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1 Intr oduction

Traditionalsuperconductivity of puremetalsis well describedasaphenomenonof homoge-
neous media.Dueto therelatively largecoherencelength(102 � 104 Å), inhomogeneities
on thescaleof the latticeconstantcanbeneglected.In thenew high-Tc materialsthesitu-
ation is different. Experimentalcoherencelengthsof theorderof 10 Å suggestthat inho-
mogeneitieson the scaleof the lattice constanthave to be taken into accountin a proper
descriptionof thesematerials.

Thetraditionaldescriptionof superconductorsby Bardeen,CooperandSchrieffer (BCS)
is basedon a mean-fieldapproximation[1]. For theBCSreducedHamiltonianthis mean-
field approximationhasbeenshown to beexact,i.e.,correlationeffectsvanishin thethermo-
dynamiclimit [2]. This, however, is not necessarilytruefor morecomplicatedinteractions
in inhomogeneousmedia.

Thedensityfunctionalformalismfor superconductorspresentedin thispaperprovidesa
unifiedtreatmentof correlationeffectsin inhomogeneoussuperconductors.In thenext sec-
tion, Hohenberg-Kohn andKohn-Sham-typetheoremsfor superconductorsare reviewed.
The following sectionwill be devoted to a brief discussionof the natureof the interac-
tion. After that, in section4, a diagrammaticformalismfor superconductorsis developed
which, in section5, is thenexploitedto constructanLDA-type functionalfor theexchange-
correlationenergy. In section6, a currentdensityfunctional theory for superconductors
including spin degreesof freedomis developedand finally, in section7, the frequency-
dependentlinearresponseof superconductorswill beinvestigated.
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2 Formalism

We considersuperconductingsystemsdescribedby a grand-canonicalHamiltonianof the
follo
�

wing form (atomicunitsareusedthroughout):

Ĥ � ∑
σ ����� � d3r ψ̂†

σ 	 r 
�� � ∇2

2 
 v 	 r 
 � µ� ψ̂σ 	 r 
 
 Û 
 Ŵ� �����
D � 	 r � r ��
 ψ̂ � 	 r 
 ψ̂ � 	 r ��
 
 D 	 r � r ��
 ψ̂†� 	 r ��
 ψ̂†� 	 r 
�� d3r d3r ��� (1)

whereÛ is themutualCoulombrepulsionof theelectrons

Û � 1
2 ∑

σ � σ � � d3r
�

d3r � ψ̂†
σ 	 r 
 ψ̂†

σ � 	 r � 
 1�
r � r � � ψ̂σ � 	 r � 
 ψ̂σ 	 r 
 (2)

andŴ is a (generallynonlocal)phonon-inducedelectron-electroninteraction

Ŵ � � 1
2 ∑

σ � σ � � d3r
�

d3r � � d3x
�

d3x � ψ̂†
σ 	 r 
 ψ̂†

σ � 	 r � 
 w 	 r � r � � x � x � 
 ψ̂σ � 	 x 
 ψ̂σ 	 x � 
�� (3)

v 	 r 
 is theCoulombpotentialproducedby aperiodiclatticeandD 	 r � r � 
 is anexternalpair-
ing field whichcanbeviewedastheproximity-inducedfield of anadjacentsuperconductor.

The densityfunctional formalism,first proposedby Oliveira, GrossandKohn (OGK)
[3], providesadescriptionof superconductorsatfinite temperaturesin termsof two “densi-
ties”: thenormaldensity

n 	 r 
�� ∑
σ  ψ̂†

σ 	 r 
 ψ̂σ 	 r 
"! (4)

andtheanomalousdensity
∆ 	 r � r � 
#�  ψ̂ � 	 r 
 ψ̂ � 	 r � 
"!�� (5)

The diagonal∆ 	 r � r 
 canbe shown [4] to be identical, in the appropriatelimits, with the
phenomenologicalorderparameterof theGinzburg-Landautheory[5].

In analogyto thetemperature-dependentversion[6] of thetraditionalHohenberg-Kohn
(HK) statement,OGK proved the existenceof a 1-1 mappingof the pair of potentials$
v 	 r 
 � µ � D 	 r � r � 
&% ontothepair of equilibriumdensities

$
n 	 r 
'� ∆ 	 r � r � 
(% . As aconsequence

thegrand-canonicalthermodynamicpotentialcanbewrittenasafunctionalof thedensities:

Ω ) n � ∆ *+� F ) n � ∆ * 
 �
d3r n 	 r 
 	 v 	 r 
 � µ
 � � d3r

�
d3r �-, D � 	 r � r � 
 ∆ 	 r � r � 
 
 c � c �/. (6)

whereF ) n � ∆ * is a universalfunctionaldependingonly on the particle-particleinteraction	 Û 
 Ŵ 
 but not on theexternalpotentials
$
v 	 r 
 � µ � D 	 r � r � 
&% of theparticularsystemcon-

sidered.This meansthata givensuperconductingmaterialwhenexposedto variousexter-
nal fieldsonly hasoneuniversalfunctionalF ) n � ∆ * . A differentmaterial,however, requires
a differentfunctionalF ) n � ∆ * becausethephonon-inducedinteractionŴ will in generalbe
different.

The theoremcanbe usedto derive a setof self-consistentsingle-particleKohn-Sham
(KS)-typeequationsthat determine,in principle exactly, the densitiesn 	 r 
 and∆ 	 r � r � 
 of
the interactingsystemdescribedby theHamiltonian(1). At any giveninversetemperature
β � 10 	 kBT 
 theseequationsare:� � ∇2

2 
 vs 	 r 
 � µ� uk 	 r 
 
 �
Ds 	 r � r � 
 vk 	 r � 
 d3r � � Ekuk 	 r 
 (7)
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� ∇2

2
vs r µ� vk r

�
Ds r r uk r d3r Ekvk r (8)

In termsof thefunctionsuk 	 r 
 andvk 	 r 
 thedensitiesaregivenby

n 	 r 
#� 2∑
k

, �uk 	 r 
 � 2 fβ 	 Ek 
 
 �
vk 	 r 
 � 2 fβ 	 � Ek 
 . (9)

∆ 	 r � r � 
1� ∑
k

, v�k 	 r � 
 uk 	 r 
 fβ 	 � Ek 
 � v�k 	 r 
 uk 	 r � 
 fβ 	 Ek 
 . (10)

where fβ denotestheFermidistribution

fβ 	 E 
#� 1

1 
 eβE
� (11)

Eqs.(7)and(8) containtwo effectivesingle-particlepotentials:the“normal” potentialvs 	 r 

and the effective pairing potentialDs 	 r � r � 
 . Both are functionalsof the normal and the
anomalousdensity:

vs ) n � ∆ * 	 r 
2� v 	 r 
 
 �
n 	 r � 
�
r � r � � d3r � 
 vβ

xc ) n � ∆ * 	 r 
 (12)

Ds ) n � ∆ * 	 r � r ��
3� D 	 r � r ��
 
 �4� w 	 r � r �5� x � x ��
 ∆ 	 x � x ��
 d3xd3x �� ∆ 	 r � � r 
�
r � r � � 
 Dβ

xc ) n � ∆ * 	 r � r ��
�� (13)

The exchange-correlation(xc) potentialsare formally definedasfunctionalderivativesof
thexc-free-energy functionalFβ

xc ) n � ∆ * which explicitly dependson temperature,

vβ
xc ) n � ∆ * 	 r 
2� δFβ

xc ) n � ∆ *
δn 	 r 
 (14)

Dβ
xc ) n � ∆ * 	 r � r ��
#� � δFβ

xc ) n � ∆ *
δ∆ � 	 r � r � 
 � (15)

andFβ
xc ) n � ∆ * is definedby theequality

F ) n � ∆ *+� Ts ) n � ∆ * � 1
β

Ss ) n � ∆ *
 1
2

�
d3r

�
d3r � n 	 r 
 n 	 r � 
�

r � r � � 
 �
d3r

�
d3r � ∆ � 	 r � r � 
 ∆ 	 r � � r 
�

r � r � �� �
d3r

�
d3r � � d3x

�
d3x � ∆ � 	 r � r ��
 w 	 r � r �6� x � x ��
 ∆ 	 x � x ��
 
 Fβ

xc ) n � ∆ *-� (16)

HereTs ) n � ∆ * andSs ) n � ∆ * arethedensityfunctionalsof thekineticenergy andtheentropy of
anon-interactingsystem.

Somearbitrarinessis involved in thedefinitionof thexc functionalFβ
xc : it dependson

thechoiceof the“Hartree” potentialstreatedasseperatetermsin eqs.(12), (13) and(16).
In thepresentdefinition,ananomalousHartreetermwith respectto theCoulombinteraction
is treatedasseparatetermwhile OGK consideredthis termaspartof thexc functional.The
presentchoiceallows one to treat the Coulomband phonon-inducedinteractionson the
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samefooting in thegapequationaswill bedetailedbelow. Weemphasizethat,on theexact
level establishedby OGK, all possiblechoicesareequivalent. For practicalcalculations,
however, the identificationand separatetreatmentof appropriateHartreetermsis a very
importantmatterbecausetheseterms,beingthedominant diagramsof theinhomogeneous
system,aretreatedin eqs.(12)and(13)without any approximation. By contrast,all other
diagrammaticcontributionsto thetotal freeenergy of theinhomogeneoussystem,subsumed
in thefunctionalFβ

xc, aretreated,in practice,only approximately, e.g. in termsof anLDA-
typeapproximation.

Sincevs andDs dependon the densitiesthe whole setof equations(7) to (15) hasto
be solved self-consistently. Eqs. (7) and (8) are structurallysimilar to the Bogoliubov-
deGennesequations[7], but - in contrastto thelatter- includexc effectsin principleexactly.

