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A universalLDA-type densityfunctionaldescribingthe electroniccorrelationsin superconductorsis
developedfrom first principles. Thefunctionalis constructedfrom theexchange-correlationfree-energy
density, ���������� , of a homogeneouselectrongasexposedto an externaltranslationallyinvariant pairing
field. The quantity ���������� ,� which is a function of the density and a functional of the inducedorder
parameter,is calculatedby many-bodyperturbationtheory.

PACSnumbers:71.15.Mb,71.45.Gm,74.25.Jb

Density
 

functional theory(DFT) [1] is a powerful tool
in electronic-structurecalculationsof atoms,molecules,
and� solids. Conventional DFT, however, is not able
to
!

describe the superconductingphase of matter. In
1988, triggeredby the discoveryof the high-temperature
superconductors,Oliveira,Gross,andKohn [2] developed
the
!

formal frameworkof a DFT for superconductors.In
this
!

formalism the exchange-correlation(xc) energyis a
functional
"

of two quantities,the ordinarydensity, #%$'&)(+*,.-0/1+23�4'5)6078:9<;'=?>A@ , andthe superconductingorderparame-
ter
! BDCFE<GAH.IKJ+LNMPOQSRUT'V?W0XYSZA[F\.]K^A_

. The correspondingKohn-
Sham
�

(KS) equationshavethe form of the Bogoliubov–
de
`

Gennesequations(atomicunitsareusedthroughout)

acb degfih<jlk'm)npoiq rtsvu'w?xpy z%{}|v~)�����'�<�A�.�K�<�<���F�.�K�
�N�����t�v�'�?��� (1)

�
� �c� ��g�i�< l¡'¢)£p¤i¥ ¦<§�¨'©)ªp« ¬%­¯®�°)±³²´¯µ'¶¸·�¹»ºK¼�½t¾v¿'À.ÁKÂ

ÃiÄÆÅ�Ç<È�É'Ê)Ë�Ì (2)
�

whereÍ Î is the chemicalpotentialof the superconductor,
and� theeffectiveelectrostaticandpairingpotentials,Ï<Ð�Ñ'Ò?Ó
and� Ô�ÕlÖ'×<ØAÙ.ÚKÛ , aregivenby

Ü<ÝlÞFßáàUâäã<å'æ)ç+èêé»ë.ì'í)îpï ðòñ}ó}ôöõ%÷'ø.ùûúü ýÿþ������
����	�
���
��������������

(3)
�

������ �!#"�$&%�'&(�)+*-,/.10�2�3�4&5�6+7-8:9<;:=�>@?BA�C-DE FHG�I+J�K
L�M�N�O�P�Q�R#S�T&U�V&W�X+Y-Z�[

(4)
�

\�] represents^ the Coulomb potential of the lattice and_a`
is an externalpairing potentialproduced,e.g.,by the

proximityb effect of an adjacentsuperconductor.The xc
potentialsb are formally definedas functional derivatives
ofc thexc-free-energyfunctional dfe�g�h�i�j�k�l :

m�n�o�p�qsr�t�u&v�w�x/y{z�|f}�~����s��������a����� � (5)
�

�a���+���s�#���&���&�B���-���������f �¡�¢�£�¤¦¥�§¨@©/ª¬«�­@®B¯+°-±³² (6)
�

The first numericalsolutionof theseKS equationswas
achieved� in 1993 for niobium [3]. Recently, the first
attempts� to tacklethe high-́¶µ superconductorswithin the
above� DFT frameworkhaveappeared[4,5]. In this work,
the
!

xc functional was modeledby a phenomenological
interaction
·

kernelwhichwasexpandedin thelinearmuffin-
tin
!

orbitals of a recentlyproposedeight-bandmodel for
YBCO
¸

[6,7]. Thecomparisonof variousscenariospointed
to
!

the conclusion that the pairing mechanismoperates
between
¹

electronsof oppositespinson nearest-neighbor
Cu
º

sites.
While
»

it is certainly fruitful to study the xc potential
ofc a particularsystem,the charmand the power of DFT
derives
`

from the universality¼ ofc the xc functional: One
and� the samefunctional of ½ and� ¾ should predict the
specific propertiesof all¿ materials.À The presentLetter
representsthe first attemptto constructsucha universal
functional
"

for superconductors.The proposedfunctional
canÁ be viewed as the superconductinganalogof the lo-
calÁ spin-densityapproximation(LSDA). To explain the
natureof our constructionwe first take a stepback and
briefly
¹

review the basic idea behind the LSDA as it is
commonlyÁ used in the calculation of magneticproper-
ties:
!

