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The presence of bound states in a nanoscale electronic system attached to two biased, macroscopic

electrodes is shown to give rise to persistent, non-decaying, localized current oscillations which can

be much larger than the steady part of the current. The amplitude of these current oscillations and

of the corresponding density oscillations depends on the entire history of the applied potential. The

bound-state contribution to the time-averaged density turns out to be history-dependent as well and

leads to a natural definition of the bound-state occupations out of equilibrium.

In recent years it has become possible to measure the

current through single molecules attached to two macroscopic

electrodes.1,2 This is hoped to be a first step towards the vision of

‘‘molecular electronics’’ where single molecules become the basic

units (transistors, etc.) of highly miniaturized electronic devices.

To address electronic transport on such a small scale

theoretically, one needs a full quantum description of the

electronic dynamics. Non-equilibrium Green’s functions

(NEGF) provide a natural framework to study quantum

transport properties of nanoscale devices coupled to leads.

When a bias is applied, the electrodes remain in local equili-

brium while the current is driven by the different chemical

potentials in the left and right lead. In model systems the leads

are assumed to be non-interacting and the current is computed

from the Meir–Wingreen formula3 using approximate

many-body self-energies SMB. For weakly correlated models

SMB B 0 and the Meir–Wingreen formula reduces to the

Landauer– Büttiker formula,4,5 as it should.

If one wants to account for the full atomistic structure of the

system, the NEGF formalism is usually combined with static

density functional theory (DFT) and the current is computed

from a Landauer-type equation.6–14 This approach enjoys

increasing popularity, in particular for the description of

transport experiments on single molecules.1 From a funda-

mental point of view, however, the use of static DFT—which

is an equilibrium theory—is not justified to describe non-

equilibrium situations. For a critical review of this methodology,

the reader is referred to ref. 15.

By construction, the NEGF+DFT approach inherits the

main assumption of the Landauer formalism that for a system

driven out of equilibrium by a dc bias, a steady current will

eventually develop. In other words, the dynamical formation

of a steady state does not follow from the formalism but rather

constitutes an assumption. The question of how the system

reaches the steady state has been addressed theoretically in

ref. 16 & 17 where it was shown that the total current (and

the density) reaches a steady value if the local density of states is

a smooth function of energy in the device region. In the same

work it was also shown that for non-interacting electrons the

steady current is independent both of the initial conditions and

of the history of the bias, i.e., all memory effects are washed out.

The situation is different, however, if there exist two or more

localized bound states (BS) in the device region, i.e., if the local

density of states has sharp peaks at certain energies. In this

case a non-interacting system exposed to a dc bias does not

evolve to a steady state.18–20

Let H0 be the one-particle Hamiltonian of the system in

equilibrium. At positive times we perturb the system with a

longitudinal electric field and we assume that the one-particle

Hamiltonian H(t) globally converges to a time-independent

Hamiltonian HN when t - N. We further assume that for

any two points r and r0 in electrode a the quantity

hr0|H(t)�H0|ri = Ua(t)d(r�r0) where |ri is a position eigenket

and Ua(t) is a spatially uniform, time-dependent shift. In that

case, the unitary operator (atomic units are used throughout)

M
y ¼ lim

t!1
eiH

1 tT½e�i
R t

0
dtHðtÞ�; ð1Þ

with T being the time-ordering operator, is well defined and we

can express the one-particle density matrix r(r,r0;t) in the

long-time limit as

r(r,r0;t - N) = hr|e�iH
N

tMw f(H0)MeiH
N

t|r0i, (2)

where f(H0) is the Fermi function with argument H0.

Let |cbi be the bound eigenstates of HN with eigenenergies

eb and |cki the continuum eigenstates of HN with eigen-

energies ek. Inserting twice the completeness relation

1 = Sb |cbihcb| + Sk |ckihck| one can rewrite eqn (2) as

rðr; r0; t!1Þ ¼
X
b;b0

cbðrÞfb;b0c�b0 ðr0Þe�iðeb�eb0 Þt

þ
X
k

ckðrÞfk;kc�kðr0Þ;
ð3Þ
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with

fb,b0 = hcb|M
w f(H0)M|cb0i (4)

and fk,k = hcb|M
w f(H0)M|cki. In eqn (3) we have used the

Riemann–Lebesgue theorem to cancel the bound-continuum

contributions and the off-diagonal terms of the continuum-

continuum contribution.19 Clearly, by virtue of eqn (1), the

operator M depends on the history of the time-dependent

perturbation. Therefore the coefficients fb,b0 are matrix

elements of f(H0) between history-dependent localized

functions.