Numericalsolutionsof eqs.(7) - (15) canbeconstructedfrom the“normal” Bloch type
KS orbitalssatisfying � � ∇2

2 
 vs ) n � ∆ * 	 r 
 � ϕα � k 	 r 
#� εα � kϕα � k 	 r 
 (17)

with thepotential(12). Theorbitalsϕα � k aresymmetry-adaptedwave functions;the index
α labelsthepointgroupsymmetriesof thelatticewhile k denotesthecrystalmomentum.If
thepair potential,Ds 	 r � r � 
 , hasthesametranslationalandpoint symmetriesasthenormal
KS potential,vs 	 r 
 , thematrixelements

Dα � k;β � q � �
d3r

�
d3r � ϕ �α � k 	 r 
 Ds 	 r � r � 
 ϕ �β̄ � q̄ 	 r � 
 (18)

(whereβ̄ � q̄ arethequantumnumbersof thetime-reversedobitalT ) ϕβ � q * ) takeaparticularly
simpleform: with k̃ andq̃ in thefirst Brillouin zoneandreciprocallatticevectorsK andQ
onefinds[8]

Dα �87 k̃ 9 K : ;β �;7 q̃ 9 Q : � δα � βδk̃ � q̃Dα �87 k̃ 9 K : ;α �;7 k̃ 9 Q : � (19)

Considerablesimplificationis achievedif thecouplingbetweendifferentbandsis neglected
by settingDα �;7 k̃ 9 K : ;α �87 k̃ 9 Q : � 0 for K <� Q � 1 Within this approximation,the Bogoliubov-
typeequations(7) and(8) arediagonalizedby thefunctions

uα � k 	 r 
#� uα � kϕα � k 	 r 
=� vα � k 	 r 
#� vα � kϕ �ᾱ � k̄ 	 r 
 (20)

with energy eigenvalues

Eα � k �?> Rα � k � Rα � k �A@ 	 εα � k � µ
 2 
 �
Ds 	 α � k 
 � 2 (21)

and
Ds 	 α � k 
�� Dα � k;α � k � �

d3r
�

d3r � ϕ �α � k 	 r 
 ϕ �ᾱ � k̄ 	 r � 
 Ds 	 r � r � 
B� (22)

Thecomplex numbersuα � k , vα � k in eq.(20)aregivenby

vα � k � 1C
2 D 1 � εα � k � µ

Eα � k E 1
2

(23)

1The couplingbetweendifferentbandscanbe taken into account,e.g.,by treatingthe matrix elements
Dα F G k̃ H K I ;α F G k̃ H Q I for K JK Q perturbatively. First-orderperturbationtheorygivesnocorrectionto thespectrum

(21) indicatingthattheneglectionof interbandcouplingis a goodapproximation[8].
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uα k
1C
2

sign Eα k eiδα k D 1 εα k µ

Eα � k E 1
2

(24)

where

eiδα L k � Ds 	 α � k 
�
Ds 	 α � k 
 � � (25)

Thedensitiesthenread

n 	 r 
1� ∑
α � k � 1 � εα � k � µ

Rα � k tanh	 β2Rα � k 
 � �
ϕα � k 	 r 
 � 2 (26)

and

∆ 	 r � r � 
#� 1
2 ∑

α � k Ds 	 α � k 

Rα � k tanh	 β2Rα � k 
 ϕα � k 	 r 
 ϕᾱ � k̄ 	 r � 
B� (27)

Insertionof (13) into (22) leadsto thefollowing integralequationfor Ds 	 α � k 
 :
Ds 	 α � k 
1� D 	 α � k 

 1

2 ∑
α � � k � 	 wP 	 αk � α � k � 
 � wC 	 αk � α � k � 
(
 Ds 	 α � � k � 


Rα � � k � tanh � βRα � � k �
2

�
 Dxc )Ds* 	 α � k 
 (28)

wherewP andwC aregivenby

wP 	 αk � α � k � 
#�� �
d3r

�
d3r � � d3x

�
d3x � ϕ �α � k 	 r 
 ϕ �ᾱ � k̄ 	 r ��
 w 	 r � r �6� x � x �M
 ϕα � � k � 	 x 
 ϕᾱ � � k̄ � 	 x ��
B� (29)

wC 	 αk � α � k � 
�� �
d3r1

�
d3r2ϕ �α � k 	 r1 
 ϕ �ᾱ � k̄ 	 r2 
 1�

r1
� r2

� ϕα �/� k � 	 r2 
 ϕᾱ � � k̄ � 	 r1 
 (30)

andD 	 α � k 
 andDxc 	 α � k 
 aredefinedin analogyto eq. (22).
In practice,onestartswith anordinaryKS calculationfor thematerialin question,i.e.

onesolves(17)with vs givenby

vs ) n* 	 r 
N� v 	 r 
 
 �
n 	 r � 
�
r � r � � d3r � 
 vxc ) n* 	 r 
B� (31)

Fromthis calculationwe obtainsingle-particleorbitalsϕα � k 	 r 
 andsingle-particleenergies
εα � k. With theseεα � k, andwith wP 	 αk � α � k � 
 andwC 	 αk � α � k � 
 resultingfrom the ϕα � k 	 r 

via (29) and(30), we solve theintegral equation(28) for Ds andcalculatethedensitiesvia
eqs.(26) and(27). Insertioninto (12) thenyieldsa new single-particlepotentialvs andwe
startagainwith eq. (17). Thewholecycle is repeateduntil self-consistency is achieved.

Theseparationof theoriginalequations(7) - (15) into atraditionalKS equation(17)and
aBCStypegapequation(28) is of particularimportancebecauseit achievesaseparationof
energy scales:thegapfunctionDs 	 αk 
 is typically threeordersof magnitudesmallerthan
characteristicfeatures,suchasbandgaps,of thenormalbandstructureεα � k. Furthermore,
thedependenceof thesingle-particlepotential(12) on ∆ is expectedto besmall,so thata
self-consistentsolutionof thetraditionalKS scheme(i.e. with thesingle-particlepotential
vs ) n* of (31)) will be very closeto the resultof the full self-consistency cycle (18), (26) -
(30).
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In thehomogeneouslimit wehave

ϕk 	 r 
#O eikr � εk � k2

2
� (32)

andeq.(28) reducesrigorouslyto theBCSgapequationif Dxc is neglected.Thusthetradi-
tionalBCSmodelcanbeviewedasthehomogeneousHartreelimit of thedensityfunctional
theoryfor superconductorspresentedhere.In orderto go beyondBCSoneneedsapproxi-
mationsfor thefunctionalDxc )Ds* . Theconstructionof anLDA-typeapproximationfor Dxc

will betheobjectiveof sections4 and5.

3 The Natureof the Interaction

At this point it is appropriateto make someremarksaboutthe natureof the interaction
w 	 r � r � � x � x � 
 . We will discussthe physical ideasand approximationsunderlyingthe de-
scriptionof asuperconductingmany-electronsystemby theHamiltonian(1). Thiswill also
leadusto anexplicit approximationfor theform of theinteractionw.

Thestartingpoint of ourdiscussionis theHamiltonianof amany-electronsysteminter-
actingwith thevibrationsof thecrystallattice:

Ĥ � Ĥel 
 Ĥph 
 Ĥel P ph (33)

where

Ĥel � ∑
σ ���"� � d3r ψ̂†

σ 	 r 
 � � ∇2

2 
 v 	 r 
 � µ� ψ̂σ 	 r 

 1
2 ∑

σ � σ � � d3r
�

d3r � ψ̂†
σ 	 r 
 ψ̂†

σ � 	 r � 
 1�
r � r � � ψ̂σ � 	 r � 
 ψ̂σ 	 r 
 (34)

is theHamiltonianof interactingelectronsmoving in theelectrostaticpotentialv 	 r 
 of the
fixedcrystallatticewith all theionsin their equilibriumpositions.

Ĥph � ∑
q Q BZ

ωq 	 b̂†
qb̂q 
 1

2

 (35)

is theHamiltonianof thephononsystemwith bosonicoperatorŝb†
q andb̂q. Thesumruns

overall wavevectorsin thefirst Brillouin zone.For simplicity we restrictourselvesto only
onephononbranch.Ĥel P ph is theHamiltonianof theelectron-phononinteractionof which
theexplicit form will begivenlater. Theformal stepsto arriveat (33) startingfrom thefull
electron-ionsystemcanbefound,e.g.,in [9].

As a first approximationwe treat the purely electronicproblem,the HamiltonianĤel,
within theusualKohn-Shamscheme,i.e. we replaceĤel by

ĤKS
el � ∑

αkσ
	 εα � k � µ
 ĉ†

α � k � σĉα � k � σ (36)

whereα is a bandindex andk thecrystalmomentum.The εα � k aretheeigenvaluesof the
Kohn-Shamequation� � ∇2

2 
 v 	 r 
 
 �
n 	 r � 
�
r � r � � d3r � 
 vxc ) n* 	 r 
 � ϕα � k 	 r 
#� εα � kϕα � k 	 r 
 (37)
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and the ĉ†
α k σ, ĉα k σ are the creationand annihilation operatorsof the Kohn-Shamor-

bitalsϕα � k with spinσ, respectively. Eventuallywe shall reintroducetheelectron-electron
Coulombinteraction.ReplacingĤel by ĤKS

el is only for themomentarypurposeof deriving
aphonon-inducedelectron-electroninteraction.

For theelectron-phononinteractionĤel P ph wecannow write theexplicit expression

Ĥel P ph � ∑
α � σ ∑

k L qR
BZ

Vq 	 b̂q 
 b̂†P q 
 ĉ†
α � k 9 q � σĉα � k � σ � (38)

This form of the electron-phononinteractionis alreadythe result of somesimplification
obtainedby neglectingtheso-calledUmklappprocesses.ThematrixelementVq is basically
theFouriercomponentof thegradientof theelectron-ioninteractionpotential.

