheory � CDFT
� 	

of
 Vignale
and� Rasolt � 1–5 hasprovento be a powerful tool for de-
scribing� inhomogeneouselectronic systems in magnetic
fields
�

of arbitrarystrength.Atoms, molecules� 6,7
� �

and� me-
soscopic� systems � 5,8

� �
,� electron-holedroplets � 5,9,10

� �
, a� s

well� as the Wigner crystallization � 5,1
�

1� in strongmagnetic
fields
�

have beensuccessfullytreatedand, most recently, a
two-dimensional
�

electrongas in the quantumHall regime�
12,13� hasbeenstudied.

In CDFT, the quantummany-bodyproblemin the pres-
ence� of magneticfields is formulatedin termsof two basic
variables: theparticledensityn! " r# and� theparamagnetic$ cur% -
rent density j

& '
r( . The heart of the theory is the exchange-

correlation% energy E
)

xc* ,� which is a functionalof thetwo basic
variables n! and� j

&
. The exact+ functional

,
E
)

xc - n! ,� j& . can% be de-
finedin termsof the / unknown0 1 exact+ many-bodywavefunc-
tion.
�

In actual calculations,however, one has to resort to
approximate� forms 2 143 of
 this functional.

In ordinary density-functionaltheory, the knowledgeof
rigorous propertiesof the exact exchange-correlationfunc-
tional
� 4

15–305 has
6

providedvaluableguidelinesin the con-
struction� of such approximatefunctionals. In CDFT, very
little is known about the exact functionals.The purposeof
the
�

presentarticle is to deducerigorous virial and scaling
relations7 for the functionalsappearingin CDFT.
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where� n!ˆ ~ r= � denotes

�
the densityoperatorand j

&ˆ � r= � the
�

para-$
magneticS current% densityoperator. By virtue of theRayleigh-
Ritz
�

principle the ground-stateenergy E
)

0
� of
 the systemcan

be
�

expressedas

E
)

0
� � inf

� �������
H
� ˆ ������� inf

� �������
T
� ˆ � Ŵ � V̂ �� �¡ ,� ¢ 5� £

where� the infimum is performedover all normalizedanti-
symmetric� N

9
-particlewavefunctions ¤ .

The starting point of our derivation is a constrained-
search� formulation of CDFT. Following the constrained-
search� procedure¥ 15¦ of
 ordinarydensity-functionaltheory,
we� split the infimum in Eq. § 5� ¨ into two consecutiveinfima:
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In
�

Eq. � 7ÿ � the
�

infimum is takenoverall normalizedantisym-
metric N

9
-particlewavefunctions � that

�
yield the given den-

sities� (n! ,� j& � . In the following we shall assumethat, for given
(
�
n! ,� j& � ,� a minimizing wavefunction � exists� 	 which� neednot

be
�

unique
 . The functional F[ n! ,� j& � is universal� in the sense
that
�

it doesnot dependon theexternalpotentials and� A
?

of

the
�

particularsystemconsidered.
If the wave function � (

�
r1 , . . . ,� rN

N � yields� the densities
n! and� j

&
and� minimizes � T� ˆ � Ŵ � ,� then the scaled func-

tion
� ����� r= 1, . . . ,� r= N
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i

N
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ly generates the scaled densities n! (*) r+-,/. 3
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& 465
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In
�

analogyto thecasewithout magneticfields m 16n the
�

scaled
wave� function oLp6q r1, . . . ,� rN

N r ,� which yields the scaledden-
sities� n! s and� j

& t
,� is easily seento minimize u T� ˆ vLw Ŵ x and�

thus
�

differs from the wave function yLz�{ r1, . . . ,� rN
N | ,� which

also� yields n! } and� j
& ~

but
�

minimizes � T� ˆ � Ŵ � . This givesthe
following inequalities:

T � n! � ,� j& ����� W � n! � ,� j& ���������T���
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���-�A�C�
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In noninteractingsystemslet ��� r1, . . . ,� rN

N � be
�

the wave
function
,

thatminimizes� T
� ˆ � and� yieldsgivendensitiesn! and�

j
&
. Thenthewavefunction ��� � r1, . . . ,� rN

N ! that
�

minimizes" T̂ #
but
�

yields the scaleddensitiesn! $ and� j
& %

is
�

identical to the
scaled� wavefunction &�' ( r1, . . . ,� rN

N )+*-, 3N/2
i .0/21

r1, . . . ,� 3 rN
N 4 .