To constructthe LSDA, the homogeneouselectron
gasÂ is exposedto a constantmagneticfield (in Ã direc-

`
tion)
!

which producesa finite spin polarization Ä . The
correspondingÁ xc energyper unit volume then becomes
a� function Å�ÆÈÇ�ÉÊ�ËÍÌ�Î�ÏBÐÒÑ ofc the density Ó and� the spin po-
larization Ô . Once this function is known, the LSDA
functional
"

for inhomogeneoussystemswith density ÕaÖ�×ÙØ
and� magnetizationÚÜÛ�Ý�Þ is defined by ß�àâáäã¶åæ�ç è�é�êBëÒì/íî�ïñðóò�ôÈõ�ö÷�øÍùùù�úaû�ü�ýÿþ�� ������� � � . It is well known that this func-
tional
!

providesa rathersuccessfuldescriptionof magnetic
properties.b The functional itself is universal,i.e., its de-
pendenceb on � and� 	 is the samefor all systems. The
fact
"

that the homogeneouselectrongas(without external
magneticfields) becomesspin polarizedonly at unphysi-
callyÁ low densitiesis not relevant. What is usedin the
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LSDA
�

is thefunction ������������������ � producedb by finite
!

exter-"
nal magneticfields."

We
»

applythesamephilosophyto superconductors:The
homogeneouselectrongasis exposedto an externalpair-
ing
·

fi
#

eld" $�% whichÍ inducesa fi
#

nite& order parameter' .
Consequently,
º

thexc energydependson thedensity( and�
onc ) . To preservetranslationalinvariance,the external
pairingb fi

#
eld" *�+�,�-/.�0�132 is

·
chosento dependon 4�57698�:3;

only,c so that its Fourier transformis given by <>=�?�@�ACBD�EGF�HJILKNM3OGP�Q�R�S TVU�W�X Y[Z�\�]�^`_ba�c3d
. As a consequence,the in-

duced
e

orderparameterfhgji/k�lnmpo is translationallyinvariant
asq well; its Fourier transformwill be denotedby rts�u�v .
Considering
w

a homogeneoussuperconductorat fi
#

nitex tem-
perature,y we haveto determinethexc freeenergyperunit
volume,z {>|�}�~�����������t������� , which is a function

�
of� the (con-

stant)density � andq a functional
�

of� �h���>� . In analogyto
the
�

LSDA functionaldiscussedabove,we thendefi
#

nex the
LDA for superconductorsby

��������������> �¡ ¢G£�¤¦¥C§�¨ª©�«>¬�­C® ¯�°b±³²�´�µ�¶·�¸�¹�º�»�¼¾½ ¿ÁÀÃÂÅÄ ÆÃÇ
ÈÃÉÃÊ�Ë�Ì Í�Î ÏÑÐ

Ò
(7)
Ó

whereÔ Õ¦ÖC×�ØªÙ�Ú>Û is theWigner transform

Ü¦ÝCÞjß³à�á>âCã ä�å[æèç�é�ê�ëíì îðïòñóõô�öð÷òøù (8)
Ó

of� the anomalousdensity úhû�ü`ý�þ�ÿ�� of� the inhomogeneous
systemsto be treated. It is obvious that this defi

#
nitionx

correctly� reducesto the LDA of nonsuperconductingsys-
tems
�

in the limit ����� . At first sight, otherdefinitions
of� anLDA for superconductorswith thecorrectnonsuper-
conducting� limit might be conceivable. However,a sys-
tematic
�

gradientexpansionof the total-energyfunctional
showsthat Eq. (7) is in fact the� only correct� LDA for su-
perconductors.y This follows from a diagrammaticexpan-
sion of the total energyof the inhomogeneous

	
systemin

terms
�

of thenormalandanomalousGreen’s functionsand
the
�

particle-particleinteraction. A subsequent
� expan-�
sionof theGreen’s functions[8] resultsin a semiclassical
expansion� of the total energy. From this expansionone
readily
 concludes[9] that the lowestordertermsin �� areq
identicalwith theLDA, leadingto Eq. (7).