As thenext stepof our considerationwe transformtheHamiltonian

Ĥ � � ĤKS
el 
 Ĥph 
 Ĥel P ph (39)

by meansof a canonicaltransformationfirst introducedby Fröhlich [10] andBardeenand
Pines[11]:

Ĥ �8� � eP ŜĤ � eŜ � (40)

Expandingtheexponentialwe obtainup to secondorderin Ŝ :

Ĥ �S� � Ĥ � 
 ) Ĥ � � Ŝ* 
 1
2 T ) Ĥ � � Ŝ*U� ŜV 
 O 	 Ŝ3 
�� (41)

Now wechoosethetransformationoperatorŜsuchthat

Ĥel P ph 
 ) ĤKS
el 
 Ĥph � Ŝ*W� 0 � (42)

This leadsto

Ŝ � ∑
α � σ ∑

k L qR
BZ

� Vq

εα � k � εα � k 9 q 
 ωq
b̂q 
 Vq

εα � k � εα � k 9 q
� ωq

b̂†P q � ĉ†
α � k 9 q � σĉα � k � σ � (43)

andup to secondorderin Ŝ thetransformedHamiltonianreads

Ĥ �S� � ĤKS
el 
 Ĥph 
 ĤBP 
 Ĥr (44)

where

ĤBP � ∑
α � α � ∑

k L k � L qR
BZ

∑
σ � σ � ωq

�
Vq
� 2	 εα � � k � � εα � � k � P q 
 2 � ω2

q
ĉ†

α � k 9 q � σĉ†
α �X� k �YP q � σ � ĉα �/� k �/� σ � ĉα � k � σ (45)

and

Ĥr � ∑
α � σ ∑

k L qR
BZ

ωq
�
Vq
� 2	 εα � k � εα � k P q 
 2 � ω2

q
ĉ†

α � k � σĉα � k � σ
 ∑
α � σ ∑

k L q L q �R
BZ

�
A 	 α � k � k � � q 
 b̂q � 
 B 	 α � k � k � � q 
 b̂†P q � � 	 b̂q 
 b̂†P q 
 ĉ†

α � k 9 q 9 q � � σĉα � k � σ (46)

with

A 	 α � k � k �5� q 
1� 1
2
VqVq � � 1

εα � k � εα � k 9 q 
 ωq

� 1
εα � k 9 q � εα � k 9 q 9 q � 
 ωq

� (47)
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and

B 	 α � k � k ��� q 
#� 1
2
VqVq � � 1

εα � k � εα � k 9 q � ωq

� 1
εα � k 9 q � εα � k 9 q 9 q � � ωq

� � (48)

For themomentweneglectĤr andresubstitutetheelectronicKohn-ShamHamiltonianĤKS
el

by theoriginal electronicHamiltonianĤel. Adding anadditionalexternalpairingfield we
arrive (for theelectronicpart)at theHamiltonian(1) with theBardeen-Pinesinteraction

wBP 	 r � r � � x � x � 
#�� ∑
α � α � ∑

k L k � L qR
BZ

2ωq
�
Vq
� 2	 εα � � k � � εα � � k � P q 
 2 � ω2

q
ϕα �/� k �YP q 	 r 
 ϕα � k 9 q 	 r ��
 ϕ �α � k 	 x 
 ϕ �α �;� k � 	 x ��
Z� (49)

It is possibleto incorporatetheeffectsof Ĥr in a plausibleway by thefollowing argument:
treatingĤr within first order perturbationtheory with respectto the single-particlestate�
αkσ !�� ĉ†

α � k � σ � vac! oneobtainsanenergy correctionδεα � k to thesingle-particleenergy εα � k
:

δεα � k �  αkσ
�
Ĥr
�
αkσ ![� ∑

qR
BZ

�
Vq
� 2

εα � k � εα � k 9 q � ωq
� (50)

Thiscorrectioncanbeinterpretedasarenormalizationof thesingle-particleenergy εα � k , i.e.
theeffectof Ĥr caneventuallybetakeninto accountby thereplacementεα � k �2\ εα � k 
 δεα � k
.

As we have describedin the previous section,the form (1) of the Hamiltoniancanbe
usedasa startingpoint for theconstructionof a densityfunctionaltheoryfor superconduc-
tors. If we decidenot to solve the full self-consistency cycle (17), (26) - (30) but perform
only theordinaryKohn-Shamcalculation(37) andusetheresultingorbitalsandorbital en-
ergiesasfixed input for thegapequation,weachievesomefurthersimplification.By virtue
of theorthonormalityof theKohn-Shamorbitalsϕα � k , the formalismthenleadsto thegap
equation

Ds 	 αk 
]� 1
2∑

α � ∑k � 	 wBP 	 αk � α � k � 
 � wC 	 αk � α � k � 
(
 Ds 	 α � k � 

Rα � k � tanh � βRα � k �

2
�
 Dxc )Ds* 	 αk 
 (51)

with

wBP 	 αk � α � k � 
�� � δα � α � 2ωk 9 k � �Vk 9 k � � 2	 εα � k � εα � k � 
 2 � ω2
k 9 k � (52)

and

wC 	 αk � α � k � 
#� �
d3r1

�
d3r2ϕ �α � k 	 r1 
 ϕ �ᾱ � k̄ 	 r2 
 1�

r1
� r2

� ϕα �^� k � 	 r2 
 ϕᾱ � � k̄ � 	 r1 
=� (53)

4 Perturbation Theory for Superconductors

In this sectionwe will develop the diagrammaticformalismof a many-body perturbation
theoryfor superconductingsystems.To this endwe split theoriginal Hamiltonian(1) into
two parts

Ĥ � Ĥ 7 0: 
 W̃ (54)
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with

Ĥ 7 0: � ∑
σ ����� � d3r ψ̂†

σ 	 r 
 � � ∇2

2 
 v 	 r 
 � µ� ψ̂σ 	 r 
� �
d3r

�
d3r � � D � 	 r � r � 
 ψ̂ � 	 r 
 ψ̂ � 	 r � 
 
 D 	 r � r � 
 ψ̂†� 	 r � 
 ψ̂†� 	 r 
�� (55)

and

W̃ � Û 
 Ŵ

: � 1
2 ∑

σ � σ � � d3r
�

d3r � � d3x
�

d3x � ψ̂†
σ 	 r 
 ψ̂†

σ � 	 r � 
 w̃σ � σ � 	 r � r � � x � x � 
 ψ̂σ � 	 x 
 ψ̂σ 	 x � 
�� (56)

Onehasto emphasizethat Ĥ 7 0: alreadydescribesa superconductingsystemdueto theex-
ternalpairingpotentialD 	 r � r � 
 . Ĥ 7 0: canbediagonalizedby theBogoliubov-Valatintrans-
formation[12]

ψ̂ � 	 r 
1� ∑
k
	 uk 	 r 
 γ̂k� � v�k 	 r 
 γ̂†

k� 
 (57)

ψ̂ � 	 r 
1� ∑
k
	 uk 	 r 
 γ̂k� 
 v�k 	 r 
 γ̂†

k� 
 (58)

with fermionicquasi-particleoperatorŝγk� , γ̂k� . Theuk 	 r 
 ,vk 	 r 
 satisfyeigenvalueequations
with the samealgebraicstructureas (7) and (8) and can be determined,underthe same
assumptionasbefore,in exactly thesamemanner.

ThediagonalizedHamiltonianreads

Ĥ 7 0: � ∑
k
	 εk

� µ � Rk 
 
 ∑
k � σ Rkγ̂†

k � σγ̂k � σ (59)

with εk beingtheeigenvaluesof theSchr̈odingerequation� � ∇2

2 
 v 	 r 
�� ϕk 	 r 
�� εkϕk 	 r 
 (60)

and

Rk � @ 	 εk
� µ
 2 
 �

D 	 k 
 � 2 (61)

where
D 	 k 
�� �

d3r
�

d3r � ϕ �k 	 r 
 ϕ �k̄ 	 r � 
 D 	 r � r � 
�� (62)

Thedensitiesresultingfrom Ĥ0 aregivenby

n 	 r 
#� ∑
k

� 1 � εk
� µ

Rk
tanh	 β2Rk 
 � �

ϕk 	 r 
 � 2 (63)

and

∆ 	 r � r � 
�� 1
2∑

k

D 	 k 

Rk

tanh	 β2Rk 
 ϕk 	 r 
 ϕk̄ 	 r � 
=� (64)

Everyeigenstateof Ĥ0 is asimultaneouseigenstateof the“quasi-particlenumberoperator”

N̂γ � ∑
k � σ γ̂†

k � σγ̂k � σ � (65)
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With thecompletesetof eigenstatesof thenon-interactingsuperconductordescribedby Ĥ 0

we areableto constructa perturbationtheoryin thesamefashionasit is usuallydonefor
normal-statesystems.

With theusualdefinitionof thefinite-temperatureHeisenberg andinteractionpicturesof
someoperatorÔ

Heisenberg picture: Ô 	 τ 
 H � eĤτÔeP Ĥτ (66)

interactionpicture: Ô 	 τ 
 I � eĤ _ 0̀ τÔeP Ĥ _ 0̀ τ � (67)

(whereτ is an “imaginary time” to be identifiedwith the inversetemperature)the “time”
evolutionoperatorin theinteractionpictureis givenby

ˆa 	 τ � τ � 
�� eĤ _ 0̀ τeP Ĥ 7 τ P τ � : eP Ĥ _ 0̀ τ � (68)

ˆa 	 τ � τ � 
 satisfiestheequationof motion

∂
∂τ

ˆa 	 τ � τ � 
#� � W̃ 	 τ 
 I ˆa 	 τ � τ � 
 (69)

whichcanformally besolved

ˆa 	 τ � τ � 
#� ∞

∑
n� 0

	 � 1 
 n
n!