In eqn (3) a steady component of r is superimposed by

undamped harmonic oscillations. The total current through a

plane P perpendicular to the transport geometry has the form

lim
t!1

IPðtÞ ¼ I
ðSÞ
P þ I

ðDÞ
P ðtÞ; ð5Þ

where the steady contribution I(S)P is given by the Landauer

formula. The dynamical part, I(D)
P (t), reads

I
ðDÞ
P ðtÞ ¼ 2

X
b;b0

fb;b0L
P
b;b0 sin½ðeb � eb0 Þt�; ð6Þ

where

LP
b,b0 =

R
P ds n̂�cb0*(r)rcb (r). (7)

In eqn (7) the surface integral is over the plane P and n̂ is the

unit vector perpendicular to the surface element ds. It is worth
noting that the operator M, which we will call ‘‘memory

operator’’ from now on, appears in both quantities I(S)P and

I(D)
P through the coefficients fk,k and fb,b0. In the steady part,

however, the history dependence cancels out.19 The question

whether or not history dependent effects can actually be

observed in the dynamical contribution, I(D)
P (t), is one of the

central issues addressed below.

In the present work we demonstrate by numerical simula-

tions that (i) the amplitude of the current oscillations may be

very large compared to the steady component of the current;

(ii) the amplitude of the current oscillations may be strongly

history dependent; (iii) our time-dependent approach provides

a natural way to properly define the occupation numbers of BS

with energies in the bias window. It should be remembered

that within the standard NEGF+DFT approach, the question

of how to take BS into account in the calculation of the

density11,22 has, so far, remained an unsolved problem.

Here we show how the BS occupations naturally result

from the time evolution of the underlying time dependent

Kohn–Sham (TDKS) system; and (iv) we demonstrate the

intuitively

expected result that the BS occupations are history-dependent,

i.e., they depend on how the potential is switched on.

In order to investigate in detail the actual dependence of the

coefficients fb,b0 on the history of the TD perturbation, we

study model systems of non-interacting electrons at zero

temperature using a recently proposed algorithm21 suitable

to describe TD transport through open systems. The central

feature of this algorithm is that it allows for the numerically

exact solution of the TD Schrödinger equation in the central

device region in the presence of the semi-infinite electrodes. We

consider one-dimensional systems described by the TD

Hamiltonian

Hðx; tÞ ¼ � 1

2

d2

dx2
þU0ðxÞ þUðx; tÞ: ð8Þ

For times t o 0 the system is in its ground state described by

the Hamiltonian H0ðxÞ ¼ �r2

2 þU0ðxÞ. At t = 0 the system is

driven out of equilibrium by applying a TD field U(x,t). We

choose the TD perturbation in such a way that for t - N

the Hamiltonian globally converges to an asymptotic

Hamiltonian, HN(x).

The TD perturbation can be split into three sub-regions

depending on where in the system it is imposed: Ua with

a = L,R, represents the applied bias in the left (L) and right

(R) leads and is independent of the position within the lead. In

the central region, the TD perturbation (which we call a gate

voltage Vg(x,t)) may depend both on position x and time t.

Thus, the total TD perturbation can be written as

Uðx; tÞ ¼
ULðtÞ �1oxoxL
Vgðx; tÞ xLoxoxR
URðtÞ xRoxo1

8<
: : ð9Þ

In the numerical simulations described below, the explicit

propagation window ranges from xL = �1.2 a.u. to xR =

1.2 a.u. We choose a lattice spacing Dx = 0.012 a.u. and use a

simple three-point discretization for the kinetic energy. The

initial potential is U0(x) = 0 for any point x in the left or right

lead. Therefore, the occupied part of the continuous spectrum

ranges from momenta k ¼ �kF ¼ �
ffiffiffiffiffiffiffi
2eF
p

to k = kF which is

discretized with 400 k-points (eF being the Fermi energy). The

(non-interacting) many-body state is propagated from t= 0 to

t = 1400 a.u. using a time step Dt = 0.05 a.u.