TheLDA requires���������� asq aninput. To determinethis
functional
�

we haveto calculatethe freeenergyassociated
withÔ theHamiltonian ���� �!#"%$�&' , where

()+*-, . /
021436587:9<;>=8?8@ACBD6EGFHJI6K

L M NPOQ6R2S�TVUWYX8Z\[]6^`_8a+b H.c.
c

(9)
Ó

describes
e

a noninteractinggas exposedto the external
pairingy field� d�e6f2g�h . i>j is a shorthandfor the constantk�lnm<o6prq

andq st represents
 thebareCoulombinteraction

uvxw yz {4| }�~ ���V� ���V�V���������2�������������2�����
 ¡ ¢¤£¦¥�§©¨

ª¬«­>®�¯�°2±�²�³�´µ>¶�·2¸�¹�º
(10)
Ó

In standardmany-bodyperturbationtheory one would
take
� »¼+½

asq the unperturbedHamiltonian and ¾¿ asq the
perturbation.y For reasonsexplainedbelowwe choose,for
our� diagrammaticanalysis,theKohn-ShamHamiltonian

ÀÁÃÂ+Ä Å Æ
Ç2È4É6ÊVË:Ì<Í+Î©Ï8ÐÑCÒÓ6ÔÖÕ×JØ6Ù

Ú Û ÜPÝ Þrß2à�áVâãYä8å\æç6è`é8ê+ë H.c.
ì í

(11)
î

asï the “unperturbedð ” Hamiltonian. ñ+ò is a shorthand
for
ó

the constant ô�õnö<÷ùø©ú andï ûýüÿþ���� is
�

the KS pairing
potential� (4) of a homogeneoussystem. The full Hamil-
tonian
�

canthenbewritten as ��
	��
��������� with� theper-
turbation
� ��������� ��!"�#%$'&(*)

. Becauseof thepresence
of+ the pairing fi

#
eld, -/.10�2�3 in

�
the unperturbedHamilton-

ian 45�6 , the diagrammaticanalysisnot only involves the
normal KS Green’s function 798 but

:
also the anomalous

KS
;

propagators<>= andï ?�@A . The latter are represented
by
:

lineswith arrowspointing in oppositedirections. The
three
�

diagramscontributingto the free energyto fi
#

rstB or-
der
C

in DE�F areï shownin Fig. 1. However,only the third
diagram,
C

Fig. 1c, contributesto the xc free energy GIH1J .
Figure1acorrespondsto theclassicalelectrostaticenergy
of+ the chargedistribution. This energy contribution is
not approximatedwithin the LDA but rather treatedex-
actly,ï leading to the Hartreepotential in Eq. (3). Like-
wise,� the “anomalousï Hartreeenergy” depicted

C
in Fig. 1b

is
�

not includedin KIL1M . This term leadsto the anomalous
Hartreepotential,the secondterm on the right-handside
of+ Eq. (4). The only contribution to the xc free energy
per� unit volumein fi

#
rstB order is the exchangediagramof

Fig. 1c yielding

NO�PRQTSU VXW*Y[Z]\_^a`cbed
f
g

h�ikj
l�mon_p1q

r�sutwv
x�yoz_{1| }�~��������*��>� tanh

� � ���>� �o�� �������X� � �����¡ £¢¥¤§¦*¨©>ª£« tanh
� ¬ ­¯®>°£± ²

(12)
î

where� ³>´¶µ ·X¸�¹�º�»*¼a½R¾�¿ÁÀ�Â/Ã1Ä�Å�Æ£Ç È andï É¡Ê¶Ë�ÌÎÍÐÏ£Ñ .
The wiggly lines in Figs. 1a–1c represent the bare
Coulomb
Ò

interaction ÓÔ . The fi
#

rst-orderÕ contributions
resulting from the one-body operators in Ö×�Ø cancelÙ

withÚ termsin the free energyof the unperturbedsystem
described
Û

by theHamiltonian ÜÝ�Þ .
In
ß

secondorder,asin thenormalelectrongas,someof
the
à

diagramsare divergentdue to the long rangeof the
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Coulomb
Ò

interaction. To obtain a fi
#

niteâ result a partial
resummationof an infinite subsetof diagramsneedsto be
performed.ã The simplestresummationof this kind is the
randomphaseapproximation(RPA) [10], which includes

the
à

most divergentterms in every order. The RPA for
superconductorsincludesall the normal and anomalous
bubble
ä

diagramsasindicatedin Fig. 2. Theresummation
leadsto

åæ�çwè]éê ëXì*í[î]ï/ðañ*ò
ó
ôöõ ÷ùø

ú�ûkü
ý�þoÿ���� log �����
	���
�������� ������ ������ �!�"�#�$�%

&('
)�* (13)

+
withÚ theevenMatsubarafrequencies,(-/.1032547698 . :
; is the irreducibleKS polarizationgivenby

