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1 Intr oduction

Traditionalsuperconductity of puremetalsis well describecisaphenomenonf homoge-
neous media.Dueto therelatively large coherencéength(10% — 10* ,&), inhomogeneities
on the scaleof the lattice constanttanbe neglected. In the new high-T, materialsthe situ-
ationis different. Experimentalkcoherencdengthsof the orderof 10 A suggesthatinho-
mogeneitieon the scaleof the lattice constanthave to be taken into accountin a proper
descriptionof thesematerials.

Thetraditionaldescriptiorof superconductonsy BardeenCooperandSchriefer (BCS)
is basedon a mean-fieldapproximation1]. For the BCS reducedHamiltonianthis mean-
field approximatiorhasbeenshavnto beexact,i.e., correlationeffectsvanishin thethermo-
dynamiclimit [2]. This, however, is not necessarilfrue for morecomplicatednteractions
in inhomogeneoumedia.

Thedensityfunctionalformalismfor superconductongresentedh this papermprovidesa
unifiedtreatmenbf correlationeffectsin inhomogeneousuperconductordn the next sec-
tion, Hohenbeg-Kohn and Kohn-Sham-typeheoremsfor superconductorare reviewed.
The following sectionwill be devotedto a brief discussionof the natureof the interac-
tion. After that,in section4, a diagrammatidormalismfor superconductors developed
which, in section5, is thenexploitedto constructan LDA-type functionalfor the exchange-
correlationenegy. In section6, a currentdensityfunctional theory for superconductors
including spin degreesof freedomis developedandfinally, in section7, the frequeng-
dependenlinearresponsef superconductorwill beinvestigated.
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We considersuperconductingystemsdescribedby a grand-canonicaHamiltonianof the
following form (atomicunitsareusedthroughout):
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whereU is the mutuaICoqumbrepuIsionof theelectrons
5> [d & alnu ez ‘L‘D o (1) o (1) (2)
00’
andW is a (generallynonlocal)phonon-induceelectron-electroiteraction
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v(r) is the Coulombpotentialproducecdby a periodiclatticeandD(r,r’) is anexternalpair

ing field which canbeviewedasthe proximity-inducedield of anadjacensuperconductor
The densityfunctionalformalism,first proposedoy Oliveira, Grossand Kohn (OGK)

[3], providesa descriptionof superconductoratfinite temperatures termsof two “densi-

ties”: thenormaldensity
n(r) =S (5N Ts(r)) (4)

andtheanomalouslensity

A1) = (@ () dy(r')) - (5)
The diagonalA(r,r) canbe shown [4] to be identical,in the appropriatdimits, with the
phenomenologicarderparameteof the Ginzlburg-Landautheory[5].

In analogyto thetemperature-dependeversion[6] of thetraditionalHohenbeg-Kohn
(HK) statementOGK proved the existenceof a 1-1 mappingof the pair of potentials
{v(r) = D(r,r")} ontothepair of equilibriumdensities{n(r),A(r,r’)}. Asaconsequence
thegrand-canonicahermodynami@otentialcanbewritten asafunctionalof thedensities:

Q[n,A] = nA]+/d3rn )(V(r) /d3 /ds’D*rr )A(r, ) +cc)  (6)

whereF[n,4A] is a universalfunctionaldependingonly on the particle-particleinteraction
(U +W) but noton the externalpotentials{v(r) — u, D(r,r’)} of theparticularsystemcon-
sidered.This meanghata given superconductingnaterialwhenexposedto variousexter-

nal fieldsonly hasoneuniversalfunctionalF [n,A]. A differentmaterial,however, requires
a differentfunctional F [n, A] becausehe phonon-inducednteractionW will in generalbe
different.

The theoremcan be usedto derive a setof self-consistensingle-particleKohn-Sham
(KS)-type equationghat determine,in principle exactly, the densitiesn(r) andA(r,r’) of
the interactingsystemdescribedy the Hamiltonian(1). At ary giveninversetemperature
B=1/(ksT) theseequationsare:

2
(—% +vs(r) — u) Uk (r) +/Ds(r,r’)vk(r’) d®r’ = Exuk(r) 7
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In termsof thefunctionsuk(r) andv(r) thedensitiesaregivenby

= 2; (lui(r) [P fa(Ex) + [vic(r) [ fa (—Ex)) (9)
Ar,r') = Z (Vie(r")u(r) fa(—Ex) — Vie(r)uk(r’) fa(Ex)) (10)

where fg denoteshe Fermidistribution
fa(E) = rle'f i (12)

Egs.(7)and(8) containtwo effective single-particlgpotentials:the “normal” potentialvs(r)
and the effective pairing potential Dg(r,r’). Both are functionalsof the normal and the
anomalouglensity:

Veln, AJ(r) = v(r +/‘ '+ VB, 4)(r) (12)
Dg[n,Al(r,r') = +//W(r r' %, x)A(x, x') d3x d3x’
- ‘Ar(r_r,? + DN, Al(r, ). (13)

The exchange-correlatiofixc) potentialsare formally definedas functional derivatives of
thexc-free-enagy functional FXBc[n, A] which explicitly dependontemperature,

B
naj(n) = e (14)
B
DEInA(r.r) =~ g2 (15)

and FXBC[n, A] is definedby the equality

F[n,A] = Tg[n, Al — =S[n, A]

1

l3
3¢ 3" 3, 3,A*rr)(r r

Z/d /d |— /d /d Ir—r’|

/dSr/dSr'/dSX/d3x’A* L rw(r e x XA X)) +FRIn Al (16)

HereTs[n,A] andSs[n, A] arethedensityfunctionalsof thekinetic enegy andthe entrogy of
anon-interactingsystem.

Somearbitrarinesss involvedin the definition of the xc functional FXBC . it dependn
the choiceof the “Hartree” potentialstreatedasseperatetermsin eqs.(12), (13) and(16).
In the presentlefinition,ananomalougiartreetermwith respecto the Coulombinteraction
is treatedasseparatéermwhile OGK consideredhis termaspartof thexc functional. The
presentchoiceallows oneto treatthe Coulomband phonon-inducednteractionson the
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hcwever the identificationand separatdreatmentof approprlateHartreetermS|s avery
importantmatterbecaus¢heseterms,beingthedominant diagramsof theinhomogeneous
systemaretreatedn egs.(12) and(13) without any approximation. By contrastall other
diagrammaticontributionsto thetotal freeenepgy of theinhomogeneousystemsubsumed
in thefunctional FX%, aretreatedjn practice,only approximately, e.g.in termsof anLDA-
typeapproximation.

Sincevs and Ds dependon the densitiesthe whole setof equationg7) to (15) hasto
be solved self-consistently Egs. (7) and (8) are structurally similar to the Bogoliubov-
deGennesquationg7], but - in contrasto thelatter- includexc effectsin principleexactly.

