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A universalLDA-type densityfunctional describingthe electroniccorrelationsin superconductors
developedrom first principles. The functionalis constructedrom the exchange-correlatiofiee-energy

density, fhom

Xc I

of a homogeneouglectrongasexposedto an externaltranslationallyinvariant pairing

field. The quantity £1°m, which is a function of the density and a functional of the induced order
parameteris calculatedby many-bodyperturbationtheory.

PACS numbers:71.15.Mb,71.45.Gm,74.25.Jb

Densityfunctionaltheory (DFT) [1] is a powerful tool
in electronic-structurecalculationsof atoms, molecules,
and solids. Conventional DFT, however, is not able
to describe the superconductingphase of matter. In
1988, triggeredby the discoveryof the high-temperature
superconductor®liveira, Gross,andKohn[2] developed
the formal frameworkof a DFT for superconductors.n
this formalism the exchange-correlatiofxc) energyis a
functional of two quantities the ordinarydensity,n(r) =
> (bt (r)d,(r)), andthe superconductingrder parame-
ter x(r,r’) = (J4(r)iy(r')). The correspondingKohn-
Sham(KS) equationshavethe form of the Bogoliubow
de Gennesquationgatomicunits areusedthroughout)

2
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where u is the chemicalpotentialof the superconductor,
andthe effectiveelectrostati@ndpairing potentials,v,(r)
andA,(r,r’), aregivenby

= Ejv(r),

+ vxe[n, x1(r), (3)
An, x1(r,x') = Ag(r,r') + x(r,r’)
[r — r/|

+ Axcl:n, X] (I‘,I‘/), (4)

vo representsghe Coulomb potential of the lattice and
Ay is an externalpairing potentialproducede.g., by the
proximity effect of an adjacentsuperconductor.The xc
potentialsare formally definedas functional derivatives
of the xc-free-energyunctional Fy [ 7, x |:

8Fy[n, x]
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The first numericalsolution of theseKS equationsvas
achievedin 1993 for niobium [3]. Recently, the first
attemptsto tacklethe high-T,. superconductoraithin the
aboveDFT frameworkhaveappeared4,5]. In thiswork,
the xc functional was modeledby a phenomenological
interactiorkernelwhichwasexpandedn thelinearmuffin-
tin orbitals of a recently proposedeight-bandmodel for
YBCO [6,7]. Thecomparisorof variousscenariopointed
to the conclusionthat the pairing mechanismoperates
betweenelectronsof oppositespinson nearest-neighbor
Cusites.

While it is certainly fruitful to study the xc potential
of a particularsystem,the charmandthe power of DFT
derivesfrom the universality of the xc functional: One
and the samefunctional of n and y should predict the
specific propertiesof all materials. The presentLetter
representghe first attemptto constructsucha universal
functionalfor superconductors.The proposedunctional
can be viewed as the superconductingnalogof the lo-
cal spin-densityapproximation(LSDA). To explainthe
natureof our constructionwe first take a stepback and
briefly review the basic idea behind the LSDA as it is
commonly usedin the calculation of magneticproper-
ties: To constructthe LSDA, the homogeneouglectron
gasis exposedto a constantmagneticfield (in z direc-
tion) which producesa finite spin polarizationm. The
correspondingxc energyper unit volume then becomes
a function "™ (n, m) of the densityn and the spin po-
larization m. Once this function is known, the LSDA
functional for inhomogeneousystemswith density n(r)
and magnetizationm(r) is defined by ELSPA[n,m] =
[ d®r el (n(r), m(r)). It is well known that this func-
tional providesa rathersuccessfutlescriptionof magnetic
properties. The functionalitself is universal,i.e., its de-
pendenceon n and m is the samefor all systems. The
fact that the homogeneouglectrongas (without external
magneticfields) becomesspin polarizedonly at unphysi-
cally low densitiesis not relevant. What is usedin the

Axeln, x1(r,x') = (6)
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LSDA is thefunction ef¢™ (n, m) producedby finite exter- Ay= > /2 - 20)et o Cker
nal magneticfields. ok
We applythe samephilosophyto superconductorsThe .