<
=�>�?A@�B�C�DFEHGI J3K LAMONP�Q(R�S�TVUXWZY�[]\_^�`ba�ced7f�g]hjilk�m�nbo�p1q(r�sutwv�x�y�z|{�}b~��X������]���l�����F�
�������e� (14)
+

withÚ theoddMatsubarafrequencies�F�/�����9���������Z�9  .
Equations
¡

(12) and (13) representthe xc free energy
as¢ a functional £¤A¥§¦e¨©�ª¬«®­F¯�°�±|²�³�´5µe¶ of· the potentials ¸b¹ and¢º�»�¼�½A¾

appearing¢ in the KS Hamiltonian(11). The DFT
for
¿

superconductors,however,requiresthe xc energyas
a¢ functional of the densitiesÀXÁAÂeÃ�Ä]ÅAÆeÇ . By virtue of the
Hohenberg-Kohntheorem for superconductors[2], ap-
pliedã to thenoninteractingcase,thepotentialsÈ�ÉbÊ�Ë�Ì|Í�Î�Ï5ÐeÑ
and¢ thedensitiesÒXÓAÔXÕ7Ö�×AØ®Ù are¢ in 1-1 correspondence,i.e.,ÚbÛ and¢ Ü|Ý�Þ�ß5à canÙ bewritten asfunctionalsof á and¢ â7ã�äAå ,

æbçbè�ébê�ë�ìAí®î�ï]ðAñeòôó õ�ö�÷�ø�ùbú�û|ü�ý�þAÿ��������	��
���
��
(15)
+

so that the desireddensity functional ��������������������� "!	# is
obtained· from

$�%�&�'(�)�*,+.-�/�0,1�2	354768�9�:�;<�=�>>>�?A@�B�C.D�E�F�G"H	IKJMLON�P�Q.R�S�T�U�V	W W W W�X
(16)
+

The functionals(15) correspondingto noninteractingsys-
tems
à

can be constructedexplicitly by inverting the well-
knownrelations

Y[Z \�]_^`�acbed�f gihkjmlonqpArsut tanh
à v wyxuz {

(17)
+

|�}�~��A� ��
�O�����"�
�u� tanh
à � �y�u� �

(18)
+

Given
�

somedensities������m������"��� , the correspondingpoten-
tials
à ��5���¡ 5¢�£�¤¥�¦¨§©�ª�«"¬�­ and¢ ®¯O°�±¡²O³�´�µ¶�·¨¸¹�º,»�¼�½ are¢ deter-
mined¾ by the following steps:(a) for fi

#
xed¿ À , Eq. (18) is

inverted,leadingto ÁOÂ�Ã�Ä�Å5ÆqÇÉÈÈÈ	Ê5ËÍÌmÎÏ�Ð,Ñ�Ò Ò Ò Ò . At zerotem-
perature,ã the inversefunction Ó is

Ô
easilyconstructedana-

lytically, while atfinite temperature,Õ hasto beevaluated
numericallyâ from Eq. (18). (b) Insert the result of step
(a)
+

in Eq. (17), yielding the densityas a function Ö"×�ØAÙ	Ú .
(c)
+

Find ÛÜAÝ suchthat Þßáàqâ�ãåäæAç�è . (d) Insertthis éêAë in
Ô

the

FIG. 1. First orderdiagramscontributingto the free energy.

inversefunction ì to
à

get íîeïMð�ñ�òAóqôÉõõõ÷öøAùÍúmûü�ý�þ"ÿ ÿ ÿ ÿ . With
this
à

procedurewe have explicitly constructedthe func-
tionals
à

(15) and thereby the desireddensity functional
(16)
+

for the xc energy. Had we chosen ����
as¢ unper-

turbed
à

Hamiltonian and
��

as¢ the perturbation,the dia-
grammatic� analysiswould havegiven the xc free energy

as¢ a functional
���
	���
�������������
��� �"!�# of· the externalpotentials$�% and¢ &"'�( )"* . By virtue of the Hohenberg-Kohntheo-

remÕ for superconductors[2], thelattercan,in principle,be
eliminated+ in favor of thedensities,�-".0/2143"5�6 . In practice,
however,
7

the requiredinteractingfunctionals 8�9�: ;"<�=?> @"A0B
and¢ C"D�E F"G�HJI K
L0M are¢ not known while the noninteracting
KS
N

relations(15) canbe constructedexplicitly asshown
above.¢ For this reasonwe performedthe RPA resumma-
tion
à

in termsof theKS propagators.
To gain someinsight in the relative importanceof the

anomalous¢ Hartree,theexchange,andthecorrelationcon-
tributions
à

we haveevaluatedtheseenergiesfor thesimple
model pair potential O�P Q
RTSVU exp+ W�XZY []\_^�`badce�fhg , where ikj
is
Ô

theFermiwavevectorand l and¢ m are¢ parameters.In
Fig. 3 we showthedifferenceof exchangeenergies,n
oprqsutv , in the superconductingw xzy and¢ normal conducting{ |~}