τ�
τ � dτ1 �(�(� τ�

τ � dτnT̂ , W̃ 	 τ1 
 I �(�(� W̃ 	 τn 
 I . � (70)

T̂ is thetimeorderingoperatordefinedfor fermionicoperatorsÂ, B̂ by

T̂ , Â 	 τ 
 B̂ 	 τ � 
 . �cb Â 	 τ 
 B̂ 	 τ � 
 if τ d τ �� B̂ 	 τ � 
 Â 	 τ 
 if τ � d τ (71)

Now thegrand-canonicalpartitionfunctionZ for thefull interactingsystemcanbeexpressed
as

Z

Z 7 0: � ∞

∑
n� 0

	 � 1 
 n
n!

β�
0

dτ1 �(�(� β�
0

dτn tr e ρ̂ 7 0: T̂ , W̃ 	 τ1 
 I �f�(� W̃ 	 τn 
 I .Bg (72)

where
Z 7 0: � tr

$
eP βĤ _ 0̀ % (73)

is thepartitionfunctionand

ρ̂ 7 0: � eP βĤ _ 0̀
tr e eP βĤ _ 0̀ g (74)

thestatisticaldensityoperatorof thenon-interactingsystem.
ExpressingW̃ in termsof the quasi-particleoperatorŝγ andusingthe completesetof

eigenstatesof Ĥ 7 0: (and N̂γ) for the evaluationof the tracewe are able to prove Wick’s
theorem.With thedefinitionof thecontractionof two operatorŝαi ,α̂ jh h

αi 	 τi 
 I α j 	 τ j 
 I : � tr e ρ̂ 7 0: T̂ , α̂i 	 τi 
 I α̂ j 	 τ j 
 I . g (75)

Wick’s theoremreads

tr e ρ̂ 7 0: T̂ � �f�(� ψ̂σi 	 r iτi 
 I �(�(� ψ̂†
σ j 	 r jτ j 
 I �(�(� � g �� ∑ 	 all completelycontractedterms 
 (76)
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Notethatfor our superconductinĝH 0 contractionsof theform ψψ or ψ†ψ† do not vanish
asin normal-stateperturbationtheory. Definingonenormalandtwo anomalousone-particle
Green’s functionsof thenon-interactingsystem

G 7 0:σσ � 	 rτ � r � τ � 
 : � � h h
ψσ 	 rτ 
 Iψ†

σ � 	 r � τ � 
 I (77)

F 7 0:σσ � 	 rτ � r � τ � 
 : � � h h
ψσ 	 rτ 
 Iψσ � 	 r � τ � 
 I (78)

F 7 0: †σσ � 	 rτ � r � τ � 
 : � � h h
ψ†

σ 	 rτ 
 Iψ†
σ � 	 r � τ � 
 I (79)

we arenow ableto write down the Feynmanrulesfor the diagrammaticevaluationof the
expansion(72):

1. Thenon-interactingGreen’s functionsarerepresentedby

a)G 7 0:σσ � 	 rτ � r � τ � 

b) F 7 0:σσ � 	 rτ � r � τ � 

c) F 7 0: †σσ � 	 rτ � r � τ � 


2. Theinteractionis representedby

w̃σσ � 	 r1 � r2 � r3 � r4 

3. Green’s functionsbeginningandendingat thesameinteractionline areinterpretedas

thefollowing limits:

G 7 0:σ � σ � 	 rτ � r � τ 
 : � lim
τ �8i τ j G 7 0:σ � σ � 	 rτ � r � τ � 


F 7 0:σ � σ � 	 rτ � r � τ 
 : � lim
τ �8i τ j F 7 0:σ � σ � 	 rτ �5� r � τ 


F 7 0: †σ � σ � 	 rτ � r � τ 
 : � lim
τ �8i τ j F 7 0: †σ � σ � 	 rτ � � r � τ 
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4. Thesumoverall coordinatesat theverticeshasto betaken.

5. The sign of a graphof ordern is 	 � 1 
 n9 q whereq is the numberof permutations
neededto bring thefield operatorsin properorder.

6. Thenumericalfactorof agraphof ordern isklm ln 1
n!2
1
n!

oSlplq if thegraphis b symmetric
asymmetric r

with respectto thecentralverticalaxis.

In formulatingrule no. 6 we usedthelinkedclustertheoremwhich canbeprovedusingthe
sameargumentsasin normal-stateperturbationtheory

Z

Z 7 0: � exp , ∑ all connectedgraphs.s� (80)

In Fig.1 we show all topologically distinct graphscontributing to the free energy of the
systemup to secondorderin theinteraction.

5 Exchange-Correlation Contrib utions to the Gap Equa-
tion

In this sectionwe shall presentexplicit resultsfor the xc part Fxc of the free-energy func-
tionalobtainedwith thediagrammaticmethodsdevelopedin thelastsection.Thefunctional
derivative(15)of Fxc with respectto theanomalousdensitythenleadsto thexc termsin the
gapequation(28).

The explicit calculationswill be donefor thecaseof a homogeneouselectrongas,i.e.
for vanishingexternalpotentialv 	 r 
Nt 0, andtranslationallyaswell asrotationallyinvariant
pairing potentialsD 	 r � r � 
u� D 	 � r � r � � 
 . In this casethe approximationmadein eq. (20)
becomesexact.Theresultsobtainedfor thehomogeneouscasewill thenbeusedto construct
a local densityapproximation(LDA) for thegeneral,inhomogeneouscase.

We treattheCoulombandtheBardeen-Pinesinteractionsimultaneously. Thefull inter-
actionthentakestheform

w̃σσ � 	 r � r � � x � x � 
#� 1�
r � r � � δ 	 r � x � 
 δ 	 r � � x 
 � wBP 	 r � r � � x � x � 
 (81)

wherewBP 	 r � r � � x � x � 
 is givenby (49). In thehomogeneouscasethe“normal” Kohn-Sham
orbitalsenteringtheBardeen-Pinesinteractionaresimplygivenby

ϕk 	 r 
#� 1C v eikr (82)

with
v

beingthe volumeof the system.We performthe calculationsto first order in the
interaction(81). Beginning in secondorder, someof thediagramscontributing to thepar-
tition function aredivergent(like for thenormal-statehomogeneouselectrongas). This is
dueto thelong-rangenatureof thebareCoulombinteraction.A resummationof thesediver-
gentgraphsto infinite orderwill benecessaryto obtainfinite, physicallymeaningfulresults.
In normal-stateperturbationtheorythesimplestresummationof this kind is known asthe
randomphaseapproximation(RPA) [13].
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Fig.1: All topologicallydistinctdiagramsup to secondorder
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Underthe conditionsstatedabove therearetwo contributionsto the xc-freeenergy in
first order:

F 7 1:d � F w xy� � v
2

�
Vq � 0

� 2 v
ωq � 0

�
n 7 0: � 2

(83)

where

n 7 0: � �
d3k	 2π 
 3 � 1 � εk � µ

Rk
tanh	 β2Rk 
 � (84)

Rk � @ 	 εk
� µ
 2 
 �

D 	 k 
 � 2 (85)

and

F 7 1:x � F w x� � v
4

�
d3k	 2π 
 3 � d3k �	 2π 
 3 z 4π�

k � k � � 2 
 2ωk P k � �Vk P k � � 2 v	 εk � εk � 
 2 � ω2
k P k �|{� 1 � εk � µ

Rk
tanh	 β2Rk 
 �}� 1 � εk � � µ

Rk � tanh	 β2Rk � 
 � � (86)

In thefirst contribution, F 7 1:d , we did not take into accounttheCoulombinteraction,since
this leadsto theclassicalelectrostaticenergy of thechargedistribution andis not included
in the exchange-correlation part of the free energy. The term involving the anomalous
propagators(78), (79)

is alsonot includedin Fxc sincethis termleadsto theHartreepartof Ds (i.e. to thesecond
andthird termson theright handsideof eq. (13)).

In order to determinethe xc functional Dxc in the gap equation(28), the functional
derivativeof Fxc with respectto ∆ � 	 r � r � 
 needsto becalculated.In thehomogeneouscaseit
canbeshown thatDxc 	 k 
 , which is thequantityenteringthegapequation,is givenby

Dxc 	 k 
#� � 	 2π 
 3v δFxc ) n � ∆ *
δ∆ � 	 k 
 (87)

where∆ � 	 k 
 is theFouriertransformwith respectto r � r � of theanomalousdensity∆ � 	 r � r � 
 .
Thecalculationof thefunctionalderivative(87) is notstraightforwardbecausetheperturba-
tiveresultsfor Fxc givenin eqs.(83), (86) representthexc freeenergy asa functionalof the
potentials

Fxc � Fxc ) µ� D * (88)

andnot asa functionalof thedensitiesn and∆. A perturbative analysissimilar to theone
for thefreeenergy allowsoneto expressthedensitiesasfunctionalsof thepotentials:

n � n ) µ � D * (89)

∆ � ∆ ) µ � D *-� (90)
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The HK theoremthenguaranteesthat thesetwo equationscanbe inverted,leadingto the
inversefunctionals

µ � µ ) n � ∆ * (91)

D � D ) n � ∆ *-� (92)

If we knew thesefunctionalsthen,by insertioninto (88), we would have anexpressionfor
Fxc asa functionalof the densities,Fxc � Fxc ) n � ∆ * . The inversefunctionals(91), (92) are
of coursenot known explicitly. Fortunately, thecalculationof Dxc 	 k 
 doesnot requirethe
explicit knowledgeof theinversefunctionals(91),(92). Knowledgeof thedirectfunctionals
(89)and(90) is sufficient to calculateDxc by meansof implicit functionalderivatives.