homogeneouslectrongasis exposedo an externalpair- B Z [Ao(K)ewge—wy + H.c] (©)
ing field Ay which inducesa finite order parametery. ) ) ) )

Consequentlythe xc energydependonthedensityn and ~ describesa noninteractinggas exposedto the external
on x. To preservetranslationalinvariance the external ~ Pairing field Aq(k). uo is a shorthandfor the constant
pairing field Ao(r,r') is chosento dependon (r — r/)  (# — vo) andU representshe bareCoulombinteraction

only, so that its Fourier transformis given by Ay(k) = R 1 . . 1

[d*(r — re™T =) Ay(r,r'). Asaconsequencehein- U=> > fd%f &r' JreOPLe) g
ducedorderparametery (r, r’) is translationallyinvariant L&

aswell; its Fourier transformwill be denotedby (k). X g () (r). (10)
Consideringa homogeneousuperconductoat finite tem- In standardmany-bodyperturbationtheory one would

peraturey\l/le haveto determinethe xc free energyperunit 54 A1y as the unperturbedHamiltonian and  as the
on L .

volume, £, [n, x (k)], which is a function of the (con-  nertyrhation. For reasongxplainedbelowwe choosefor
stant)densityn anda functionalof y (k). Inanalogyto o diagrammatianalysis the Kohn-ShamHamiltonian
the LSDA functionaldiscussedbove,we thendefine the

LDA for superconductorby b = Z Z(kz/z _— )6;{ o
S s oCko

o k

FLPA[(R), yw(R,K)] = f &R [, 1] ‘

x=xw(Rk)

(7)

where yw (R, k) is the Wignertransform as the “unperturbeti Hamiltonian. u, is a shorthand
for the constant(u — vs) and A;(k) is the KS pairing
xw (R, k) = ] d3seiksX<R + i,R - i) (8)  potential(4) of a homogeneousystem. The full Hamil-
2 2 toniancanthenbewrittenas# = A, + H, with the per-
of the anomalousdensity y (r,r’) of the inhomogeneous turbationf, = U — H, + H,. Becausef the presence
systemsto be treated. It is obviousthat this definition  of the pairing field A (k) in the unperturbedHamilton-
correctlyreducesto the LDA of nonsuperconductingys-  ian A, the diagrammaticanalysisnot only involves the
temsin thelimit y — 0. At first sight, otherddinitions  normal KS Greernis function G but also the anomalous
of anLDA for superconductorith the correctnonsuper-  KS propagatorsF; and FI. The latter are represented
conductinglimit might be conceivable. However,a sys- by lineswith arrowspointingin oppositedirections. The
tematicgradientexpansionof the total-energyfunctional threediagramscontributingto the free energyto first or-
showsthatEq. (7) is in fact the only correctLDA for su-  derin A, are shownin Fig. 1. However,only the third
perconductors.This follows from a diagrammatieexpan-  diagram,Fig. 1c, contributesto the xc free energy F..
sion of the total energyof the inhomogeneousystemin Figure lacorrespondso the classicalelectrostaticenergy
termsof the normalandanomalousGreens functionsand  of the chargedistribution. This energy contribution is
the particle-particleinteraction. A subsequenti expan- not approximatedwithin the LDA but rathertreatedex-
sion of the Greens functions[8] resultsin a semiclassical actly, leadingto the Hartreepotentialin Eq. (3). Like-
expansionof the total energy. From this expansionone  wise,the“anomaloudHartreeenergy depictedin Fig. 1b
readily concludeq9] thatthe lowestordertermsin /i are  is notincludedin Fy.. Thistermleadsto the anomalous
identicalwith the LDA, leadingto Eq. (7). Hartreepotential,the secondterm on the right-handside
The LDA requiresf®™ asaninput. To determinethis  of Eq. (4). The only contributionto the xc free energy

XcC

functionalwe haveto calculatethe free energyassociated per unit volumein first orderis the exchangediagramof

n=n(R) , - Z [A;(k)ekTé—kl + HC] ’ (11)
k

with the HamiltonianA = H, + U, where | Fig. 1cyielding
. | [ &Pk I ek — B 4rr e — B
hom [, A = — 1 R I‘(—Rﬂi[l—ki’%t %(—R/ﬂ
£ s, As] 4](277)3 (277)3[ Re M)k —kp Re oMy M)

(12)

where Ry = /(ex — wms)? + [Ag(k)[? and e = k2/2. | with termsin the free energyof the unperturbedsystem
The wiggly lines in Figs.1la—1c representthe bare describedy the HamiltonianH,.

