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A new density-functionabpproachto calculatethe excitationspectrumof many-electrorsystemsis
proposed. It is shownthat the full linear densityresponseof the interactingsystem,which haspoles
at the exactexcitation energiescan rigorously be expressedn termsof the responsdunction of the
noninteracting Kohn-Shamystemanda frequency-dependeeixchange-correlatiokernel. Usingthis
expressionthe polesof the full responseunction are obtainedby systematicimprovementupon the
polesof the Kohn-Shamresponsdunction. Numericalresultsare presentedor atoms.

PACSnumbers:31.15.Ew,31.50.+w,32.30.—r

The traditional density-functionaformalismof Hohen-
berg,Kohn, andSham([1,2] is a powerfultool in predict-
ing ground-stateproperties of many-electron systems
[3-5]. The descriptionof excited-statgropertieswithin
density-functionakheory (DFT), however,is notoriously
difficult. Severalextensionsof ground-stateDFT have
beendevisedo tackleexcitedstates. Theyarebaseckither
on the Rayleigh-Ritzprinciple for the lowesteigenstatef
eachsymmetryclass[6—8] or on a variational principle
for ensemblef9—12]. A serioudifficulty is that,until to-
day, very little is knownon how the exchange-correlation
(xc) energyfunctionalsappearingn theseapproacheslif-
fer from the ordinaryground-statexc energy.

In this Letter we proposea different approachto the
calculation of excitation energieswhich is basedon a
time-dependen{TD) versionof DFT. TDDFT is by now
a well-establishedheory: Hohenberg-Kohrnand Kohn-
Sham-typetheoremshave been proved [13,14] rigorous
propertied15,16]andgoodapproximationg17,18] of the
TD xc potentialhavebeenfound, andthe formalism has
beenappliedrathersuccessfullyo thelinearandnonlinear
photoresponsef alargevariety of systemq19].

To extractexcitationenergiesfrom TDDFT we exploit
the fact thatthe frequency-dependetinear responsef a
finite interactingsystemhasdiscretepolesat the excitation
energiedl,, .= E,, — E, of theunperturbesgystem. The
idea is to calculatethe shift of the Kohn-Shamorbital
energydifferencesw i := €; — € (which are the poles
of the Kohn-Shamresponsefunction) towards the true
excitationenergies(},, in a systematicfashion. To this
endwe first derive a formally exactrepresentatiomf the
lineardensityresponse (rw) in termsof theKohn-Sham
responsefunction and a frequency-dependentc kernel,
whichwill thenbe usedto calculatethe shiftsof the poles.

We considerinteractingmany-electrorsystemssubject
to external potentials vey (rt) = vo(r) + vy(rt), where
vo(r) denotesthe static external potential of the unper-
turbed system(typically the nuclearCoulomb potential)
andwv(rt) is atime-dependengxternalperturbation. The
unperturbednany-bodystateis assumedo bethe ground
state correspondingo vy(r). Then, trivially, the time-
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dependentdensity p(rt) is a functional of the external
potential p(rt) = p[vexi] (rt). The fundamentalone-to-
onecorrespondenceetweertime-dependerdensitiesand
time-dependenfpotentials demonstratedoy Runge and
Gross[13] guaranteeshat the functional p[vex] canbe
inverted,i.e., ve (rt) = ve[p](re). Intermsof thetwo
functionals p[ve ] and vex[p], the density-densityre-
sponsdunctioncanbeexpressedsafunctionalderivative

8 plver ] (1)
B Ve (X1 @)

to be evaluatedat the static external potential corre-
spondingto the unperturbedyround-statadensity py, i.e.,
vextlpo] = vo. Thelineardensityresponsep;(rr) to the
perturbationv, (rt) is thengiven by

x(rt,r't’) =

Vexd[po]

p1(re) =fdt’[d3r//\/(rt,r’t/)v1(r't'). (2)

For noninteractingparticlesmoving in someexternalpo-
tential v,(rz), the Runge-Grossheoremholds as well.
Thereforethe functional p(rz) = p[vs](rt) can be in-
verted,v(rt) = v,[p](rr), andthe Kohn-Shanresponse
function,i.e.,thedensity-densityesponsdunctionof non-
interactingparticleswith unperturbedlensitypo, is

xs(re,r't’) :%r )