Numericalsolutionsof egs.(7) - (15) canbe constructedrom the“normal” Bloch type
KS orbitalssatisfying

DZ
(—??+VAQAKO>¢axU)=€mM%xU) (17)

with the potential(12). The orbitals¢q x aresymmetry-adaptediave functions;the index
o labelsthe pointgroupsymmetrief thelatticewhile k denoteghe crystalmomentum|f
the pair potential,Ds(r, r’), hasthe sametranslationabndpoint symmetriesasthe normal
KS potential,vs(r ), thematrix elements

Dmk;&q:/d3r/d3r’¢g’k(r)DS(r,r’)c])‘é’a(r’) (18)

(whereB, q arethe quantummumbersof thetime-reversedobital T[¢g 4]) take a particularly
simpleform: with k andg in thefirst Brillouin zoneandreciprocallattice vectorsK andQ
onefinds|[8]

Do k), (6+Q) = O,8% Do, (k)0 (k+Q) - (19)
Considerablsimplificationis achievedif the couplingbetweerdifferentbandss neglected
by settingDa,(hK);a,(hQ) = 0 for K # Q. 1 Within this approximation the Bogoliubov-
type equationg7) and(8) arediagonalizedy thefunctions

Uk (1) = Uk @k (r) s Vouk(F) = Vo k@ (1) (20)

with enepy eigervalues

Eak=%Rak, Rak=1/(eak—W2+[Ds(0, k)2 (21)

and
Ds(e,K) = Dajak = [ &r [ 6054 (1) (r)Ds(r, ). 22)

Thecomplex numbersug k, Vo k in €d. (20) aregivenby

1
_ 2

Va k = 1 -
\/i [ Ea,k
1The coupling betweendifferentbandscan be taken into account,e.qg., by treatingthe matrix elements
Dy, (kK ):a,(k+Q) for K # Q perturbatvely. First-orderperturbatiortheorygivesno correctionto the spectrum
(21) indicatingthatthe neglectionof interbandcouplingis a goodapproximatior8].




L =Lk

where De(at.K)
oo = T L 25
De(@,K) =
Thedensitieghenread
— _sd,k_u E 2
0= 3 (1 PranGRu ) i) 28)
and L Duak
A1) = 5 5 P G Res b (10ag(r). @)
Insertionof (13) into (22) Ieadsto thefollowing integral equatiorfor Dg(a, K):
Ds(a, ) D(a,k)
(wp(ak,a’k’) —wc(ak,a’k’))Dg(a’, k') BRa k!
+ é & Rq/,k’ tanh< 5 )
+ DXC[DS](a,k) (28)

wherewp andwc aregivenby
wp(ak,a’k’) =
/ o3 / &3/ / &3 / X% (1) (W, T, %, X ) ber e ()b 5 (X) (29)

1
we(ak,a’k’) = / d®rq / d3rz¢’&,k(r1)¢’&,i(f2)m

andD(a, k) andDyc(a, k) aredefinedin analogyto eq. (22).
In practice,onestartswith anordinaryKS calculationfor the materialin question,.e.
onesolves(17) with vs givenby

bor ke (r2)dai(r)  (30)

valn](r) = v(r) + / o dSr'+vxc[n]<) (31)

Fromthis calculationwe obtainsingle-particleorbitals¢q « (r) andsingle-particleenegies
€ak- With theseeq k, andwith wp(ak,a’k’) andwe(ak,a’k’) resultingfrom the §q k(r)
via (29) and(30), we solve theintegral equation(28) for Ds andcalculatethe densitiesvia
egs.(26) and(27). Insertioninto (12) thenyieldsa new single-particlepotentialvs andwe
startagainwith eq. (17). Thewholecycleis repeatedintil self-consistengis achieved.

Theseparatiorf theoriginalequationg7) - (15)into atraditionalKS equation(17) and
aBCStypegapequation(28)is of particularimportancebecausd achievesa separatiorof
enepgy scales:the gapfunction Dg(ak) is typically threeordersof magnitudesmallerthan
characteristideatures suchasbandgaps,of the normalbandstructureeq . Furthermore,
the dependencef the single-particlepotential(12) on A is expectedto be small, sothata
self-consistensolutionof thetraditionalKS schemdi.e. with the single-particlepotential
vs[n] of (31)) will bevery closeto the resultof the full self-consisteng cycle (18), (26) -
(30).



. k2
Oi(r) ~ e ", &= (32)
andeg. (28) reducesigorouslyto the BCSgapequationf Dy is neglected.Thusthetradi-
tional BCSmodelcanbeviewedasthehomogeneoublartreelimit of thedensityfunctional
theoryfor superconductorgresentedhere. In orderto go beyond BCS oneneedsapproxi-
mationsfor thefunctionalDyc[Ds|. Theconstructiorof anLDA-type approximatiorfor Dy

will betheobjective of sectionst and5.

3 The Nature of the Interaction

At this point it is appropriateto make someremarksaboutthe natureof the interaction
w(r,r’,;x,x). We will discussthe physicalideasand approximationsunderlyingthe de-
scriptionof a superconductingnary-electronsystemby the Hamiltonian(1). Thiswill also
leadusto anexplicit approximatiorfor theform of theinteractionw.

Thestartingpoint of our discussions the Hamiltonianof a mary-electronsysteminter-
actingwith thevibrationsof the crystallattice:

H= |:|eI+ |:|ph+ |:|el—ph (33)
where
Hot = A gh(r) (5 () — 1) Bo(r)
| o= u/ ( )
+ 2;,,/d3 /dsr/lll (WL ( )‘ — |CU o (r)Po(r) (34)

is the Hamiltonianof interactingelectronsmoving in the electrostatigotentialv(r) of the
fixedcrystallatticewith all theionsin their equilibrium positions.

- T |
geBz

is the Hamiltonianof the phononsystemwith bosonicoperatorsh andbg. Thesumruns
over all wave vectorsin thefirst Brillouin zone.For simplicity we restrictourselesto only
one phononbranch.I—A|e|_prl is the Hamiltonianof the electron-phonomteractionof which
theexplicit form will begivenlater Theformal stepsto arrive at (33) startingfrom thefull
electron-ionsystemcanbefound,e.g.,in [9].

As a first approximationwe treatthe purely electronicproblem,the HamiltonianHgj,
within the usualkohn-Shanschemej.e. we replaceHg| by

eI = Z (Eak — ) o,k GC(x,k,o (36)

wherea is a bandindex andk the crystalmomentum.The gy k arethe eigervaluesof the
Kohn-Shanequation

(—D— +v(r) +/| dsr/‘l‘ch[n]( )) Dak(r) = €akPak(r) (37)
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Coulombinteraction.ReplacingHe; by H KS is only for the momentarypurposex)f derlvlng
aphonon-induceelectron- electrormteractlon.
For the electron-phonoimteractionHg|_ o We cannow write the explicit expression

|:'el—ph = Z Vq bq + b ) o,k+q, oCak,o - (38)

EBZ

This form of the electron-phononnteractionis alreadythe result of somesimplification
obtainedby neglectingtheso-calledUmklappprocessesThematrix element/, is basically
the Fouriercomponenbf the gradientof the electron-ioninteractionpotential.
As thenext stepof our consideratiorwe transformthe Hamiltonian
H/: |:|¢}3<|S+ |:|ph‘f' |:|el—ph (39)

by meansof a canonicaltransformatiorfirst introducedby Frohlich [10] andBardeemand
Pines[11]: o
H” = e SH'eS. (40)

Expandingthe exponentialwe obtainup to secondrderin S:
H'=H'+[H, g+ [[H S,9+0(S). (41)
Now we choosehetransformatioroperatorS suchthat
Hel—ph+ [H& >+ Hpn, § = 0. (42)
Thisleadsto

Vo . Vo
S=2 Z (s kgt % T Eak—faxig—
a,0 k,q G,k G,k+q wq C(,k C(,k-l—q

eBz

(L)q bT ) o k+q O'CCX k ,0 - (43)

andup to secondrderin SthetransformedHamiltonianreads

H” = Hgi®+ Hph+ Hep+ Hr (44)
where
Arp = (*)Q|V0|‘ At Af
Hep = Z Z (€' k' — Eat k'—q)? oozco‘ k+q,0ta k—golakobako  (45)
a,a kGB 0,0 )
and

_ wg|Vg|? &\ Cax
Z (Eak — Eak—q)? —00% Cak,o
cbr

(A, k,K'q bq,+B(a,k,k',q)61q,) (Bq+B" )& s oCako (46)

!