Coulomb interaction . The first-order contributions In secondorder,asin the normalelectrongas,someof
resulting from the one-body operatorsin A, cancel the diagramsare divergentdueto the long rangeof the
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Coulombinteraction. To obtain a finite result a partial
resummatiorof aninfinite subsebf diagramsneedsto be
performed. The simplestresummatiorof this kind is the

the most divergenttermsin every order. The RPA for
superconductorincludesall the normal and anomalous
bubblediagramsasindicatedin Fig. 2. Theresummation

randomphaseapproximation(RPA) [10], which includes | leadsto

dar dar
RPA[/LsaA ] 2,8 Z f (2 )3 {|09|:1 - Hs(q’ Vn)?:| + Hs(qa Vn)?}

with the evenMatsubardrequencies,,

%w)-—ZfQ)JGkwMHk+%%+vn+F&wMWk+%w+vm

with the odd Matsubardrequenciesv,,
Equations(12) and (13) representhe xc free energy
asa functional ffo™[ u,, A, (k)] of the potentialsu, and
A;(k) appearingin the KS Hamiltonian(11). The DFT
for superconductordiowever,requiresthe xc energyas
a functional of the densities{n, y (k)}. By virtue of the
Hohenberg-Kohntheorem for superconductorg2], ap-
plied to the noninteractingcase the potentials{w;, A (k)}
andthedensitiegn, y (k)} arein 1-1 correspondence.g.,
us andA (k) canbewritten asfunctionalsof n and y (k),

Agln, x(K)](q),
(15)

so that the desireddensity functional 1™ [n, y (k)] is
obtainedfrom

o[, x ()] = Fe [l x ()1 Aln, x (011

(16)

The functionals(15) correspondingo noninteractingsys-
temscan be constructedexplicitly by inverting the well-

knownrelations
Ek — Mg :8 >:|
————tanH —R , 17
- (£ r)]. an

Ms = ,U/X[I’l, /\/(k)]’ Ar(q) =

d*k

”:f@wil‘

X(k)—% Ry tan?(’BRk>

Given somedensities{n, y (k)}, the correspondingpoten-
tials @, = w,[ai, y(k)] andA; = A,[7, y (k)] are deter-
mined by the following steps:(a) for fixed B, Eq. (18) is

inverted,leadingto Ay(k) = D(uy, y(k)). At zerotem-
peraturethe inversefunction D is easilyconstructecana-
lytically, while atfinite temperatureD hasto beevaluated
numericallyfrom Eq. (18). (b) Insertthe result of step
(a) in Eq. (17), yielding the densityas a function n(u,).

(c) Find & suchthatii = n(is). (d) Insertthis i, in the

OO0 & &

a

(18)

FIG. 1. Firstorderdiagramscontributingto the free energy.
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(13)

= 2nm/B. ll; istheirreducibleKS polarizationgiven by

(14)

= @n + /. |

inversefunction D to get A;(k) = D(a,, y(k)). With
this procedurewe have explicitly constructedthe func-
tionals (15) and thereby the desired density functional
(16) for the xc energy. Had we chosenA, as unper-
turbed Hamiltonianand U as the perturbation,the dia-
grammaticanalysiswould havegiven the xc free energy

asa functional]‘fim[uo, Ay(k)] of the externalpotentials
mo and Ag(k). By virtue of the Hohenberg-Kohrtheo-
remfor superconductorf?], thelattercan,in principle,be
eliminatedin favor of the densities{n, y (k)}. In practice,
however the requiredinteractingfunctionalsuo[n, x (k)]

and Ag[n, y (k)] are not known while the noninteracting
KS relations(15) canbe constructedexplicitly asshown
above. For this reasorwe performedthe RPA resumma-
tion in termsof the KS propagators.