For ourcalculationsweusethezero-orderfunctionalsfor n 7 0: ) µ � D * and∆ 7 0: ) µ � D * , where
n 7 0: is givenby (84)and

∆ 7 0: ) µ � D * 	 k 
�� 1
2

D 	 k 

Rk

tanh	 β2Rk 
 (93)

Inversionof thesefunctionalsleadsto functionalsfor thepotentials

µ � µ ) n 7 0: � ∆ 7 0: * (94)

D � D ) n 7 0: � ∆ 7 0: *~� (95)

which will thenbe usedasapproximationsfor the exact inversefunctionals(91) and(92)
by replacementof thezero-orderdensitiesby theexactones.Theuseof theseapproximate
inversefunctionalsin theexpressionsfor thefirst-orderfreeenergy will leadto errorsof at
leastsecondorderin theinteractionandthereforeour theorywill beconsistentin first order.

By (93) ∆ 7 0: 	 k 
 is expressedasa function of µ andD 	 k 
 which canbe invertedsuch
that

D 	 k 
#� G 	 µ � ∆ 7 0: 	 k 
(
 (96)

is a functionof µ and∆ 7 0: 	 k 
 . Replacing∆ 7 0: by ∆ wecanthenwrite thenormalzero-order
densityas

n 7 0: � n 7 0: ) µ� G 	 µ� ∆ 
|* (97)

whereµ is still afunctionalof ∆. Sincen 7 0: and∆ 7 0: areindependentquantitiesthefunctional
derivativeof n 7 0: with respectto ∆ � mustvanishin zerothorder:

δn 7 0:
δ∆ � 	 k 
 � δn 7 0:

δµ ��� partial

δµ
δ∆ � 	 k 
 
 δn 7 0:

δ∆ � 	 k 
���� partial
� 0 (98)

Thisequation,togetherwith (93),canbeusedto calculate

δµ
δ∆ � 	 k 
 � � δn 7 0:

δ∆ � 	 k 
 ��� partial

δn 7 0:
δµ ��� partial

� � Z1 	 k 
�
d3k1Z0 	 k1 
 (99)

with thefunctions

Z0 	 k 
#� βRk tanh	 β
2Rk 


2 	 εk
� µ
 2
Rk

tanh	 β
2Rk 
 cosh2 	 β

2Rk 
 
 β
�
G 	 µ � ∆ 	 k 
(
 � 2 (100)
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and

Z1 	 k 
#� 	 εk
� µ
 G 	 µ � ∆ 	 k 
(
 z 1

Rk
tanh	 β

2Rk 
 � β
2

cosh2 	 β
2Rk 
 {z 	 εk � µ
 2

Rk
tanh	 β

2Rk 
 
 �
G 	 µ� ∆ 	 k 
(
 � 2β

2

cosh2 	 β
2Rk 
 { (101)

and

Rk � @ 	 εk � µ
 2 
 �
G 	 µ � ∆ 	 k 
 � 2 � (102)

Wearenow ableto calculatethexc contributionsto thegapequationin first order. Theterm
(83)dependsonly on thenormaldensityandthereforegivesnocontribution to theeffective
pair potential.Theotherterm,eq. (86), is writtenas

F 7 1:x � F 7 1:x ) µ � G 	 µ � ∆ 
|* (103)

andwecalculateD 7 1:x accordingto

D 7 1:x 	 k 
#� δF 7 1:x

δµ ��� partial

δµ
δ∆ � 	 k 
1
 δF 7 1:x

δ∆ � 	 k 
 ��� partial
� (104)

Using (99) we get after a lengthycalculation[14] the correlationcontribution to the gap
equationasa functionalof thedensities

D 7 1:x 	 k 
�� 1
2

Z1 	 k 
 D � d3k1	 2π 
 3w 	 k � k1 
 � 1 � εk1
� µ

Rk1

tanh	 β2Rk1 
 �� �
d3k1	 2π 
 3 � d3k2	 2π 
 3Z0 	 k1 
 w 	 k1 � k2 
�� 1 P εk2

� µ
Rk2

tanh	 β2Rk2 
|��
d3k1	 2π 
 3Z0 	 k1 
 E (105)

where

w 	 k1 � k2 
#� 4π�
k1
� k2

�
2 
 2ωk1 P k2

�
Vk1 P k2

� 2 v	 εk1
� εk2 
 2 � ω2

k1 P k2

� (106)

Expressingthedensitiesin termsof thepotentialsandusingthe fact that for the homoge-
neouscase

G 	 µ � ∆ 	 k 
f
�� Ds 	 k 
 (107)

wearriveat thefollowing integralequationfor thegap

Ds 	 k 
#� D 	 k 
 
 1
2

�
d3k �	 2π 
 3w 	 k � k � 
 Ds 	 k � 


Rk
tanh	 β2Rk 
 
 D 7 1:x )Ds* 	 k 
B� (108)

So far we have consideredonly homogeneoussystems. In order to apply the described
formalismto inhomogeneoussystems,we still needto constructan approximationof the
free-energy functionalor its functionalderivative. In normal-statedensityfunctionaltheory
the mostwidely usedapproximationis the local densityapproximation(LDA) wherethe
xc-energy functionalis approximatedby

Exc ) n*�� �
d3r ehom

xc 	 n 	 r 
(
B� (109)
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ehom
xc n is thexc energy perunit volumeof thehomogeneouselectrongas.

For superconductingsystemsweproposeanLDA in a similar fashion:if

f hom
xc ) µ ) n � ∆ 	 k 
|*U� D ) n � ∆ 	 k 
|*�*-� 1v Fhom

xc ) µ ) n � ∆ 	 k 
|*U� D ) n � ∆ 	 k 
|*�* (110)

is thexc freeenergy perunit volumeof thehomogeneous,superconductingelectrongas,the
LDA for inhomogeneoussuperconductorsis definedby

FLDA
xc ) n 	 R 
'� ∆W 	 R � k 
|*�� �

d3R f hom
xc ) µ ) n � ∆ 	 k 
U*U� D ) n � ∆ 	 k 
U*�* ���� n� n 7 R :

∆ � ∆W 7 R � k : � (111)

Here∆W 	 R � k 
 is theWigner-transformof theanomalousdensity,

∆W 	 R � k 
#� �
d3seiks∆ 	 R 
 s

2
� R � s

2

�� (112)

where

R � r 
 r �
2

� s � r � r � � (113)

Theinversetransformationis givenby

∆ 	 r � r � 
1� �
d3k	 2π 
 3eP iks∆W 	 R � k 
=� (114)

With theapproximation(111)athandonecannow calculatethexc-pairingpotentialin LDA

DLDA
xc 	 r � r � 
#� � δFLDA

xc ) n � ∆W *
δ∆ � 	 r � r � 
 � �

d3k	 2π 
 3eP iksDLDA
xc 	 R � k 
=� (115)

TheWigner transformDLDA
xc 	 R � k 
 of DLDA

xc 	 r � r � 
 is mostconvenientlycalculatedfrom the
identity

DLDA
xc 	 R � k 
#� � 	 2π 
 3v δFhom

xc ) µ ) n � ∆ *�� D ) n � ∆ *�*
δ∆ � 	 k 
 ���� n� n 7 R :

∆ � ∆W 7 R � k : � (116)

With this approximatefunctionalinsertedin eq.(13)we thencansolve eqs.(7)to (15) until
self-consistency is reachedor, instead,use

DLDA
xc 	 α � k 
#� �

d3r
�

d3r � ϕ �α � k 	 r 
 ϕ �ᾱ � k̄ 	 r � 
 DLDA
xc 	 r � r � 
 (117)

to solve thegapequation(28)andperformtheself-consistency cycle (17), (26) to (30).
Thereis still the numericalinconveniencethat the inversion(94) and(95) cannot be

doneexplicitly, not even in zerothorder, while the expression(94) for the proposedLDA
still dependsexplicitly on the function ∆ 	 k 
 . We suggestto approximatethe zero-order
functionaln 7 0: ) µ � D * givenby (84) by thezero-orderexpressionfor thenormalstatehomo-
geneouselectrongas:

n 7 0:�� �
d3k	 2π 
 3 � 1 � tanh	 β2 	 εk � µ
(
���� (118)

n 7 0: now is only a function of µ which caneasilybe invertednumericallyfor any given
inversetemperatureβ. Following our prescriptionweusethis functionasanapproximation
for theLDA by insertingthelocal, inhomogeneousdensity

µ � µ 	 n 
 � n� n 7 R : � (119)
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At this point we mentionthat we usethis approximationafter calculatingthe functional
derivative (104). If we hadusedit beforewe would not have obtainedthefirst termon the
right handsideof eq. (104).

Whenusingeq.(96)asanapproximationto the inversefunctional(92) we have to take
into accountthatG 	 µ � ∆ 	 k 
f
 is a functionof thefunction ∆ 	 k 
 whichdependsonk notonly
throughthek-dependenceof ∆ 	 k 
 but alsovia theparameterεk � µ. G 	 µ� ∆ 	 k 
(
 is - aswell
asµ 	 n 
 - known only numericallyfor eachvalueof β.

Making useof all thedescribedapproximationswe obtainfor thefirst-orderxc contri-
bution to theWignertransformof theLDA pair potentialtheexpression

DLDA
x 	 R � k 
�� D 7 1:x ) µ 	 n 	 R 
'� G 	 µ 	 n 	 R 
(
&� ∆W 	 R � k 
(
U* 	 R � k 
 (120)

wherethefunctionalD 7 1:x ) µ � G* is givenby eq. (105).

6 Spin-Curr ent-Density-Functional Formalism for Super-
conductorsin a Magnetic Field

In this sectionwe presentan extensionof the basicdensityfunctional formalismfor su-
perconductors,asdescribedin section2, to thesituationof superconductingsystemsin the
presenceof a staticexternalmagneticfield [15, 16]. Spindegreesof freedomwill betaken
into accountexplicitly. In orderto introducemagneticfields in thebasicHamiltonian,we
make theusualminimal substitution

p̂ \�� i∇ 
 1
c

A 	 r 
 (121)

with A 	 r 
 beingthevectorpotential.For conveniencewefirst consideronly magneticfields
with afixeddirectionin space.Takingthisdirectionasquantizationaxis,onecandistinguish
betweenspin-upandspin-down densities,n� andn� , aswell asspin-upandspin-down para-
magneticcurrentdensities,j p� andj p� , respectively. For normal(i.e. non-superconducting)
systemsthis procedurewasproposedby VignaleandRasolt[17, 18]. Later in this section
weshalldescribea formalismallowing thetreatmentof arbitrarymagneticfields.