DI
00 ka4
€BZ

with

1

A(a,k,k',q) = quvq, ( ! !

€ak —E€ak+qTWg  Eak+q— Eakt+qtq Wy

) (47)
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B(at,k, k', q) = ZVgVyy ( - ) : (48)
2 €ak —E€ak+q— W  Eak+q— E€aktq+q — Wy
For themomentwe neglectH, andresubstitutéhe electronickohn-SharmHamiltonianHXS

by the original electronicHamiltonianHe;. Adding an additionalexternalpairing field we
arrive (for the electronicpart) at the Hamiltonian(1) with the Bardeen-Pinemteraction

wip(r,r’,x,x') =

2“'~’q|Vq|2 / /
- > bar ke q(Ndak+q(r) ek (X (X) - (49)
, ; (8 ’,k’ — 8 ”k,— )2_ 0‘)2 ) ) ) b)
00" ki ALK AT

It is possibleto incorporatethe effectsof H; in a plausibleway by the following agument:
treatingH, within first order perturbationtheory with respectto the single-particlestate
loko) = ég « c|Vac oneobtainsanenegy correctiondey k to thesingle-particleenegy eq k

[Vg|?
€ak —Eak+q— Wy

Seq k = (ako|Hy|ako) = Z (50)

eBz

This correctioncanbeinterpretecasarenormalizatiorof thesingle-particleenegy €q , i.€.
theeffectof H; caneventuallybetakeninto accounby thereplacementy k — €q k + 0€q k

As we have describedn the previous section,the form (1) of the Hamiltoniancanbe
usedasa startingpoint for the constructiorof a densityfunctionaltheoryfor superconduc-
tors. If we decidenot to solve thefull self-consistengcycle (17), (26) - (30) but perform
only the ordinaryKohn-Shantalculation(37) andusetheresultingorbitalsandorbital en-
ergiesasfixed inputfor thegapequationwe achieve somefurthersimplification. By virtue
of the orthonormalityof the Kohn-Shanorbitals$ k, the formalismthenleadsto the gap
equation

1 (wep(ak,a’k’) —we(ak,a’k’))Ds(a’k’) (BRa,k,>
Ds(ak) = = tanh
S( ) 2 CXZ g Rd’k’ 2
4+ Dy[Dg](ak) (51)
with ‘ 2
20 1k Vi k!
wep(ak,ad’'k’) = =8y o (52)
( ) a,a (Ea,k _ €u,k')2 _ wﬁﬂﬂ
and

we(ak, oK) = [ory (ool ()05 () ——bui ()bgia(ry) . (53)

r1—r2|

4 Perturbation Theory for Superconductors

In this sectionwe will develop the diagrammatidormalismof a marny-body perturbation
theoryfor superconductingystems.To this endwe split the original Hamiltonian(1) into
two parts

~

H=HO +W (54)



A0 = 3 [0 (g 0 k) el
e [ (0B OB 00, NEO00) 69
and
W=U +W
= 33 o o O (s 5 X) ). (69

Onehasto emphasizéhatH(® alreadydescribesa superconductingystemdueto the ex-
ternalpairing potentialD(r,r’). H(® canbe diagonalizecy the Bogoliubos-Valatintrans-
formation[12]

@i(r) = Z(Uk(f)%—\fﬁ(f)%) (57)
P, (r) = ;(uw)wva(r)vlo (58)

with fermionicquasi-particleperatorsyt, Yk, . Theuk(r),vi(r) satisfyeigervalueequations
with the samealgebraicstructureas (7) and (8) and can be determinedunderthe same
assumptiorasbefore,in exactly the samemanner

ThediagonalizedHamiltonianreads

=>Eu-RI+S Rl 6 Yo (59)
with g, beingtheeigervaluesof the Schibdingerequation
DZ
<—7 +v(r)> Ok(r) = exdi(r) (60)
and
Re= 1/ (&~ 12+ [D(K) 2 (61)
where
= /d3r /d3r’¢;(r)¢;—(r’)D(r, r'). (62)
Thedensitiegesultingfrom Hg aregivenby
()= 3 (1S FranrGR) ) ()2 63
and 1 D(k
Ar,r’) = éZ%tanr(gRk)q)k(r)c])g(r’). (64)

Every eigenstat®f Hg is a simultaneougigenstatef the “quasi-particlenumberoperator”

Ry = ;vl,ovk,o. (65)
,0
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normal-statesystems.
With the usgaldefinition of thefinite-temperaturéleisenbey andinteractionpicturesof
someoperatorO
Heisenbey picture:  O(T)y = &'TOe T (66)
interactionpicture:  O(1), = 1”10 T, (67)

(wheret is an“imaginary time” to be identifiedwith the inversetemperaturejhe “time”
evolution operatolin theinteractionpictureis givenby

U, v) = Ot HE-T)g O (68)
7I(1,7') satisfieghe equationof motion
%‘Zl(r,t’) = —W(1), U(t,T) (69)
which canformally be solved
e\ L 3
3t v) = n;T/dTl.../dTnT (W(te)r .. W(tn) - (70)

T is thetime orderingoperatordefinedfor fermionicoperators, B by

RN AMB(T) if1>T
T(A(T)B(T))_{ “BMAT) ifT>T ()
Now thegrand-canonicgdartitionfunctionZ for thefull interactingsystemcanbeexpressed
as

B B
Z < (=1 A(0F (i v
) :nzo S /dtl.../drntr{p T(W(t1)|...W(rn)|)} (72)
= 0 0
where "
70 — tr{e Py (73)
is the partitionfunctionand
e_B|2|(0)
5 (74)

B tr {e*B'q(o)}

the statisticaldensityoperatorof the non-interactingsystem.

Expressing/V in termsof the quasi-particleoperatorsy and using the completeset of
eigenstatesf H(© (and N,) for the evaluationof the tracewe are ableto prove Wick’s
theorem With the definition of the contractionof two operatorsi;,d

I I .
ai(Ti)iaj(ty)r =tr {f)(o)T (di('[i)|dj('[j)|)} (75)

Wick’stheorenreads

tr {,3(0>f (..moi(rm)| O () )} _
= Z( all completelycontractederms) (76)
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asin normal-statgerturbatiortheory Definingonenormalandtwo anomalou®ne-particle

Greens functionsof the non-interactingsystem

0 | |
chz’(r-[a r’.l.l) = l-IJO(rT)l LIJL(rITI)l

1

Fao (M, T'T) 1= = Wo(rO) Yo (r'Y)
0)t 1
Féoz (ro,r't) == _qJIF(rT)|LIJL(I"T’)|

(77)

(78)

(79)

we arenow ableto write down the Feynmanrulesfor the diagrammaticevaluationof the

expansion(72):

1. Thenon-interactingsreens functionsarerepresentetly

a) cY (rt,r't)

oo’

b) F9)

00,(rt,r’r')

C) F(O)T(rr,r’r’)

oad’

2. Theinteractionis representedly

WGO"(rla r27 r37 r4)

3. Greens functionsbeginningandendingatthe sameinteractionline areinterpretedas

thefollowing limits:

GESL,(I’T,I’IT) = T,IErTLr Gg?z,,(rT,r’T’)
Fé?c),,(rr,r’T) = T,Ii_r>rrl+ F(Ef)c),,(l"[/,l”'[)
Fé?c),,T(rr,r’T) = T,Ii_r>rrl+ Féf)c),:r(rT’,r’T)
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5. The sign of a graphof ordern is (—1)""9 whereq is the numberof permutations
neededo bring thefield operatorsn properordet

6. Thenumericalfactorof agraphof ordernis

1

n2 | . . symmetric
1 if thegraphis { asymmetric}
n!

with respecto the centralverticalaxis.