Hence,eachexternalpotentialve; uniquelydeterminesa
densityp[vex: | Which,in turn,uniquelydeterminesnother
potentialv,[ p[vex |] suchthatthe densityof noninteract-
ing particlesmovingin v,(r?) is identicalwith the density
of Coulomb-interactingparticlesmoving in the external
potentialve (rz). Thepotentialv,(rz) correspondindo a
given v (rt) is termedthe time-dependenkKohn-Sham
potential and is usually written as v,(rt) = vex(rt) +

vy (rt) + vy (rt), wherevy(rt) = [d*r' p(r't)/|r — 1|

is the time-dependenHartree potential (atomic units are
usedthroughout)and vy, denotesthe time-dependenkc

potential. Definingatime-dependentc kernelby

Frelp(xt,x't") := Suyc[p](xt) /8 p(x't))

3)

vlpol

(4)
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andemployingthefunctionalchainrule to calculatethe responsdunction (1),

N Sp(rt) OSvy(x7)
wert) = [ [Lar SE S

one obtains,by inserting Egs. (3) and (4), a Dyson-typeequationrelating the noninteractingand interactingresponse
functionsto eachother:

®)

9
Vex[p0]

x(t,r't’) = y,(rt,xr't") —i—fd2 fdr[d2 lde xs(rt, xr)( |( |) + feelpol (x7,x T’))X(x’r’,r’t’). (6)
Multiplying both sidesof Eg. (6) with v, (r’¢') andintegratingoverr’t’ yields, by virtue of Eq. (2),
pi(rt) Zfdt’fd3r’/\/s(rt,r’t’)v“(r't’), (7)
with
vealen) = witen) + [ @ LD [ [ o) w670, ®)
We emphasizdhat Eqgs.(7) and (8), postulatedin previouswork [17,20,21],constitutean exactrepresentatiorof the
linear densityresponsei.e., the exactlinear densityresponse; (r¢) of aninteractingsystemcanbewritten asthelinear

densityresponsef a noninteractingsystemnto the effectiveperturbatiorv, ;(rz). CombiningEgs.(7) and(8) andtaking
the Fouriertransformwith respecto time, the exactfrequency-dependetihear densityresponseanbe written as

piltw) = fd3r’xs(r,r’;w)[v1(r’w) + deX (|r/ 1_ i fxelpo] (r’,X;w)>p1(Xw)] ©)

TheKohn-Shanresponséunction y,(r,r'; w) is readilyexpresseih termsof the staticunperturbedohn-Shanorbitals
¢;. Forspin-saturatedinperturbedstatest is givenby

er(r)e;(r)e; () er(r’)

w — wj +i6

xs(r, @) = 2> (me — n)) : (10)
j.k

whereny, n; arethe Fermi-occupatiotiactors(1 or 0). Asafunctionof w, y, haspolesatthe Kohn-Shanorbital-energy
differencesw jr. In orderto calculatethe shift towardsthe true excitationenergy() we rewrite Eq. (9) as

[d3X[5(r —x) - fd3r’xs(r,r’;w)<ﬁ + fxc[po](r’,X;w)ﬂpl(xw) = f &r' x5 w)vi(r o).
(11)

Sincethe true excitationenergies() aregenerallynotidenticalwith the Kohn-Shamexcitationenergiesw j, the right-
handside of Eq. (11) remainsfinite for o — ). The exactdensityresponsep;, on the other hand,haspolesat the
true excitationenergiesw = (). Hencethe integraloperatoractingon p; on the left-handside of Eq. (11) cannotbe
invertible for o — Q [22]. The true excitationenergies() canthereforebe characterizedsthosefrequenciesvhere
the eigenvalue®f this integraloperatorvanishor, equivalently, wherethe eigenvalues\(w) of

fd%ffﬂhxrwml l.mm&urw0<ww=Amwum (12)

satisfy A(Q2) = 1. This conditionrigorouslydetermineghe true excitationspectrumof the interactingsystemat hand.
Sofar, no approximation$iavebeenmade. Onepossibilityto actuallycalculate() is to expandall quantitiesappearing
in Eq. (12) aboutoneparticularKohn-Shamenergydifferencew, := wj:

DL |y 5, OO

X, rw) = 2a,
xs( ) - W, = “w, — w, +i6

dfxc[p0] (l', r; w)
dw

fxc[ﬂO] (r,rl;w) = fxc[pOJ (r, r’;a),,) + (0 — w,) + -+,

Wy

d{(xw)
dw

{(xw)={(xa),,)+ (w_wv)+"'a

Wy
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where the double index v := (j, k) labels the single-
particletransition(k — j). Furthermorewe havedefined
®,(r) := @r(r)"¢;(r), and a, := n;y — n;. Assuming
that the true excitation energy ) is not too far away
from w, it will be sufficientto consideronly the lowest-
order terms of the aboveLaurentexpansions. Inserting
the Laurentexpansion®f y;, fxc, {, andA into Eq. (12),
the coefficientsA andB arereadilyidentifiedasA(w,) =
M,,(»,) and

aM,,
dw

_ L
w, Mvv(wv)

X Z MVK(wV)MKV(wV)
T, 0, — o+ 08

B(w,) =

; (14)

wherethe matrix elementsV/,.,, are

M. (@) =2a, fa’2 fdg’cb (r)

% (2 + Aelrrio)Jo,w). @9)

The condition A(Q)) = 1 andits complexconjugatethen
lead,in lowestorder,to

Q =0, +RM,,. (16)

Since B involves a summationover an infinite set of
single-particlgransitions(includingtransitionsto the con-
tinuum), it is difficult to calculatethis term. In orderto
estimatethe importanceof this and higher-ordercontri-
butions,we took a different route: Ratherthan express-
ing all quantitiesby Laurentexpansionsye approximate
the responsefunction y, by a finite sum y,(x,r; w) =
25K 0, @, (x)®%(r) /(0w — w,). Thisleadstoak X K
matrix equationwhosesolutionsturn out to beratherclose
to the lowest-ordermresultsobtainedfrom Eq. (16). This
suggeststhat the sum of all higher-orderterms of the
Laurentexpansion(13) givesonly a small correction.
Apart from the truncationswo further approximations
arenecessary(i) The frequency-dependenxt kernel f.
hasto be approximated. (i) The static Kohn-Shamor-
bitals enteringEg. (16) haveto be calculatedwith an ap-
proximate(static)potentialv;'. Asatestof themethod,
we havecalculatedthe lowest excitationenergiesfor the
alkaline earth elementsand the zinc series. Here, the
s 'S — p 'P transitionsunderconsideratiorare threefold
degeneratén the magneticquantumnumberm of the “fi-
nal” state. In principle,for degenerat&ohn-Shameigen-
valuese; or €, the expansionsaboutthe corresponding
Kohn-Shanpoleyield matrixequationgor thecoefficients
in Eqg. (13) which canleadto severaldifferentcorrections
of asinglew,, thusdescribingthe multiplet splittings. In
our case however thethreepossiblecorrectionsareiden-
tical, asthey shouldbe. We haveperformedtwo calcula-
tions, both basedon Eq. (16). The first one employsthe
ordinarylocal densityapproximation(LDA) for v3*' and
theso-calledTDLDA, alsoknownas”adlabatlc”LDA [23]

1214

for f,. (bothusingtheparametrizatiof Vosko,Wilk, and
Nusair[24]). The secondcalculationusesthe x-only op-
timized effective potential(OEP)for v{' in the approxi-
mationof Krieger, Li, andlafrate(KLI) [25] andfor f.