We startfrom thegrand-canonicalHamiltonian

Ĥ � ∑
σ ����� � d3r ψ̂†

σ 	 r 
 � � ∇2

2
� ψ̂σ 	 r 
 
 Û 
 Ŵ 
 V̂ 
 Â1 
 Â2� �����

D � 	 r � r � 
 ψ̂ � 	 r 
 ψ̂ � 	 r � 
 
 D 	 r � r � 
 ψ̂†� 	 r � 
 ψ̂†� 	 r 
�� d3r d3r � (122)

whereÛ andŴ aregivenby (2) and(3), respectively, andtheexternalpotentialterm

V̂ � ∑
σ

�
d3r n̂σ 	 r 
 	 vσ 	 r 
 � µ
 (123)

describesthecouplingto thespindensities.

n̂σ 	 r 
1� ψ̂†
σ 	 r 
 ψ̂σ 	 r 
 σ �s������� (124)

Eq. (123)canberewrittenas

V̂ � �
d3r 	 n̂� 	 r 
 
 n̂� 	 r 
(
 D 12 	 v� 	 r 
 
 v� 	 r 
(
 � µE
 �
d3r 	 n̂� 	 r 
 � n̂� 	 r 
(
 D 12 	 v� 	 r 
 � v� 	 r 
(
 E � (125)
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ThisshowsthatV̂ containsboththecouplingof thetotaldensityto theelectrostaticpotential

v 	 r 
#� 1
2 	 v� 	 r 
 
 v� 	 r 
(
 (126)

andtheZeemancouplingof thespinmagnetizationm̂ 	 r 
2� � µB 	 n̂� 	 r 
 � n̂� 	 r 
(
 to themag-
neticfield

Bz 	 r 
#� c 	 v� 	 r 
 � v� 	 r 
(
'� (127)

whichhasafixeddirectionin space(chosento bethez axis).
Thetermscontainingthevectorpotentialaregivenby

Â1 � 1
c ∑

σ

�
d3r ĵ pσ 	 r 
 Aσ 	 r 
 (128)

and

Â2 � 1
2c2 ∑

σ

�
d3r n̂σ 	 r 
 A2

σ 	 r 
 (129)

whereĵ pσ 	 r 
 is theparamagneticspin-current-densityoperator

ĵ pσ 	 r 
#� 1
2i

�
ψ̂†

σ 	 r 
 	 ∇ψ̂σ 	 r 
(
 � 	 ∇ψ̂†
σ 	 r 
(
 ψ̂σ 	 r 
���� (130)

As in the spin-currentdensityfunctional formalism(SCDFT)of VignaleandRasolttwo
(unphysical)spin-dependentvectorpotentialsAσ are introducedhereasa formal device.
For any realsystemonehasto setA � � A � � A.

Following the finite-temperatureextension[6] of ordinary density functional theory,
it is straightforward to establishthe existenceof a 1-1 mappingof the set of potentials$
vσ 	 r 
 � µ � Aσ 	 r 
'� D 	 r � r � 
&% onto the set of equilibrium densities

$
nσ 	 r 
'� j pσ 	 r 
'� ∆ 	 r � r � 
&%

wherethe anomalousdensity∆ 	 r � r � 
 is definedby eq. (5). As a consequence,the grand
canonicalpotentialcanbewritten asa densityfunctionalwhich is minimizedby theequi-
librium densitiesof theparticularsystemconsidered.

As usualthis variationalprinciple canbe usedto constructthe Hamiltonianof a non-
interactingsystemyielding thesamedensitiesasthe interactingsystem.This Hamiltonian
is givenby

Hs � �
d3r ∑

σ
ψ̂†

σ 	 r 
 z 1
2
� � i∇ 
 1

c
Asσ 	 r 
�� 2 
 vsσ 	 r 
 � µ{ ψ̂σ 	 r 
 (131)� �

d3r
�

d3r � , D �s 	 r � r � 
 ∆̂ 	 r � r � 
 
 H � c � . �
It canbediagonalizedby thegeneralizedBogoliubov transformation

ψ̂σ 	 r 
#� ∑
k

∑
τ

�
uσkτ 	 r 
 γ̂kτ 
 v�σkτ 	 r 
 γ̂†

kτ � � (132)

Thetransformationis requiredto beunitary (i.e. to conserve thenorm)andcanonical(i.e.
to conserve the anticommutationrelationsof the field operatorsψ̂). This imposescertain
conditionson theparticleandholeamplitudesuσkτ 	 r 
 andvσkτ 	 r 
 . Unitarity requiresthat�

d3r ∑
σ
	 uσkτ 	 r 
 u�σk� τ � 	 r 
 
 vσkτ 	 r 
 v�σk� τ � 	 r 
(
#� δk � k� δτ � τ � (133)
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and �
d3r ∑

σ
	 vσkτ 	 r 
 uσk� τ � 	 r 
 
 uσkτ 	 r 
 vσk� τ � 	 r 
(
#� δk � k� δτ � τ � (134)

while theconditions

∑
kτ
, uσkτ 	 r 
 v�σ � kτ 	 r � 
 
 v�σkτ 	 r 
 uσ � kτ 	 r � 
 . � 0 (135)

and

∑
kτ
, u�σkτ 	 r 
 uσ � kτ 	 r � 
 
 vσkτ 	 r 
 v�σ � kτ 	 r � 
 . � δσσ � δ 	 r � r � 
 (136)

ensurethat the transformationis canonical. Theseequationscanalsobe regardedasor-
thonormalityandcompletenessrelations,respectively.

TheHamiltonian(131)isdiagonalizedby theBogoliubov transformation(132)if uσkτ 	 r 

andvσkτ 	 r 
 aresolutionsof theeigenvalueequations

h� u� kτ 	 r 
 
 �
d3r � Ds 	 r � r ��
 v� kτ 	 r ��
#� Ekτu� kτ 	 r 
 (137)� h�� v� kτ 	 r 
 
 �
d3r � D �s 	 r � � r 
 u� kτ 	 r � 
�� Ekτv� kτ 	 r 
 (138)� h�� v� kτ 	 r 
 � � d3r � D �s 	 r � r ��
 u� kτ 	 r ��
�� Ekτv� kτ 	 r 
 (139)

h� u� kτ 	 r 
 � � d3r � Ds 	 r �6� r 
 v� kτ 	 r ��
#� Ekτu� kτ 	 r 
 (140)

where

hσ � 1
2
� � i∇ 
 1

c
Asσ 	 r 
 � 2 
 vsσ 	 r 
 � µ � (141)

andh�σ is thecomplex conjugateof hσ (not theHermitianconjugate).Thedensitiescanbe
expressedin termsof theuσkτ 	 r 
 andvσkτ 	 r 
 as

nσ 	 r 
�� ∑
kτ
, �uσkτ 	 r 
 � 2 fβ 	 Ekτ 
 
 �

vσkτ 	 r 
 � 2 fβ 	 � Ekτ 
 . (142)

∆ 	 r � r ��
#� ∑
kτ

�
u� kτ 	 r 
 v�� kτ 	 r ��
 fβ 	 � Ekτ 
 
 v�� kτ 	 r 
 u� kτ 	 r ��
 fβ 	 Ekτ 
 � (143)

j pσ 	 r 
]� 1
2i ∑kτ

) 	 u�σkτ 	 r 
 ∇uσkτ 	 r 
 � 	 ∇u�σkτ 	 r 
(
 uσkτ 	 r 
f
 fβ 	 Ekτ 

 	 v�σkτ 	 r 
 ∇vσkτ 	 r 
 � 	 ∇v�σkτ 	 r 
(
 vσkτ 	 r 
(
 fβ 	 � Ekτ 
U* (144)

where fβ 	 E 
 is theFermidistribution (11). Theeffective single-particlepotentialsarede-
terminedby therelations

vsσ 	 r 
3� vσ 	 r 
 
 �
d3r � ∑

σ � nσ � 	 r � 
�
r � r � �
 1

2c2 	 A2
σ 	 r 
 � 	 Aσ 	 r 
 
 Axcσ 	 r 
(
 2 
 
 vxc ) nσ � j pσ � ∆ * 	 r 
 (145)

Ds 	 r � r � 
#� D 	 r � r � 
 � � d3x
�

d3x � w̃ 	 r � r � � x � x � 
 ∆ 	 x � � x 
 
 Dxc ) nσ � j pσ � ∆ * 	 r � r � 
 (146)
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Asσ r Aσ r Axcσ nσ j pσ ∆ r (147)

wherew̃, asdefinedin eq.(56), includesboththeCoulombandthephonon-inducedinterac-
tions. Thexc potentialsare,asusual,definedasfunctionalderivativesof anxc-free-energy
functional:

vxcσ ) nσ � j pσ � ∆ * 	 r 
�� δFβ
xc ) nσ � j pσ � ∆ *

δnσ 	 r 
 (148)

Dxc ) nσ � j pσ � ∆ * 	 r � r � 
#� � δFβ
xc ) nσ � j pσ � ∆ *
δ∆ � 	 r � r � 
 (149)

Axcσ ) nσ � j pσ � ∆ * 	 r 
�� c
δFβ

xc ) nσ � j pσ � ∆ *
δj pσ 	 r 
 � (150)

Thegrandcanonicalpotentialis thengivenby

Ω � Ωs
� 1

2

�
d3r

�
d3r � n 	 r 
 n 	 r � 
�

r � r � � � � d3r ∑
σ

nσ 	 r 
 vxcσ 	 r 
� � d3r
�

d3r � � d3x
�

d3x � ∆ � 	 r � r ��
 w̃ 	 r � r �6� x � x ��
 ∆ 	 x ��� x 
� 1
c

�
d3r ∑

σ
j pσ 	 r 
 Axcσ 	 r 
 
 �

d3r
�

d3r � T D �xc 	 r � r � 
 ∆ 	 r � � r 
 
 c � c � V
 1
8π

�
d3r B2 	 r 
 
 Fxc ) nσ � j pσ � ∆ *�� (151)

The quadraticterm in B representsthe energy contribution of the magneticfield. In the
T � 0 case,eq. (151)reducesto thegroundstateenergy.