In the first model the initial state is a Slater determinant of

plane waves with energies less than eF = 0.1 a.u. At t = 0 we

suddenly switch on a biasUL = 0.15 a.u. in the left lead and as

a result a current flows which after some transient time reaches

a steady value of about 0.027 a.u. After the steady state is

attained, at time T = 100 a.u., we switch on a gate potential

Vgðx; tÞ ¼ �
ðt� TÞ
Tg

vg ð10Þ

for T o t o T + Tg with a switching time Tg = 20 a.u.

and the final depth of the potential well vg = 1.3 a.u. For

times t Z T + Tg this gate potential remains unchanged at

Vg(x,t) = �vg and supports two BS at e1 = �0.933 a.u. and

e2 = �0.063 a.u.

The resulting TD current in the center of the device region is

shown in the upper left panel of Fig. 1. The development of a

steady-state current for To 100 a.u. can clearly be recognized.

After the BS are created (t 4 T + Tg) the current starts to

oscillate as expected. The amplitude of the current oscillation

is of the order of 0.35 a.u., i.e., more than an order magnitude

larger than the steady-state current.

The history dependence of the current oscillations can be

seen by comparing the current in the upper and lower left

panels of Fig. 1. Both currents were computed by starting

from the same initial state and applying the same bias at t= 0.

In the lower panel we create the same, final potential as in the

upper panel, but in two steps. At T = 100 a.u. we suddenly

4536 | Phys. Chem. Chem. Phys., 2009, 11, 4535–4538 This journal is �c the Owner Societies 2009



switch on a first gate potential with depth vg = 0.2 a.u. which

creates only one BS. Waiting for the slow decay of the

resulting bound-continuum transitions we then apply an

additional gate potential of depth vg = 1.1 a.u. (hence the

total depth is 1.3 a.u.) with a switching time Tg = 20 a.u.

Again we recognize the persistent current oscillations due

to the bound–bound transition. Although the amplitude

(about 0.07 a.u.) is still large compared to the steady-state

current, it is about a factor of four smaller than the amplitude

in the previous case.

Clearly, BS oscillations not only appear in the current but

also in the density, because current and density oscillations are

connected through the continuity equation. As a consequence

we observe memory effects in the amplitude of the density

oscillations as well.

By eqn (5), the current consists of the steady-state (Landauer)

part , I(S)P , and the dynamic part, I(D)
P (t). Correspondingly, the

density has a steady-state part and a dynamical contribution.

The latter is given by

nðDÞðr; tÞ ¼
X
b;b0

fb;b0cos½ðeb � eb0 Þt�c�b0 ðrÞcbðrÞ: ð11Þ

Interestingly, in contrast to the dynamical current, the dynamical

density n(D)(r,t) contains a time-independent part arising from

the diagonal (b = b0) contributions to the double sum in

eqn (11). It is exactly this fact that allows us to interpret the

coefficients fb,b as occupation numbers of the BS in the

long-time limit. Thus, the TD description provides a natural

solution to the problem of how to populate BS in transport

calculations. In the standard NEGF+DFT approach, BS

below the bias window are entirely populated (i.e., fb,b = 1)

while BS within the bias window are populated empirically

with some plausible choice23 of occupation numbers. Of

course, due to its self-consistent nature, the solution of the

NEGF+DFT approach is affected by this somewhat arbitrary

choice of BS occupations.

To illustrate the existence of memory effects in the time-

independent part of the density we have computed nav(x), the

time-dependent density averaged over an oscillation period for

a system with two bound states in the final Hamiltonian. The

system is the one which leads to the current shown in the upper

left panel of Fig. 1 except that the gate potential is turned on

with different switching times Tg. In Fig. 2 we show nav(x) for

three different values of Tg and, as one can see, the corres-

ponding nav(x) differ quite substantially. This difference has to

be attributed to BS since for the contribution of the scattering

states all memory is washed out.17 Of course, the relative

importance of the BS contribution to nav(x) will decrease when

eF (and therefore the contribution of the continuum states)

increases. By subtracting the continuum contribution from nav
and fitting the explicit function n(D) with the numerical curve

(where the only fitting parameters are the coefficients fb,b for

b = 1,2) we have been able to calculate the BS occupations

fb,b. Those are shown in the inset of Fig. 2 as a function of Tg.