states,the negativedifference, �T���
������� �� ���"���]��� �� � ,
of· the correspondingRPA correlationenergies,and the
anomalous¢ Hartree energy, �u��� . The plotted values
are¢ the energydensitiescorrespondingto zero tempera-
ture
à

and ������� . Their dependenceon the parameters 
and¢ ¡ turns

à
out to be rathersmooth. The exchangepart

is positiveandroughly1 orderof magnitudesmallerthan
the
à

other two terms. The anomalousHartreeterm gives
riseÕ to a large positive contribution. The RPA correla-
tion
à

energydifference ¢�£"¤�¥�¦�§ ¨© ª¬«"­�®�¯�° ±² ³ , on the other
hand,leadsto a largenegativecontributionwhich nearly
cancelsÙ the positive Hartreeterm; the sum of the three
terms
à

is positiveeverywhere. The samestatementholds

FIG. 2. The RPA diagrams.
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FIG. 3. Numerical results for ´�µ¶¸·º¹�»¼ (lower sheet),½�¾k¿�ÀÂÁ ÃÄ ÅÇÆzÈÊÉbËkÌ ÍÎ (middle sheet), and ÏÑÐ (upper
Ò

sheet)
(ÓÕÔ×ÖÙØ ).

true
à

for Ú�Û�ÜÞÝuß4à , 1, 2, 3, 4, and 5. In the conventionalá -wavesuperconductorstheseCoulombicpositive-energy
contributionsÙ areovercomeby negativecontributionsdue
to
à

the electron-phononcoupling. We emphasizethat for
the
à

predictionof material-specificÙ properties,suchas â�ã , it
is
Ô

indispensible,evenfor the conventionalä -wavesuper-
conductors,Ù to treatboththeelectroniccorrelationsandthe
electron-phonon+ couplingfrom fi

#
rstÕ principles. While the

formeraretakencareof by theproposedLDA functional,
the
à

latter can be accountedfor by an appropriate“exter-+
nalâ ” pairingã fi

#
eld+ å"æ in

Ô
Eq. (4). In the weak-coupling

regime, ç
è is well representedby theordinarymean-field+
potentialã associatedwith the Bardeen-Pines[11] interac-
tion.
à

Strongelectron-phononcouplingcanalsobetreated
withinÚ the DFT for superconductors.This, however,is a
separatematterwhich will bediscussedelsewhere[12].

In
ß

this work we haveconstructedan LDA-type func-
tional
à

to be employed in the description of real (in
particular,ã inhomogeneous)materials. The functional is
obtained· from the xc free energyof a homogeneouselec-
tron
à

gasexposedto an externalpairing fi
#

eld.+ Although
it is not the main purposeof this Letter, we finally ad-
dress
Û

the questionwhetherthe homogeneouselectrongas
itself,
Ô

i.e., without externalpairing fi
#

eld,+ hasa supercon-
ducting
Û

phase. This is a completelydifferent and rather
subtleissue. It shouldbe rememberedthat the LSDA as
it is commonly applied in ordinary DFT is not able to
describe
Û

realistically the spin-polarizedphasesof the ho-
mogeneouselectrongaswithouté external+ magneticfield.+
Thesephaseshavebeenreliably calculatedonly very re-
centlyÙ [13]. The questionwhetherthe electrongas has
a¢ superconductingphasehasbeendiscussedin a number
of· publications: In a classicalpaper,Kohn andLuttinger
[14] predicteda superconductingphaseat very low ê�ë
withÚ an order parameterof high angularmomentum. A
different
Û

mechanism,dueto plasmonexchange,wassug-
gested� later by Takada[15]. Shamand co-workers[16]
solvedtheEliashbergequationswith anRPA-screenedin-
teraction
à

and found superconductivityat unrealistically
high critical temperature. The inclusion of vertex and
other· corrections[17] lowers ì�í considerably.Ù To investi-
gate� this issuewithin thepresentDFT context,we haveto
solvetheKS equations(1) and(2) for ahomogeneoussys-

tem
à

with vanishingexternalpairing fi
#

eld.+ Clearly, in the
caseÙ of a uniform gas,the solutionsfor the particle and
hole
7

amplitudesare plane waves. The self-consistency
conditionÙ (4) for the KS pairing potentialis equivalentto
a¢ gapequationthatcontainsbothmean-fi

#
eld+ (Hartree)and

xc contributions. We found that this gapequationhasno
nonvanishingâ solutionswith î -wavesymmetry. Whether
or· not the proposedRPA functional allows solutionsof
the
à

gapequationwith higherangularmomentumremains
to
à

beinvestigated.Work alongtheselines is in progress.
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