To gain someinsightin the relative importanceof the
anomaloudartree the exchangeandthe correlationcon-
tributionswe haveevaluatedheseenergiedor the simple
model pair potential A(k) = § exp(—(k;ﬁ), where kr
is the Fermiwavevectorand 6 and o areparameters.in
Fig 3 we showthedifferenceof exchangeenergiesys —
¥, in the superconductinds) and normal conducting
(N) statesthe negativedifference,—(fRPAS — fRPAN)
of the correspondingRPA correlationenergies,and the
anomalousHartree energy, fay. The plotted values
are the energydensitiescorrespondingo zero tempera-
tureandr, = 1. Their dependencen the parameters
and o turnsout to be rathersmooth. The exchangepart
is positiveandroughly 1 orderof magnitudesmallerthan
the othertwo terms. The anomaloudHartreeterm gives
rise to a large positive contribution. The RPA correla-
tion energydifference (fRPAS — fRPAN) “on the other
hand,leadsto a large negativecontributionwhich nearly
cancelsthe positive Hartreeterm; the sum of the three
termsis positive everywhere. The samestatementolds

RIRIDE

FIG. 2. TheRPA diagrams.
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FIG. 3. Numerical results for f5 — f¥ (lower sheet),
RPAN — fRPAS  (middle sheet), and fy (upper sheet)
(rs = 1).

truefor r, = 0.1, 1, 2, 3, 4, and5. In the conventional
s-wave superconductortheseCoulombicpositive-energy
contributionsare overcomeby negativecontributionsdue
to the electron-phonorcoupling. We emphasizehat for
the predictionof material-spedic propertiessuchasT,, it
is indispensiblegvenfor the conventionals-wave super-
conductorsto treatboththe electroniccorrelationsandthe
electron-phonorcouplingfrom first principles. While the
formeraretakencareof by the proposed_DA functional,
the latter can be accountedor by an appropriate*exter-
nal" pairing field Ay in Eq. (4). In the weak-coupling
regime,A is well representedtyy the ordinarymeantield
potentialassociatedvith the Bardeen-Pine§ll1] interac-
tion. Strongelectron-phonomouplingcanalsobetreated
within the DFT for superconductorsThis, however,is a
separatenatterwhich will be discussealsewherg12].

In this work we have constructedan LDA-type func-
tional to be employedin the description of real (in
particular,inhomogeneousinaterials. The functional is
obtainedfrom the xc free energyof a homogeneouslec-
tron gasexposedto an externalpairing field. Although
it is not the main purposeof this Letter, we finally ad-
dressthe questionwhetherthe homogeneouslectrongas
itself, i.e., without externalpairing field, hasa supercon-
ducting phase. This is a completelydifferent and rather
subtleissue. It shouldbe rememberedhatthe LSDA as
it is commonly appliedin ordinary DFT is not able to
describerealistically the spin-polarizedohaseof the ho-
mogeneouglectrongas without externalmagneticfield.
Thesephaseshavebeenreliably calculatedonly very re-
cently [13]. The questionwhetherthe electrongas has
a superconductingphasehasbeendiscussedn a number
of publications: In a classicalpaper,Kohn and Luttinger
[14] predicteda superconductingphaseat very low T,
with an order parameterof high angularmomentum. A
different mechanismgdueto plasmonexchangewas sug-
gestedlater by Takada[15]. Shamand co-workers[16]
solvedthe Eliashbergequationswith an RPA-screenedh-
teraction and found superconductivityat unrealistically
high critical temperature. The inclusion of vertex and
othercorrectiond17] lowersT. considerably.To investi-
gatethis issuewithin the presenDFT context,we haveto
solvetheKS equationq1) and(2) for ahomogeneousys-

temwith vanishingexternalpairing field. Clearly,in the
caseof a uniform gas,the solutionsfor the particle and
hole amplitudesare plane waves. The self-consistency
condition (4) for the KS pairing potentialis equivalentto
agapequationthatcontainsbothmeantield (Hartree)and
xc contributions. We found that this gapequationhasno
nonvanishingsolutionswith s-wave symmetry. Whether
or not the proposedRPA functional allows solutions of
the gap equationwith higherangularmomentumremains
to beinvestigated. Work alongtheselinesis in progress.
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