Remarkably we find that fb,b exhibits rather large deviations

from unity, especially for small switching times. In other

words, choosing full occupation (fb,b = 1) for the bound states

below the bias window is justified only for the case of adiabatic

switching. As one would intuitively expect, the occupation of

the state with lower energy (b = 1) is larger than for the state

with higher energy. In the adiabatic limit of very slow switch-

ing (Tg - N), both occupation numbers approach unity

which is expected since both states are energetically below

eF. The occupation numbers also offer an intuitive qualitative

picture of the size of the current and density oscillations: for

relatively short switching times (Tg r 50 a.u.) the occupation

Fig. 1 Time evolution of the current at x = 0. At t = 0 a.u., a bias

UL = 0.15 a.u. is suddenly switched on and the system evolves to a

steady state. Upper panels: at T = 100 a.u., a gate potential is turned

on (vg = 1.3 a.u. and Tg = 20 a.u.) which creates two BS and results in

large amplitude oscillations of the current. A sequence of the time-

dependent potential is sketched in the right panel. Lower panels: at

T= 100 a.u., a first gate potential (vg = 0.2 a.u. and Tg = 0) is turned

on which creates a single BS. Waiting for the transients to decay, a

second gate voltage (vg = 1.1 a.u. and Tg = 20 a.u.) is then applied

which leads to the formation of a second BS and therefore to persistent

current oscillations (again, the right panel sketches the potential

sequence). Although HN is identical in both cases, the amplitude of

the current oscillation is significantly smaller in the second case,

illustrating its dependence on the history of the system.

Fig. 2 Memory effects for the static part of the density in the long-

time limit in the presence of BS. The densities shown here correspond

to systems studied in the upper panel of Fig. 1 except that they are

computed for three different switching times of the gate potential of

eqn (10): Tg = 0.1 a.u. (solid line), Tg = 5.0 a.u. (dashed), and

Tg = 20 a.u. (dash-dotted). The inset shows the occupation numbers

fb,b (eqn (4)) of the two bound states as function of switching time.
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numbers deviate substantially from one. Therefore the transi-

tion probability between the bound states is relatively large

and so are the oscillations in current and density. On the other

hand, for large switching times both bound states are almost

‘‘fully’’ occupied and the probability of a transition between

them is small, leading to small amplitudes in the dynamical

density.

In summary we have demonstrated that: (1) the persistent

current oscillations in the presence of BS can be much larger

than the steady-state current; (2) the amplitude of the current

oscillations can have a strong dependence on the history of the

system; (3) a similar history dependence is found for the

contribution of the BS to the density; and (4) the occupation

of BS below and within the bias window is well-defined in a

TD description of quantum transport. We would like to

emphasize the importance of these results for all transport

calculations: the first three points challenge one of the funda-

mental assumptions of the Landauer formalism (the assump-

tion that a unique steady state always develops) while the

fourth point solves the problem of properly defining the BS

occupations. Hence the TD approach to transport provides a

natural, unified framework to describe current oscillations,

memory effects and BS occupations.

In the simulations presented above, electron–electron and

electron–phonon interactions have not been included. In real

systems, of course, electron–phonon scattering leads to a level

broadening and hence damping of the oscillations with a

typical time scale of picoseconds. However, since ultimately

one wants to exploit the ability of molecular electronics

devices to switch on the electronic time scale (femtoseconds),

phononic damping is less important while the BS oscillations

become extremely relevant. To assess the role of the electron–

electron interaction, we point out that the entire formalism

remains valid for any effective single-particle theory such as,

e.g., TD Hartree–Fock (which treats interactions approxi-

mately) or TDDFT (which can treat interactions in principle

exactly). In these kind of theories, essentially two situations

are conceivable: in the first scenario the effective single-particle

potential converges to a time-independent potential, supporting

bound states in the long-time limit. If this approach is suffi-

ciently fast then, by eqn (5), oscillating currents will appear. In

the second scenario, the effective single-particle potentials

are time-dependent (with the BS eigenenergy differences as

prominent frequencies) leading again to time-dependent

currents and densities (by virtue of Floquet’s theorem). This

is evidently achieved in approximations such as adiabatic

LDA. Although this argument is clearly not mathematically

rigorous, the in-principle exact single-particle nature of the

TDKS equations suggests that even in the presence of electron–

electron interactions oscillations may appear.
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