As a consequence,the functionals
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The exchange-correlationenergy functionaldefinedby
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� Ã
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�
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R Ï

does
�

not scale homogeneously. It satisfies the following
inequalities:
�
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1.

The inequality for íïî 1 is readily provenby the following
chainð of arguments:
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Here the first inequality follows immediatelyfrom applying:
10; and< = 19> . The secondone, on the other hand, is a

consequence? of @BA 2 CEDGF2H 0
I

for 0JLKNM 1 and of the fact
that
O

T
+ P

T
+

s5 is
Q

alwaysnon-negativeR whichS follows from the
observationT that, amongall wave functionsyielding n× and<
j
Ù
,Ø U is the one that minimizes V T̂ W soX that Ts5Y�Z2[]\ T+ ˆ ^ _a`cb�dfehg T+ ˆ i jlkcm T

n
)
o
. The inequalityfor pNq 1 in r 22

8 s
can? be shownwith a similar argumentusing t 11u and< v 19w .
Owing
x

to the homogeneousscaling of E
y

xD ,Ø the inequalitiesz
22{ also< hold for the correlation energy functional

E
y

c| } E
y

xc~ � E
y

xD alone.<
Next,
�

let us considera homogeneouslyscalingfunctional
Q
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[ n× ,Ø jÙ � ofT degreek
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,Ø i.e.,
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If the densitiesn× 3 r4 and5 j
Ù 6

r7 vanish8 for r 9;: ,< partial inte-
gration= yields
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Applying
]

this result to the homogeneouslyscalingfunctions
Ts5 and^ ExD ,_ we obtain
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Furtherscalingrelationscanbederivedfor the functional
derivatives
�
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In
K

order to derivea virial theoremfor electronicsystems
in an externalmagneticfield we start from the equation
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whichÀ follows from the Rayleigh-Ritz principle if b is
c
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whereÀ the secondequality follows from Eq. Ò 26Ó . Finally, partial integrationyields

2
[ ÔSÕ�Ö

T
` ˆ × Ø�Ù^Ú�ÛSÜ�Ý Ŵ Þ ß�àyá d
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if
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thedensitiesno ü rg ý and^ j
s þ

rg ÿ vanish� for re ��� . Thevariational
principle� of CDFT, on the otherhand,ensuresthat
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theseequations,thetermsin Eq. 6 36
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involving 8 or9 A
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order to obtain an equationfor the correlation energy
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As
¼

shownby VignaleandRasolt ½ 2¾ ¿ ,_ thegaugeinvariance
ofÀ Exc Á no ,_ js Â implies that the exchange-correlationenergy
functional
Ã

only dependson the densityand a new variable,
the
Ä

so-called vorticity, ÅÇÆ rÈ�É�ÊRË Ì js Í rÎ /Ï no Ð rÑÓÒ ,_ i.e., Exc Ô no ,_ js ÕÖ Ēxcs × no ,_ ØÚÙ . Thesamestatementholdsfor Exs and� for EcÛ sepa-Ü
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rately. In contrastto the paramagneticcurrentdensity j
s Ý

rÞ ,_ßÇà rá is a gauge-invariantquantity. In order to expressEq.â
40
ã ä

in
å

termsof the variable æ weÀ usethe following identi-
ties:
Ä

ç
E
�

xcè
no é rê¦ë

ì
E
� ¯

xcí
no î rï�ð

j
s ñ

rg ò
no 2
� ó

rô
õRöø÷ E

� ¯
xcùûúVü
rý

þ
42ÿ

and�
�

Exc�
j
s �

r���
1

no � r�
�
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straightforwardÜ algebra,the equation
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Thesetwo equationsarethecentralresultof our analysis.
Equation � 45��� orÀ , equivalently, Eq. � 29��� is particularly
useful� if approximateexpressionsfor theexchangepotentials�
are� employed without explicit knowledge of the corres-
ponding� � approximate� � exchange� ener� gy functional. Given
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¾ ¡

immediately
¢

yields the corre-
sponding£ exchange-energy value.
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1 åçæéè rg ê . The above rela-
tions
Ä ë

12ì – í 22
¾ î

,_ ï 27
¾ ð

– ñ 33
ò ó

,_ ô 39
ò õ

– ö 41
ã ÷

,_ and ø 44
ã ù

– ú 46
ã û

remain½
valid³ if all vectors and integrals are consideredto be
d
c

-dimensional.
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