OEP . _ 2|Zk nk@k(r)¢z(r/)|2
S ool e x5 0) = = @)
The latter is based on the recently proposed time-
dependenDEP method[18] wherethe xc potentialis an
explicit functionalof time-dependentrbitals. A calcula-
tion analogousto Egs.(1)—(6) involving the derivatives
SvQEP /§4;(rt) showsthat in the time-dependenDEP
theory the crucial Eq. (6) holds for the quantity fOEP
definedthrough

["ar [ @0 3o w06 eeerme e
jk

OEP(yr,v't!) — g (y7,r't))] — c.c} =0, (18)

(17)

X [n;

where

; 1 SvlFP(y7)
gD (yr.r't) = [ o L } .
2‘/’] (l' t) 51//j(r t) ot €jt

(19)
Equation(18) is formally identicalwith theintegralequa-
tion for the time-dependenO©EP xc potential [18] with
vOEP(r/t') and ux;(r't") replacedby fOEF(y7,r't’) and
¢(yr,r't'), respectively. A simple analytical approxi-
mationto vOEP is givenby

lgp; (o)
viPP(ry) =
; 2p(rt)

whereuy.; = [ Axc/8¢;(xt)]/¢; (rt), with the xc part
A, of the quantummechanicalaction functional. Ap-
plying this approximatiorto (18), i.e., setting

N2
e yny = Y S0

Uy, (re) + uy;(rr)],  (20)

[¢W(yr,r'i) + c.c]
(21)

and using the explicit analytical form (20) to evaluate
(19), one arrives at the compactexpression17) if A,

is approximatedby the TD Fock term (TD x-only ap-

proximatior). In generalthe Fouriertransformof the xc

kernel definedby Eq. (18) is frequencydependenteven
in the TD x-only case),a featurewhich is not accounted
for in the presentreatmenbf this equation. However for

the specialcaseof a two-electronsystemtreatedwithin

TD x-only theory, Egs.(17) and (20) are the exact so-
lutions of the respectiveintegral equations,as is easily
checked.

In Tablel the excitation energies calculated from
Eq. (16) are comparedwith experimentalvalues. The
OEPvaluesareclearlysuperiorto the LDA resultsandare
also betterthanthe usual Ascr values. The unoccupied
orbitalsandtheir energyeigenvaluesrevery sensitiveto
the behaviorof the potentialfar from the nucleus. One
major reasonfor the superiority of the OEP is the fact
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TABLE I. Thelowest!S — !P excitationenergiesof various
atoms. The experimentalvalues(first column) [30] are com-
paredwith results calculatedfrom Eg. (16) within LDA and
OEP (secondand third columns, respectively)and with ordi-
nary Ascr values(fourth column). The corresponding<ohn-
Shamorbital-energydifferencesw, are shownin the last two
columns(all valuesin rydbergs).

Atom  Q,, QA QO O(Agp) wlPA 0P
Be 0.388 0.399 0.392 0.331 0.257 0.259
Mg 0.319 0.351 0.327 0.299 0.249 0.234
Ca 0.216 0.263 0.234 0.211 0.176 0.157
Zn 0.426 0.477 0.422 0.403 0.352 0.314
Sr 0.198 0.241 0.210 0.193 0.163 0.141
Cd 0.398 0.427 0.376 0.346 0.303 0.269

thatit is self-interactionfree andthereforehasthe correct
—1/r tail (while the LDA potential falls off exponen-
tially). An important point is that the OEP decreases
correctlyfor all orbitals. For this reasonthe x-only OEP
is alsosuperiorto the Hartree-FockHF) potentialwhich
is self-interactionfree only for the occupied orbitals
but not for unoccupiedones. As a consequenceHF
orbital-energydifferencesaretypically too large.

In spite of the fact that we focusedon the situationof
closedshellsandsingletterms,the methodis alsocapable
of describingspin-flip processeand excitationsin open-
shell atoms, if a spin-dependentexchange-correlation
kernel [26] is used. More detailedresultsfor atomsas
well asmoleculeswill be presentectlsewherd27].

We emphasizethat the calculation of excitation en-
ergiesfrom Eq. (16) involves only known ground-state
quantities,i.e., the ordinary Kohn-Shamorbitals and the
corresponding<ohn-Shameigenvalues.Thusour scheme
requiresonly one self-consisteniKohn-Shamcalculation,
whereasthe so-called Ascg procedureinvolves linear
combinationsof two or moreself-consistentotal energies
[7]. So far, the bestresultsare obtainedwith the opti-
mized effective potentialfor vi?* in the KLI x-only ap-
proximation. Furtherimprovementis expectedirom the
inclusion of correlationterms[28,29]in the OEP. Work
alongtheselinesis in progress.
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