Forbothnormalandsuperconductingsystems,theformalismpresentedsofarhasseveral
drawbacks:(i) Theanalysisis restrictedto magneticfieldswith a fixeddirectionis space.
(ii) Unphysicalspin-dependentvectorpotentialshave to beintroduced.(iii) Thepotentials
vσ 	 r 
 andAσ 	 r 
 are treatedas independentquantities. In any real system,however, the
magneticfield givenby eq.(127)mustbeequalto thecurl of thevectorpotential,i.e. vσ 	 r 

andAσ 	 r 
 arenot independent.

In the following we will presentan alternative, thoughsimilar formalismwhich does
not have thesedrawbacks. This formalismis presentedherein a superconductingcontext
althoughit canbe usedfor normal systemsin magneticfields aswell [16]. In this caseit
representsa(possiblysimpler)alternativeto VignaleandRasolt’sSCDFTfor arbitraryfield
directions.

To this end,theexternalpotentialterm(125)is generalizedto

V̂ � �
d3r n̂ 	 r 
 	 v 	 r 
 � µ
 � � d3r m̂ 	 r 
 B 	 r 
'� (152)

where
m̂ 	 r 
�� � µB∑

αβ
ψ̂†

α 	 r 
 σαβψ̂β 	 r 
 (153)

is the spin-magnetization-densityoperator. σαβ denotesthe vectorof Pauli spin matrices
andµB is theBohrmagneton.B andm canhavearbitrarydirections.

Thefull Hamiltonianof our systemis then

Ĥ � ∑
σ ���"� � d3r ψ̂†

σ 	 r 
�� � ∇2

2
� ψ̂σ 	 r 
 
 Û 
 Ŵ 
 V̂ 
 Â1 
 Â2� �����

D � 	 r � r � 
 ψ̂ � 	 r 
 ψ̂ � 	 r � 
 
 D 	 r � r � 
 ψ̂†� 	 r � 
 ψ̂†� 	 r 
�� d3r d3r � � (154)
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Thetermscontainingthevectorpotentialarenow givenby

Â1 � 1
c

�
d3r ĵ p 	 r 
 A 	 r 
 (155)

with ĵ p 	 r 
#� ∑σ ĵ pσ 	 r 
 , and

Â2 � 1
2c2

�
d3r n̂ 	 r 
 A2 	 r 
�� (156)

Wenow addthemagnetizationcurrentto theparamagneticcurrent

ĵm 	 r 
 : � ĵ p 	 r 
 � c∇ � m̂ 	 r 
'� (157)

With this definition,andusingB 	 r 
1� ∇ � A 	 r 
 , we canrewrite 	 V̂ 
 Â1 
 as

V̂ 
 Â1 � �
d3r n̂ 	 r 
 	 v 	 r 
 � µ
 
 1

c

�
d3r ĵm 	 r 
 A 	 r 
 (158)

providedthateitherthevectorpotentialor themagnetizationdensityfallsoff rapidlyenough
for larger to ensurethevalidity of Gauss’theorem.

In order to constructa densityfunctional formalism basedon the Hamiltonian(154)
one shows, as usual, the existenceof a 1-1 mappingfrom the set of potentials

$
v 	 r 
 �

µ � A 	 r 
'� D 	 r � r � 
(% ontothesetof densities
$
n 	 r 
'� jm 	 r 
'� ∆ 	 r � r � 
&% .

TheHamiltonianof thenon-interactingsystemyielding thesamedensitiesas(154)can
bewrittenas

Hs � �
d3r ∑

σ
ψ̂†

σ 	 r 
 � � ∇2

2 
 1
2c2A2

s 	 r 
 
 vs 	 r 
 � µ� ψ̂σ 	 r 
 
 (159)
 1
c

�
d3r As 	 r 
 ĵm 	 r 
 � � d3r

�
d3r � , D �s 	 r � r � 
 ∆̂ 	 r � r � 
 
 H � c � . �

andcanalsobediagonalizedby theBogoliubov transformation(132). Theresultingeigen-
valueequationsareconvenientlyexpressedin matrix form:

M̂ �hh� u� kτ 	 r 

v� kτ 	 r 

v� kτ 	 r 

u� kτ 	 r 


����� � Ekτ �hh� u� kτ 	 r 

v� kτ 	 r 

v� kτ 	 r 

u� kτ 	 r 


����� (160)

wherethematrix M̂ is givenby�hh� h 
 µBBs � σ ��� D̂s 	 r � r � 
 0 µBBs � σ ���
D̂ �s 	 r � � r 
 � h� � µBBs � σ ��"� � µBBs � σ ���� 0

0 � µBBs � σ ���� � h� � µBBs � σ ���� � D̂ �s 	 r � r � 

µBBs � σ �"� 0 � D̂s 	 r � � r 
 h 
 µBBs � σ ���

� ��� (161)

Here

h � 1
2 	 � i∇ 
 1

c
As 	 r 
(
 2 
 vs 	 r 
 � µ (162)

andD̂s 	 r � r � 
 is a shorthandnotationfor theintegral operator
�

Ds 	 r � r � 
��(�(� d3r � . Bs is given
by

Bs 	 r 
#� ∇ � As 	 r 
'� (163)
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Thedensitiesaregivenby

n 	 r 
�� ∑
σ

∑
kτ T �uσkτ 	 r 
 � 2 fβ 	 Ekτ 
 
 �

vσkτ 	 r 
 � 2 fβ 	 � Ekτ 
 V (164)

∆ 	 r � r � 
#� ∑
kτ
w u� kτ 	 r 
 v�� kτ 	 r � 
 fβ 	 � Ekτ 
 
 v�� kτ 	 r 
 u� kτ 	 r � 
 fβ 	 Ekτ 
Ux (165)

jm 	 r 
�� j p
� cµB∇ � ∑

µν
∑
kτ
w u�µkτ 	 r 
 σµνuνkτ 	 r 
 fβ 	 Ekτ 
 
 vµkτ 	 r 
 σµνv�νkτ 	 r 
 fβ 	 � Ekτ 
 x (166)

with

j p 	 r 
1� 1
2i ∑σ ∑

kτ
w�) u�σkτ 	 r 
 ∇uσkτ 	 r 
 � 	 ∇u�σkτ 	 r 
(
 uσkτ 	 r 
|* fβ 	 Ekτ 
 
 (167)
 ) v�σkτ 	 r 
 ∇vσkτ 	 r 
 � 	 ∇v�σkτ 	 r 
(
 vσkτ 	 r 
|* fβ 	 � Ekτ 
|x

Theeffectivesingle-particlepotentialsaredeterminedwith theuseof thevariationalprinci-
ple,yielding

vs 	 r 
1� v 	 r 
 
 �
d3r � n 	 r � 
�

r � r � � 
 1
2c2 	 A2 	 r 
 � 	 A 	 r 
 
 Axc 	 r 
(
 2 
 
 vxc ) n � jm � ∆ * 	 r 
 (168)

Ds 	 r � r � 
#� D 	 r � r � 
 � � d3x
�

d3x � w̃ 	 r � r � � x � x � 
 ∆ 	 x � � x 
 
 Dxc ) n � jm � ∆ * 	 r � r � 
 (169)

As 	 r 
#� A 	 r 
 
 Axc ) n � jm � ∆ * 	 r 
 (170)

wherethe xc potentialsare againdefinedas functional derivativesof the xc-free-energy
functionalFβ

xc ) n � jm � ∆ * with respectto thecorrespondingdensities.
For thespecialcaseof a local pairingpotentialtherequirementof gaugeinvariancecan

beusedto demonstratethatFxc candependonly onn,
�
∆
�
and∇ � �

jm
n � :

Fxc ) n � ∆ � jm*�� F̃xc ) n � �∆ � � ∇ � � jm

n
� * (171)

Thisequationcanserveasaconstraintfor theconstructionof approximatefunctionals.
Self-consistentcalculationson the basisof the above KS type equationscan be per-

formed as usual. The presenceof the magneticfield, however, introducesan additional
complication.Theinducedcurrentsgive riseto a vectorpotential,which addsto theexter-
nal vectorpotentialaccordingto

A 	 r 
#� Aext 	 r 
 
 A ind 	 r 
'� (172)

To includethis effect onefirst makesan initial guessfor A ind 	 r 
 andusesA 	 r 
 from eq.
(172)asexternalvectorpotentialin theself-consistentequations(160)-(170).Theseleadto
thephysicalcurrentdensity

j 	 r 
#� jm 	 r 
 
 1
c

n 	 r 
 A 	 r 
 (173)

which is usedto calculatethenew A ind 	 r 
 from theMaxwell equation

∇ � ∇ � A ind 	 r 
1� � 4π
c

j 	 r 
'� (174)

The new A ind 	 r 
 is usedasan input for the next cycle. This procedureis repeateduntil
self-consistency is achievedfor both,thedensitiesandthevectorpotential.

Possibleapplicationsof thetwo formalismsdescribedin thissectionarehigh-temperature
superconductorsin magneticfieldsandheavy fermionsuperconductors.
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7 Frequency-dependentlinear responseof superconduct-
ing systems

In many cases,experimentaldatasuchasthephotoabsorptioncross-sectionor thedielectric
function are relatedto the linear responseof a system. In this sectionwe will presenta
densityfunctionalschemefor calculatingthefrequency-dependentlinearresponseof super-
conductors.The methodis analogousto the schemefor normalsystemspresentedin this
volumein thechapteron time-dependentdensityfunctionaltheory.