In formulatingrule no. 6 we usedthelinked clustertheoremwhich canbe provedusingthe
sameargumentsasin normal-statgerturbatiortheory

Z
T exp(z all connectegyraphs . (80)

In Fig.1 we show all topologically distinct graphscontributing to the free enegy of the
systemup to seconcdorderin theinteraction.

5 Exchange-Correlation Contrib utions to the Gap Equa-
tion

In this sectionwe shall presentexplicit resultsfor the xc part R of the free-enegy func-
tional obtainedwith thediagrammatienethodslevelopedn thelastsection.Thefunctional
derwvative (15) of K¢ with respecto theanomalouslensitythenleadsto thexc termsin the
gapequation(28).

The explicit calculationswill be donefor the caseof a homogeneouslectrongas,i.e.
for vanishingexternalpotentialv(r ) = 0, andtranslationallyaswell asrotationallyinvariant
pairing potentialsD(r,r’) = D(|r —r’|). In this casethe approximationmadein eq. (20)
becomegxact. Theresultsobtainedor thehomogeneousasewill thenbeusedo construct
alocal densityapproximationLDA) for thegeneraljnhomogeneousase.

We treatthe Coulombandthe Bardeen-PinemteractionsimultaneouslyThefull inter-
actionthentakesthe form

Wog (1,1, %,X') = ﬁé(r —X)3(r" —x) —wgp(r,r’,x,x’) (81)
wherewgp(r,r’,x,x’) is givenby (49). In thehomogeneousasethe “normal” Kohn-Sham
orbitalsenteringthe Bardeen-Pinemteractionaresimply givenby

1

i (r) NG
with 9 beingthe volume of the system. We performthe calculationsto first orderin the
interaction(81). Beginningin secondorder someof the diagramscontrikbuting to the par
tition function aredivergent(lik e for the normal-statdhomogeneouslectrongas). This is
dueto thelong-rangenatureof thebareCoulombinteraction.A resummatiorof thesediver-
gentgraphgo infinite orderwill benecessaryo obtainfinite, physicallymeaningfulresults.
In normal-stategerturbationtheorythe simplestresummatiorof this kind is known asthe
randomphaseapproximationfRPA) [13].

gk’ (82)

12
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Fig.1: All topologicallydistinctdiagramsup to secondorder
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1 B ‘V|V :o\Z’V 2
R = =2 s () (&3
where -
n© — / 2 (1—EkR;utanl‘(ng)> (84)
Re =/ (B~ W2+ D(K) 2 (85)
and
o]
/ d3k d3k’ 4 " 2(*)kfk’|kak’|2(V
4 (2m3 \ [k—K']? " (ex — &) 2 — R
(1— kR; tanf’(ERk)> (1— ak’R;“tanr(ng,)> . (86)

In the first contribution, Fofl), we did not take into accountthe Coulombinteraction,since

this leadsto the classicalelectrostatienegy of the chage distribution andis notincluded

in the exchange-corelation part of the free enegy. The term involving the anomalous
propagator$78), (79)

jid A
\
AVAVAVAN,
S\ L

is alsonotincludedin Fyc sincethis termleadsto the Hartreepartof Dg (i.e. to the second
andthird termson theright handsideof eq. (13)).

In orderto determinethe xc functional Dy in the gap equation(28), the functional
derivative of Fyc with respecto A*(r,r’) needdo becalculatedIn thehomogeneousaseit
canbeshownn thatDyc(k), which is the quantityenteringthe gapequationjs givenby

(210)2 8Fye[Nn, 4]
Vb (K)

Dyc(K) = — (87)

whereA* (k) istheFouriertransformwith respector —r’ of theanomalouslensityA* (r, ).
Thecalculationof thefunctionalderivative (87) is not straightforvardbecause¢he perturba-
tive resultsfor R givenin eqs.(83), (86) representhe xc freeenegy asafunctionalof the
potentials

Fxc = Fxc[W, D] (88)

andnot asa functionalof the densitiesn andA. A perturbatve analysissimilar to the one
for thefreeenegy allows oneto expressthe densitiesasfunctionalsof the potentials:

n=n[y D] (89)

A=Ay,D). (90)
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H=Hn,4] (91)
D =DI[n,4]. (92)

If we knew thesefunctionalsthen,by insertioninto (88), we would have an expressiorfor
Fxc asa functional of the densitiesFxc = Fx¢[n,A]. Theinversefunctionals(91), (92) are
of coursenot known explicitly. Fortunately the calculationof Dyc(k) doesnot requirethe
explicit knowledgeof theinversefunctionalg(91), (92) . Knowledgeof thedirectfunctionals
(89) and(90) s sufficientto calculateDy: by meansof implicit functionalderivatives.

For our calculationsve usethe zero-ordefunctionalsfor n(9 [y, D] andA(© [, D], where
n© is givenby (84) and

MO D(k) = 5 tani SR (©3)

Inversionof thesefunctionalsleadsto functionalsfor the potentials
u=un®,a0] (94)
D =D[n(® A©). (95)

which will thenbe usedasapproximationdor the exactinversefunctionals(91) and (92)
by replacemenof the zero-orderdensitiedy the exactones. The useof theseapproximate
inversefunctionalsin the expressiongor thefirst-orderfree enegy will leadto errorsof at
leastsecondrderin theinteractionandthereforeourtheorywill be consistentn first ordet
By (93) A9 (k) is expressedasa function of p andD(k) which canbe invertedsuch
that
D(k) = G(1,A1% (k) (96)

is afunctionof pandA(® (k). ReplacingA(© by A we canthenwrite the normalzero-order
densityas
n® =nO[,G(w )] (97)

whereptis still afunctionalof A. Sincen(® andA(©) areindependenguantitieghefunctional
derivative of n(® with respecto A* mustvanishin zerothorder:

(0) (0) (0)
on :6n | ol n on —0 (98)
OA* (K) Ol Ipartial dA* (k) = 0A*(K) I partial
This equationtogethemith (93), canbe usedto calculate
5n'©
o _ 3 (K)lpatial __ Za(k) (99)
dA* (k) 5n'® Jd3k1Zo(k1)
O |partial
with thefunctions
B
t =
Zo(K) = BR«tanh(5R«) (100)

2B W% o BR) cosf(BR) - BIG(1 AK)) 2
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(& — WG, A(K)) k@tanr’(ng) — m)
2

G(kAK))[%S
cost(BRy)

Zy(k) = 5 (101)
(Lk;ku) tanh(8Ry) +

and

Re = /(B — 12+ G AK) |2 (102)
We arenow ableto calculatethe xc contributionsto thegapequationin first order Theterm

(83) depend®nly onthe normaldensityandthereforegivesno contritution to the effective
pair potential. The otherterm,eq. (86), is written as

A = RV, G, )] (103)
andwe caIcuIateD)((l) accordingto
oY su oRY

(104)

) (k) —
x (k)= Ol Ipartial OA*(K) * OA* (k) | partial

Using (99) we get after a lengthy calculation[14] the correlationcontribution to the gap
equationasafunctionalof thedensities

3
DY (k) = %Zl(k)[ / (dz:)l wik, kl)( skFlzk tanh( = Rk))

/ % / (d3k)2320(k1) w(ky,k2) (18—'<|g\k2—“tanr(2Rk2)>] (105)
3
| Gzolia)

where

4n + Zul(l—kz‘vkl—kz‘Z(V
k1 —Ka|?  (ek, — &k,)? — &F _,

Expressinghe densitiesn termsof the potentialsand usingthe fact that for the homoge-
neouscase

w(ka,k2) = (106)

G(k A(k)) = Ds(k) (107)

we arrive atthefollowing integral equationfor thegap

3! /
Dy(k) = D(K) + % / %w(k, ) DSFg: ) tanr(ng) +oPDJk).  (108)
So far we have consideredonly homogeneousystems. In orderto apply the described
formalismto inhomogeneousystemswe still needto constructan approximationof the
free-enegy functionalor its functionalderivative. In normal-statelensityfunctionaltheory
the mostwidely usedapproximationis the local densityapproximation(LDA) wherethe
xc-enegy functionalis approximatedy

Eydn] = / &3 °Mn(r)) . (109)
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SR AK)LDIAKY] (110

is thexc freeenegy perunit volumeof thehomogeneousuperconductinglectrongas the
LDA for inhomogeneousuperconductors definedby

e THIn, A(k)], DIn, A(K)]] =

REPAIN(R), dw(R,K)] = SR TP AK)L, DI, AR o (111)
D=Ly (RK)
HereAw (R, k) is the Wignertransformof theanomalouglensity
Mw(R,K) = /d3sékSA<R+§ R— ;), (112)
where ,
R:r—;r , s=r—r’. (113)
Theinversetransformations givenby
A(r,r) :/ Pk sy (R,K) (114)
) (2,,_[)3 WAR, .

With theapproximatior(111)athandonecannow calculatehexc-pairingpotentialin LDA

 ORAN, Aw] dk
OA*(r,r') /(2T[)3

DA, ) = e DIARK) - (115)

The WignertransformDLPA(R, k) of DYPA(r, 1/) is mostconveniently calculatedirom the
identity

_ (23 3R [un, A], D[n, A]]

(116)

n=n(R)
A=Dw (R k)

With this approximategunctionalinsertedin eq.(13)we thencansolve egs.(7)to (15) until
self-consistengis reachedr, insteaduse

DLDA(, k) = / o3 / 097, 4 (1) (') DKPA(r, 1) (117)

to solve the gapequation(28) andperformthe self-consistengcycle (17), (26) to (30).
Thereis still the numericalincorveniencethat the inversion(94) and (95) cannot be
doneexplicitly, not evenin zerothorder while the expression(94) for the proposed_.DA
still dependsexplicitly on the function A(k). We suggesto approximatethe zero-order
functionaln(9[p, D] givenby (84) by the zero-ordemrxpressiorfor the normalstatehomo-

geneou®lectrongas:
d3k
0 » /W (1—tanf’(g(ek—p))> : (118)

n(® now is only a function of p which can easily be invertednumericallyfor ary given
inversetemperaturg. Following our prescriptiorwe usethis functionasanapproximation
for the LDA by insertingthelocal,inhomogeneoudensity

M= u(n)‘n:n(R) : (119)
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right handsideof eq. (104).

Whenusingeq.(96)asan approximatiorto the inversefunctional (92) we have to take
into accounthatG(u, A(k)) is afunctionof thefunction A(k) which depend®nk notonly
throughthek-dependencef A(k) but alsovia the parameteey — . G(,A(k)) is - aswell
asp(n) - known only numericallyfor eachvalueof .

Making useof all the describedapproximationsve obtainfor the first-orderxc contri-
bution to the Wignertransformof the LDA pair potentialthe expression

DYPA(R, k) = DL [(n(R), G(M(N(R)), Aw (R, k) (R, k) (120)

wherethe functional D&l) [W, G] is givenby eq. (105).

6 Spin-Curr ent-Density-Functional Formalism for Super-
conductorsin a Magnetic Field

In this sectionwe presentan extensionof the basicdensity functional formalismfor su-
perconductorsasdescribedn section2, to the situationof superconductingystemsn the
presencef a staticexternalmagneticfield [15, 16]. Spindegreesof freedomwill betaken
into accountexplicitly. In orderto introducemagneticfieldsin the basicHamiltonian,we
make the usualminimal substitution

@—>-im+%A(r) (121)

with A(r) beingthevectorpotential.For conveniencewe first consideronly magnetidields
with afixeddirectionin space Takingthisdirectionasquantizatioraxis,onecandistinguish
betweerspin-upandspin-davn densitiesn; andn|, aswell asspin-upandspin-davn para-
magneticcurrentdensitiesj o+ andj |, respectrely. For normal(i.e. non-superconducting)
systemghis procedurenvasproposeddy VignaleandRasolt[17, 18]. Laterin this section
we shalldescribea formalismallowing thetreatmenbf arbitrarymagnetidields.

We startfrom the grand-canonicaHamiltonian

2
H = d3r QL (r) = Do(r) +U +W+V +A; +A
ogu/ ( 2) S

— [ [ (o )@ 08 + DB 8]0) Bre’r @122)

whereU andW aregivenby (2) and(3), respectiely, andthe externalpotentialterm

V=3 [drien)velr) -1 (123)
describeghecouplingto the spindensities.
Ao(r) = B3N Bo(r)  o=1,) . (124)

Eq. (123)canberewritten as

o [ermm-nm 5mm -] (129



1
v(r) = S (1) +vy(r)) (126)
andtheZeemarcouplingof thespinmagnetizationn(r) = —pg(fi;(r) — A (r)) to themag-
neticfield
B(r) = c(vi(r) —v,(r)), (127)

which hasafixeddirectionin spacgchoserto bethez axis).
Thetermscontainingthe vectorpotentialaregivenby

A= % > / &3 oo (1) Ao (r) (128)

and 1
A _ 3 A 2
A= > 20 /d r Ag(r)Ag(r) (129)

Wherefpa(r) is the paramagnetispin-current-densitgperator

frolr) = 5 (B50)(Oo(r)) ~ (OB Bo(r)) (130)

As in the spin-currentdensityfunctional formalism (SCDFT) of Vignale and Rasolttwo
(unphysical)spin-dependentector potentialsAy are introducedhereasa formal device.
For ary realsystemonehasto setA| = Ay = A.

Following the finite-temperatureextension[6] of ordinary density functional theory
it is straightforvard to establishthe existenceof a 1-1 mappingof the set of potentials
{Vo(r) — w,Ag(r),D(r,r')} onto the setof equilibrium densities{ns(r),j pa(r),A(r,r’)}
wherethe anomalougdensityA(r,r’) is definedby eq. (5). As a consequencehe grand
canonicalpotentialcanbe written asa densityfunctionalwhich is minimizedby the equi-
librium densitiesof the particularsystemconsidered.