Thesuperconductingstate,asdescribedin section2, is characterizedby thenormaland
theanomalousdensity. Externalvectorpotentialsandinducedcurrentsarenot considered
in thissection.TheHamiltonian(1) of thesystemcontainsthreeexternalpotentials2, which
coupleto thedensityoperatorsasfollows:

v 	 r 
 : n̂ 	 r 
 : � ∑σ ψ̂†
σ 	 r 
 ψ̂σ 	 r 


D � 	 r � r � 
 : ∆̂ 	 r � r � 
 : � ψ̂ � 	 r 
 ψ̂ � 	 r � 

D 	 r � r � 
 : ∆̂† 	 r � r � 
 : � ψ̂†� 	 r � 
 ψ̂†� 	 r 
 (175)

Sincea perturbationaddedto any of thesepotentialscanaffect all threedensities,we have
to definenineresponsefunctions.Thelinearresponseof thenormaldensity, for instance,is
givenby:

n1 	 r � t 
�� �
d3x

�
dt � χ 	 r � x; t � t � 
 v1 	 x; t � 

 �

d3x
�

d3x � � dt � Λ � 	 r � x � x � ; t � t � 
 D1 	 x � x � ; t � 

 �
d3x

�
d3x � � dt � Λ 	 r � x � x � ; t � t � 
 D �1 	 x � x � ; t � 
'� (176)

wherev1 andD1 areexternaltime-dependentperturbations.
Fromnow on we will usea symbolicnotationwheretheresponsefunctionsarewritten

as formal integral operators.With this convention the full systemof responseequations
reads:

n1 � χv1 
 Λ � D1 
 ΛD �1 �
∆1 � Γv1 
 ΞD1 
 Ξ̃D �1 �
∆ �1 � Γ � v1 
 Ξ̃ � D1 
 Ξ � D �1 � (177)

To furthersimplify thenotationwe introducea vectorof densityresponsesanda vectorof
externalperturbations. �

n1 : � �� n1

∆1

∆ �1 �� � �
v1 : � �� v1

D1

D �1 �� � (178)

With theseconventions,theresponseequationscanbewrittenas
�
n1 � χ̂

�
v1 � (179)

whereχ̂ representsthe3 � 3 matrixof responseoperators

χ̂ : � �� χ Λ � Λ
Γ Ξ Ξ̃
Γ � Ξ̃ � Ξ � �� � (180)

2Thereare threeindependentreal functions: v � r �U� Re�D � r � r �Y��  and Im �D � r � r �Y��  . In the presentcontext,
however, it is moreconvenientto usev � r �|� D � r � r � � andD ¡(� r � r � � instead.
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Theresponsefunctionsaregivenby:

χ 	 r � x; t � t � 
�� � i ¢ T n̂H 	 r � t 
'� n̂H 	 x � t � 
 V#£ � (181)

Λ 	 r � x � x � ; t � t � 
�� � i ¢ T n̂H 	 r � t 
'� ∆̂H 	 x � x � � t � 
 V�£ � (182)

Γ 	 r � r �6� x; t � t ��
�� � i ¢ T ∆̂H 	 r � r � ; t 
'� n̂H 	 x; t �X
|V#£[� (183)

Ξ 	 r � r � � x � x � ; t � t � 
�� � i ¢ w ∆̂H 	 r � r � ; t 
&� ∆̂†
H 	 x � x � ; t � 
 x¤£ � (184)

Ξ̃ 	 r � r �6� x � x � ; t � t ��
�� � i ¢ T ∆̂H 	 r � r � ; t 
'� ∆̂H 	 x � x � ; t ��
|V�£1� (185)

wheretheindex H denotesoperatorsin thereal-timeHeisenberg picture.
The unperturbedsuperconductingsystemis assumedto be in thermalequilibrium, i.e. �(�f� ! denotesagrandcanonicalensembleaverageover theeigenstatesof thefull interacting

Hamiltonian(1). The full responsefunctions(181) - (185) of the interactingsystemare
very hardto calculate.On the otherhand,the correspondingresponsefunctionsχ̂s of the
(non-interacting)Kohn-Shamsystemdefinedby eqs.(7) - (16)areeasilyexpressedin terms
of theparticleandholeamplitudes,uk 	 r 
 andvk 	 r 
 , respectively. Explicit expressionsfor
the9 responsefunctionsaregivenin theappendix.

We now definea3 � 3 matrixof xc kernels f̂xc by theDyson-typeequation

χ̂ � χ̂s 
 χ̂s , ŵ 
 f̂xc. χ̂ � (186)

whereŵ is givenby

ŵ � �� u 0 0
0 � w̃ 0
0 0 � w̃� �� � (187)

In (187) u representsthe Coulombinteractionwhile w̃, asdefinedin eq. (56), is the
sumof theCoulombandthephonon-inducedinteractions.Inserting(186) in theresponse
equation(179),oneobtains

�
n1 � χ̂s , �v1 
 	 ŵ 
 ˆfxc 
 �n1 . � (188)

Givenanapproximationfor thexc kernels f̂xc, eq. (188)canbesolvednumericallyby iter-
ation. If theunperturbedsystemis homogeneous,eq. (188)canevenbesolvedanalytically
if theeffective interaction 	 ŵ 
 f̂xc 
 is assumedto consistof separabletermsonly [19].

In thestaticlimit, theHohenberg-Kohn-Shamformalismdevelopedin section2 implies
thatthexc-kernelscanbewrittenas

ˆfxc � �hhhhhh� δvxc

δn
δvxc

δ∆
δvxc

δ∆ �
δDxc

δn
δDxc

δ∆
δDxc

δ∆ �
δD �xc

δn
δD �xc

δ∆
δD �xc

δ∆ �
� ������� � (189)

For eq. (189) to be valid in the caseof time-dependentperturbationsa time-dependent
extensionof the densityfunctionaltheoryfor superconductorsis required. In particulara
Runge-Grosstheoremasdescribedin this volumein thechapteron time-dependentdensity
functional theoryhasto be establishedfor superconductors.A theoremof this kind was
recentlyproposedby Wacker, KümmelandGross[20]. However, thedensitiesusedin this
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work weredifferentfrom theonesemployedin theresponseformalismdevelopedhere.At
present,eq.(189)is to beregardedasapostulatein thetime-dependentcase.

Eq. (188)canbeviewedasthesuperconductinganalogueof thedensity-functionalre-
sponseschemedescribedin thisvolumein thechapterontime-dependentdensityfunctional
theory. In view of thegreatsuccessthis methodhashadfor normalsystems,we expecteq.
(188)to bea veryefficient tool for calculatingthelinearresponseof superconductors.As a
first shot,thexc-kernel f̂xc canbeapproximatedby eq. (189)usingthestaticLDA-type xc
potentialsderivedin section5.

Appendix

In orderto calculatetheresponsefunctionsof theKohn-Shamsystemwefirst definethe
spectraldensitiesSAB 	 ω 
 by

SAB 	 ω 
#� �
d 	 t � t ��
 eiω 7 t P t � : ¢ ) Â 	 t 
 H � B̂ 	 t ��
 H * £ S

(A 1)

where  �(�(� ! S denotesa grandcanonicalensembleaverageover theeigenstatesof the (non-
interacting)Kohn-Shamsystem(7) - (15). In termsof thesespectraldensities,theKS re-
sponsefunctionscanbewrittenas

χs 	 r � x;ω 
�� lim
δ i 0j � dω �

2π
Snn 	 r � x;ω � 

ω � ω � 
 iδ

(A 2)

Λs 	 r � x � x � ;ω 
]� lim
δ i 0j � dω �

2π
Sn∆ 	 r � x � x � ;ω � 


ω � ω � 
 iδ
(A 3)

Λ �s 	 r � x � x � ; � ω 
]� lim
δ i 0j � dω �

2π
Sn∆† 	 r � x � x � ;ω � 


ω � ω � 
 iδ
(A 4)

Γs 	 r � r �6� x;ω 
�� lim
δ i 0j � dω �

2π
S∆n 	 r � r � � x;ω � 


ω � ω � 
 iδ
(A 5)

Γ �s 	 r � r � � x � � ω 
]� lim
δ i 0j � dω �

2π
S∆†n 	 r � r � � x;ω � 


ω � ω � 
 iδ
(A 6)

Ξs 	 r � r � � x � x � ;ω 
]� lim
δ i 0j � dω �

2π
S∆∆† 	 r � r � � x � x � ;ω � 


ω � ω � 
 iδ
(A 7)

Ξ̃s 	 r � r ��� x � x � ;ω 
]� lim
δ i 0j � dω �

2π
S∆∆ 	 r � r � � x � x � ;ω � 


ω � ω � 
 iδ
(A 8)

Ξ �s 	 r � r � � x � x � ; � ω 
]� lim
δ i 0j � dω �

2π
S∆†∆ 	 r � r � � x � x � ;ω � 


ω � ω � 
 iδ
(A 9)

Ξ̃ �s 	 r � r �5� x � x � ; � ω 
]� lim
δ i 0j � dω �

2π
S∆†∆† 	 r � r � � x � x � ;ω � 


ω � ω � 
 iδ
(A 10)

The spectraldensities,in turn, are calculatedby substitutingthe Bogoliubov-Valatin
transformation(57) - (58) for the field operatorsψ̂σ 	 r 
 appearingin the densityoperators
(175). Henceoneis left with matrix elementsinvolving four quasi-particleoperatorŝγkσ.
Employing the fermionic anticommutationrelationsof theseoperatorsoneobtainsafter a
lengthybut straightforwardcalculation
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Theseformulasweregeneratedwith MATHEMATICA [21].
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[19] M. Lüders,E.K.U. Gross,Int.J.Quant.Chem.Symp.(1994)
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