As usualthis variationalprinciple canbe usedto constructthe Hamiltonianof a non-
interactingsystemyielding the samedensitiesasthe interactingsystem.This Hamiltonian
is givenby

1/ . 1 2
Hs = /dsr ZQJ;(") (é <—ID+EAso(r)) +Vso(r) — U) Do (r) (131)
[e)
- /d3r /d3r’(D§(r,r’)A(r,r’)+H.c.) :
It canbediagonalizedy the generalizedogoliubor transformation

Balr) = 3. 3 (Vo) Vo) - (132)

Thetransformations requiredto be unitary (i.e. to consere the norm)andcanonical(i.e.
to consere the anticommutatiorrelationsof the field operators]s)). This imposescertain
conditionson the particleandholeamplitudeugi (r) andvgi (r). Unitarity requiresthat

[0S (U (1) + Vora (Vi (1)) = BB (133)
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while theconditions
; (Uoke (1) Veyer (1) + Vgiee (N Uorke (1)) = 0 (135)

and
; (U (1) Uoricr (1) 4 Voka (1) Ve (1)) = Bor O(r — 1) (136)

ensurethat the transformations canonical. Theseequationscan also be regardedas or-
thonormalityandcompleteneseelations respectrely.

TheHamiltonian(131)is diagonalizedy theBogoliubor transformatior{132)if ugy(r)
andvgy (r) aresolutionsof the eigervalueequations

Bt (F) + / A3’ De(r, W (') = Eiclisie () (137)
—hjvuq(r)+/d3r’D§(r’,r)uTkT(r’) = EiqVke (1) (138)
—hiviie(r) = [ @ DL, F)ue(r) = Bcviia (1) (139)
hy Uk (1) / A3 Dy(r', Vi (') = EigeUpie(r) (140)
where
1/ . 1 2
he = > <—|D+EASO(r)> + Vg (1) — M. (141)

andhy; is the complex conjugateof hy (not the Hermitianconjugate). The densitiescanbe
expressedn termsof the Ugi (r) andvgi(r) as

No(r) = ; (|ugie (1) [* g (Bir) =+ [Voke (1) [ fa (—Eir)) (142)

A =3 (Ui (1) Ve (") Fp(—Eic) + Vi (e (') (i) (143)

jpo(r) = %;[(U&q(r)ﬂuoh(f)—(Duém(f))uom(r))fB(EkT)
+ (Voie (1) OVoke (1) = (O (1))Voka (1)) f(—Eicr)] (144)

where fg(E) is the Fermidistribution (11). The effective single-particlepotentialsare de-
terminedby therelations

Vo (r) = +/d3 ! r:.cl_ r'|
+ 212(A2( r)— (Ao(r)+Axoo(r))2)+ch[no,1po,A](r) (145)
Ds(r,r’) =D(r,r’) /d3 /dsxwr r',%,X)A(X,X) 4+ Dxc[Na, ] po, A (F, 1) (146)
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wirielrcv, asuciliricull ©cy. (o), Hitivucsoutntic Loululdanauic pronori-iriguccuitciac-
tions. The xc potentialsare,asusual,definedasfunctionalderivativesof anxc-free-eneagy
functional:

5Fx[%:[n07j po; A]

VX(IF[nG’j DGaA](r) = 6n0(r) (148)
. 5Fx[3<):[no,j po; A]
Dyc[Ng, ] po, A (r, 1) = —W (149)
. _ 5Fx[%:[n07jpo,A]
Axcs[No,j po, A(r) = CW . (150)
Thegrandcanonicalpotentialis thengiven by
Q= QS——/d3 /d3 ,n(r /dSanG(r Voo (T
—/d3r/d3r’/d3x/d3x’A*(r,r W(r,r’ %, X YA(X',X)
—%/d‘?r szc(r)Axm(r)+/d3r/d3r’ [Dxe(r,rA(r',r)+c.c.]
[e)
1 [ 0 -

+8T[ d°r B4(r) + Fxc[No, ] po, Al (151)

The quadraticterm in B representshe enegy contribution of the magneticfield. In the
T = 0casegq.(151)reducedo thegroundstateeneny.

For bothnormalandsuperconductingystemstheformalismpresentedofarhassereral
dravbacks: (i) The analysisis restrictedto magneticfields with a fixed directionis space.
(i) Unphysicalspin-dependentectorpotentialshave to beintroduced.(iii) The potentials
Vg(r) and Ag(r) aretreatedasindependentuantities. In ary real system,however, the
magnetidield givenby eq. (127) mustbe equalto the curl of thevectorpotential,i.e. vy(r)
andAq(r) arenotindependent.

In the following we will presentan alternatve, thoughsimilar formalismwhich does
not have thesedrawbacks. This formalismis presentederein a superconductingontext
althoughit canbe usedfor normal systemsn magneticfields aswell [16]. In this caseit
representsa (possiblysimpler)alternatve to VignaleandRasolts SCDFTfor arbitraryfield
directions.

To this end,the externalpotentialterm (125)is generalizedo

V= /d3r AP (v(r) — ) —/d3r M(r)B(r). (152)
where

r)=—s’y Bl (r)ouplp(r) (153)
ap

is the spin-magnetization-densityperator o,g denoteshe vectorof Pauli spin matrices
andpg is theBohr magnetonB andm canhave arbitrarydirections.
Thefull Hamiltonianof our systemis then

2 A
/d3rqﬂ (——>¢o(r)+U+W+V+A1+Az
ou 2

// (D*(r, )W () +D(r, MBI BI()) . (154)
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== [d* A (155)
with fp(r) = chpc(r), and
A 1
Ro= > /d3 A(NA2(r) . (156)
We now addthe magnetizatiorcurrentto the paramagneticurrent
jm(r) :=]p(r) —cOx m(r). (157)

With this definition,andusingB(r) = 0 x A(r), we canrewrite (V +A;) as

o= [ A~ + ¢ [drinnAR) (158)

providedthateitherthevectorpotentialor the magnetizatiorensityfalls off rapidly enough
for larger to ensurethevalidity of Gauss'theorem.

In orderto constructa density functional formalism basedon the Hamiltonian (154)
one shows, as usual, the existenceof a 1-1 mappingfrom the set of potentials{v(r) —
wA(r),D(r,r")} ontothe setof densities{n(r),jm(r),A(r,r’)}.

The Hamiltonianof the non-interactingsystenmyielding the samedensitiesas(154) can
bewrittenas

o= a3 830 (=5 + A0 +lr) 1) o)+ (159)
+E/d3rAS(r)jm(r) —/d3r /d3r’ (D5(r,rHA(r,r")+H.c.) .

andcanalsobediagonalizedby the Bogoliubor transformation(132). Theresultingeigen-
valueequationsareconvenientlyexpressedn matrix form:

Utk (1) Utier (1)
5 Vike(r) Vike (1)
M [k = + 160
Vi) | T vialr) (160)
Upkee (1) Upke (1)
wherethematrix M is givenby
h+ usBs- Oyt Ds(r,r') 0 bgBs- 0y,
D3(r,r) o HeBs ol —HeBs Oy 0 (161)
0 _pBBs-cyN —h _A“BBS'GTT —Di(r,r")
M Bs- 04 0 —Ds(r’,r) h+pusBs-0y
Here 1
h=>(-i0+ EAs(r))2+vs(r) —u (162)

andDs(r,r') is a shorthanchotationfor theintegral operator/ Ds(r,r’)...d3r. B is given

by
Bs(r) = O x As(r). (163)
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n(r)= Z; |Uoke (1) |“Tg(Bke) + Voke () |“ Tp(— Bk ) | (164)
ArE) =3 [t (0¥ (') i (— Bic) + Vi (1) e (1) Fp(Bi) | (165)
Imr) =Jp—cialx 5 5 [ (1) 00Uk (1) T (Bic) + Yo (1) OV (1) F(—Eic) | (166)
v
with
ip(r) = %z; [ 1661 (1) Dl (1) = (DU (1)) ke (1)] i (Evr) + (167)

+ [Voie (1) EVoke (1) = (OVgiee (1)) Vot ()] fB(—Ekr)}

Theeffective single-particlgpotentialsaredeterminedvith the useof thevariationalprinci-
ple,yielding

Vs(r) = v(r) + /d3r’

|rn (_rlr)q +2—iz<A2(r) — (A(N) +Axe(r))?) + Ve, jm, A](r)  (168)

Ds(r, ') = D(r,r') / d3x / BB (1, %, X)AX, %) + DM im Al(r,r")  (169)

As(r) = A(r) + Axc[n,jm, A](r) (170)
wherethe xc potentialsare againdefinedas functional derivatives of the xc-free-enagy
functional FX%[n,jm, A] with respecto the correspondinglensities.

For the specialcaseof alocal pairing potentialthe requiremenbf gaugeinvariancecan
beusedto demonstrat¢hat R, candependonly onn, |A| andO x <Jﬁm> :

Bl ] = Fln 181, 0 (1) (a71)

This equationcanser\e asa constraintfor the constructiorof approximategunctionals.

Self-consistentalculationson the basisof the abore KS type equationscan be per
formed as usual. The presenceof the magneticfield, however, introducesan additional
complication.Theinducedcurrentsgive riseto a vectorpotential,which addsto the exter-
nal vectorpotentialaccordingto

A(r) = Aet(r) +Aina(r)- (172)

To includethis effect onefirst makesan initial guessfor Aj,q(r) andusesA(r) from eq.
(172)asexternalvectorpotentialin the self-consisteneéquationg160)-(170).Thesdeadto
the physicalcurrentdensity

. . 1
J(r) =jm(r) + cn(HA(r) (173)
whichis usedto calculatethenew Ajnq(r) from the Maxwell equation
DxDxAind(r):—%nj(r). (174)

The new Aing(r) is usedasan input for the next cycle. This procedures repeateduntil
self-consistengis achievedfor both,the densitiesandthevectorpotential.

Possibleapplicationf thetwo formalismsdescribedn thissectionarehigh-temperature
superconductoris magnetidieldsandheary fermionsuperconductors.
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iy systellis

In mary casesexperimentadatasuchasthe photoabsorptiorross-sectior thedielectric
function arerelatedto the linear responseof a system. In this sectionwe will presenta
densityfunctionalschemdor calculatingthefrequeng-dependenlinearresponsef super
conductors.The methodis analogoudo the schemefor normalsystemspresentedn this
volumein the chapterontime-dependendensityfunctionaltheory

Thesuperconductingtate asdescribedn section2, is characterizethy the normaland
the anomalouslensity Externalvectorpotentialsandinducedcurrentsare not considered
in this section.TheHamiltonian(1) of the systemcontainsthreeexternalpotentialg, which
coupleto thedensityoperatorsasfollows:

v(r) : A(r) = T Wg(N)Po(r)
D*(r,r) - Afr,r') = %(f)%(f') (175)
D(r,r) A'(r,r') @ (r)Bi(r)

Sincea perturbationaddedto ary of thesepotentialscanaffect all threedensitieswe have
to definenineresponséunctions.Thelinearresponsef the normaldensity for instanceijs
givenby:

n(r,t) = /d3x/dt’x(r,x;t—t')vl(x;t’)
+ /d3x/d3x’/dt’/\*(r,x,x’;t—t’)Dl(x,x’;t’)
+ /d3x/d3x’/dt’/\(r,x,x’;t—t’) D3 (x,x;t'), (176)

wherev; andD1 areexternaltime-dependerperturbations.
Fromnow onwe will usea symbolicnotationwherethe responsdunctionsarewritten
asformal integral operators. With this corventionthe full systemof responsesquations

reads:
n = xv1» + A'D1 + ADj,

A = Tvi + =D1 + =Dj, a77)
A, = vy + =*D1 + =*Dj.
To further simplify the notationwe introducea vectorof densityresponseanda vectorof
externalperturbations.

Ny Vi
ﬁ]_ = Ay , Vl = D, . (178)
Ay D3

With thesecorventions theresponsequationsanbe written as
My = XVi, (179)

wherey representshe 3 x 3 matrix of respons@perators

X AA
g=r1r = = (180)

2Thereare threeindependenteal functions: v(r), RegD(r,r’)] and Im[D(r,r’)]. In the presentcontext,
however, it is morecornvenientto usev(r),D(r,r’) andD*(r,r’) instead.
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X(r,xt—t) = —|<[ﬁH(r,t),ﬁH(x,t')}>, (181)
A, xxt—t) = —|<[ﬁH(r,t),AH(x,x’,t’)D, (182)
rr,r xt—t) = —i<[‘H(r,r';t),ﬁH(x;t')}>, (183)

=(r,r x,x;t—t') = —|<[AH(r,r’;t),AL(x,x’;t’)]>, (184)
2 x,xt—t') = —i<[AH(r,r’;t),AH(x,x’;t’)]>, (185)

wheretheindex H denotesperatorsn thereal-timeHeisenbey picture.

The unperturbedsuperconductingystemis assumedo be in thermalequilibrium, i.e.
(---) denotesagrandcanonicaknsembleverageovertheeigenstatesf thefull interacting
Hamiltonian(1). The full responsdunctions(181) - (185) of the interactingsystemare
very hardto calculate. On the otherhand,the correspondingesponsdunctions¥s of the
(non-interactingKohn-Shansystendefinedby egs.(7) - (16) areeasilyexpressedn terms
of the particleandhole amplitudesuy(r) andvg(r), respectrely. Explicit expressiongor
the 9 responsdunctionsaregivenin theappendix.

We now definea 3 x 3 matrix of xc kernelsfy. by the Dyson-typeequation

)A( = )A(s‘i‘)A(s (W+ foc) )A(v (186)
wherew is givenby
u O 0
w=| 0 —-w O . (187)
0O 0 —w

In (187) u representshe Coulombinteractionwhile w, asdefinedin eq. (56), is the
sumof the Coulombandthe phonon-inducednteractions.Inserting(186) in the response
equation(179),oneobtains

Ay = )A(s (vl + (W+ f;c) ﬁ1) . (188)

Givenanapproximatiorfor the xc kernelsfyc, eq. (188)canbe solvednumericallyby iter-
ation. If theunperturbeadsystemis homogeneousq. (188) canevenbe solvedanalytically
if theeffective interaction(Ww+ fxc) is assumedo consistof separableéermsonly [19].

In the staticlimit, the Hohenbeg-Kohn-Shanformalismdevelopedin section2 implies
thatthexc-kernelscanbewritten as

OVxe OVyxe OV
on oA  OA*
f" _ 6DXC 6DXC 6DXC
XC —
on oA  OA*
oDy, 0Dy, 0Dj.
on oA  OA*

For eq. (189) to be valid in the caseof time-dependenperturbationsa time-dependent
extensionof the densityfunctionaltheoryfor superconductors required. In particulara
Runge-Grossheoremasdescribedn this volumein the chapteron time-dependendensity
functionaltheory hasto be establishedor superconductorsA theoremof this kind was
recentlyproposedy Wacker, KimmelandGross[20]. However, thedensitiesusedin this

(189)
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Eq. (188) canbeviewedasthe superconductln@nalogua)f the density-functionale-
sponseschemalescribedn this volumein thechapterontime-dependerdensityfunctional
theory In view of the greatsuccesshis methodhashadfor normalsystemswe expecteq.
(188)to bea very efficienttool for calculatingthelinearresponsef superconductorsAs a
first shot,the xc-kernel fyc canbe approximatedy eq. (189) usingthe staticLDA-type xc
potentialsderivedin section5.

Appendix

In orderto calculateheresponséunctionsof the Kohn-Shansystemwefirst definethe
spectradensitiesSag(w) by

Sra(w) = [ d(t =)@ (A1), BX)l), (A1)

where(---)s denotesa grandcanonicalensembleverageover the eigenstatesf the (non-
interacting)Kohn-Shanmsystem(7) - (15). In termsof thesespectraldensitiesthe KS re-
sponsdunctionscanbewritten as

Xs(r,X;w) = lim @M (A 2)

5-0tJ 21 w—w +id
it -y (D
Ty e
- g [SSE
e - gy [ S
L
ro -y [HBELAD
i - gy [ SHLED
(X —w) = lim %SM;(EL;):T;“) (A 10)

(A 4)

(A 6)

The spectraldensities,in turn, are calculatedby substitutingthe Bogoliubors-Valatin
transformation(57) - (58) for the field operators],(r) appearingn the densityoperators
(175). Henceoneis left with matrix elementsnvolving four quasi-particleoperatorsyyg.
Employing the fermionic anticommutatiorrelationsof theseoperatorsone obtainsafter a
lengthybut straightforward calculation

S’],n(r,xa (1)) =
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[6(w—(Ek+ Eq)) ( r))
(uk<> <>+uq<x>vk<x>)
—8( 02+ (Ex+Eg) ) (ur)Va(r) +ug(r)w(r))
(uk<x> 200+ U 0V() ) |

+(f(B)— (Eq)) %

[3(w- (Bc—Eq)) (v&< )uq(r))
><( uk(x)>
—6(w+(Ek— Ey) ) ( (r)ug(r)
><( uk(x))]} (A 11)

S’],A(r,xa Xla (D) =
g{(f(EkH f(Eq)—l)x
i

[ 3(@— (Bx+Eq)) (U )Va(r) + U (rVilr) ) u(x)uq(x)

—8( -+ (Bt Eq) ) (u(r)va(r) + Ug(n)ie(1) ) Vi) (%) |

( —f(Eq)
[3(c0— (Be—Eq)) (Vilr)Va(r) = tc(r)ug(r) ) vy (x)u()
6(w+ Eg) ) (V(r)Va(r) — (N ug(n) ) 0w b (A 12)
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Shat (1, %X, w) =
;{(f(EkH f(Eq)—l)x
1|
[ 3@~ (Bx+Eq)) (U)Va(r) + U(r)Vilr) ) we()ve(x)
—8( -+ (Ex+Eq) ) (u(r)Va(r) +Ug(r)uie(r) ) i ()ug(x)
(

g{(f(Ek)—l— f(Eq) — 1) X
1|
| 8(@— (Bt Eq) ) virVa(r) (u()vg(x) + Ug()wi())
(Ex+Ea) ) u(r)ua(r") (U (v40) + U (0v(x) ) |
[ 3(co-+ (B— Eq) ) Vit )ug(r) (V4 0WK(X) = ug)u(x))
(00— (Ex—Eq) ) Vi(r)ua(r') (V00(x) — Uy (x)uk() ) | }

Sat (1,1, %, w) =

Z{(f(Ek)+f(Eq)—1)
1|

Saa(r,r,x, X w) =

Z{(f(Ek)—i- f(Eq)—l) X

1|
[ 8(@— (B+Eq)) Ve )Va(r)u(¥ )uq(x)
~8( 00+ (B + Eq) ) Vi)V () u(1 )ug(r)
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(A 13)

(A 14)

(A 15)



| 3@+ (B— Eq) ) Mer Vg (X)) ug(r)
(- (B~ Eg)) (V00w ug(r") |}

Sat at (1,1, %, X, 00) =
g{(f<Ek>+f<Eq> 1)
[3(0- Bty )uk<r U (D(IG(X)
6(oo+ Ex -+ Eq)) Uk ) U< )Wk )va (1) |
+(1(B) - f(Eq)) %
[6(w+ Eq) ) Ui(r) U500V Vo)
~8( @~ (B Eq) ) W) U0 )wix)va(r)] }

Spat(rs 1'%, X, w) =

g{(f<Ek>+f<Eq>—1)><
.
[ 3(e (Bt Eq) ) M Va(X (1)
—5(w+ (Bt Eq) ) ue(1 U 00U (r )5 ()
-l-(f(Ek)—f(Eq) X

_5(00_ (Ex— Eq)) uq(r’)u’a(x')vk(x)\fﬁ(r)] }

Syra(f, XX, 0) =
%{(f(Ek)-l— f(Eq)—1) %
| 3(0— (Bt Eq) ) ()i (r)ug (X))
=500 (Bic Eq) ) Wi(r Ve (X)Va(1)V5(9) |
+(1(B) - (Eq)) x
| 3(+ (B Eq) ) uex)u(rve(r') ()
5 (w0 (B Eq) ) w0 )l )va(r) V)] }

Theseformulasweregenerateavith MATHEMATICA [21].

29

(A 16)

(A 17)

(A 18)

(A 19)



[1] J.Bardeen[.N. CooperandJ.R.Schriefer, Phys.Rev. 108 1175(1957)

[2] D. Mattis, E. Lieb, J.Math. Phys.2, 602 (1961)

[3] L.N. Oliveira,E.K.U. GrossandW. Kohn,Phys.Rev. Lett. 60, 2430(1988)

[4] L.P. Gorkov, Zh. Eksp.Teor. Fiz. 36, 1918(1959)[Sov. Phys.JETPY9, 1364(1959)]
[5] V.L. Ginzhurg, L.D. Landau,Zh. Eksp.Teor. Fiz. 20, 1064(1950)

[6] N.D.Mermin,Phys.Rev. 137, A1441(1965)

[7] P.G.deGennesSupeconductivityof MetalsandAlloys(Benjamin,New York, 1966)
[8] S.Kurth,K. Capelle M.LudersE.K.U. Grossto bepublished

[9] E.K.U.GrossE. Runge 0. HeinonenMany-Rarticle Theory(AdamHilger, Bristol,
1991)

[10] H. Frohlich, Proc.Roy. Soc.(London)A 215, 291(1952)
[11] J.BardeenD. PinesPhys.Rev. 99, 1140(1955)

[12] N.N. Bogoliubov, Sov.Phys.JETP7, 41 (1958)

[13] M. Gell-Mann,K.A. BrueckneyPhys.Rev. 106, 364(1957)
[14] S.Kurth,E.K.U. Gross,to bepublished

[15] W. Kohn,E.K.U. Gross,L.N. Oliveira,J.dePhysiques0, 2601(1989)
[16] K. Capelle E.K.U. Gross,Int.J.Quant.Chem.Symf(1994)
[17] G.Vignale,M. Rasolt,Phys.Re.Lett.59, 2360(1987)

[18] G. Vignale,M. Rasolt,Phys.Reg. B 37, 10685(1988)

[19] M. LudersE.K.U. Gross,Int.J.Quant.Chem.Symf(1994)
[20] O.-J.Wacler, R. Kiimmel,E.K.U. Gross to bepublished

[21] S.Wolfram, Mathematice.1,(Wolfram Researci1988-92)

30



