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Abstract: We have carried out a surface X-ray diffraction 
(SXRD) analysis of the approximant structure related to the 
recently discovered two-dimensional dodecagonal oxidic 
quasicrystal. The structure is characterized by the 32.4.3.4 
Archimedean tiling, first described by Kepler in 1619. The 
tiling network is related to titanium atoms observed as 
protrusions in scanning tunneling microscopy images. All 
four titanium atoms within one two-dimensional unit cell 
(a0 = 13.1 Å, b0 = 12.9 Å, γ = 90.5°) are surrounded by three 
oxygen atoms. The TiO3 units are separated by barium 
atoms. The total stoichiometry is given by Ba4 Ti4 O10.

Keywords: approximant; Archimedean tiling; barium 
titanate; oxidic quasicrystal; surface X-ray diffraction.

Quasicrystals (QCs) represent an unusual state of matter. 
While they posses long-range order giving rise to sharp 
diffraction spots, they lack lattice periodicity. Since their 
discovery in 1984 [1] numerous studies have concentrated 
on the synthesis, structural characterization and physi-
cal properties of QCs. An overview is given in Ref. [2]. 
QCs investigated in the past where primarily composed 
of intermetallic alloys [1, 3] and soft materials [4–6]. Only 
recently, an oxide derived QC (OQC) has been discovered 
[7]. The OQC was prepared by sputter deposition of an 
ultra-thin film of perovskite type barium titanate (BaTiO3) 
on the (111) surface of Pt followed by annealing in ultra-
high vacuum at 1150 K [7]. The OQC was unambiguously 

identified by low-energy electron diffraction (LEED) and 
scanning tunneling microscopy (STM) images.

It is well known that for a given QC phase in many 
cases one or several approximants can exist, which are 
characterized by periodic lattices, but bear many resem-
blances to the QC structure such as the presence of 
common building blocks [8]. In the BaTiO3/Pt(111) OQC 
system, the approximant forms if the annealing temper-
ature is increased to approximately 1250 K. The approxi-
mant to the OQC corresponds to the 32.4.3.4 Archimedean 
tiling which was already discussed by Kepler in 1619 
[9, 10]. Figure 1a and b compare the STM images of the 
OQC and its approximant, respectively. The two tilings 
which are identified by the apparent protrusions in the 
STM images are characterized by arrangements of trian-
gles, squares and 30° rhombs. The latter occurs only for 
the OQC as emphasized in Figure 1a. In the case of the 
OQC, the tiling corresponds to the the Stampfli–Gähler 
tiling [12, 13]. The red square in Figure  1b represents 
the unit cell of the approximant. It is characterized by 
an almost quadratic two-dimensional unit cell (plane 
group p2) with lattice parameters a0 = 13.1 Å, b0 = 12.9 Å, 
and γ = 90.5°. It is related to the (1 × 1) unit cell of the 
Pt(111) substrate by the transformation matrix (a11 = 27/5; 
a21 = 2; a21 = 3/4; a22 = 5). We note that this is the unit cell 
used in the surface X-ray diffraction (SXRD) analysis and 
emphasize that it represents a projection of a 20 times 
larger unit cell with transformation matrix (a11 = 27; 
a21 = 10; a21 = 3; a22 = 20). This large unit cell is the crystal-
lographically correct one if the Moiré modulation of the 
structure with periodicity 2.78 nm is taken into account. 
The Moiré modulation of the structure is nicely seen in 
the 17 × 17 nm2 STM image in Figure 1c where the 2.8 nm 
periodicity is highlighted be the black lines. The arrow 
which is orthogonally oriented indicates the modulation 
vector which encloses an angle of approx. 32 ° with the 
a-axis of the small unit cell.

Since the characteristic distance between the protru-
sions equals to approximately 6.7 Å in both structures it 
has already been assumed that they represent one sublat-
tice of the structures, but an unambiguous assignment to 
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one atomic species (e.g. barium or titanium) has not been 
possible so far. In Ref. [7] it was suggested the tunneling 
involving titanium d-orbitals is responsible for the STM 
contrast, but this view was challenged by a recent study 
[14] which proposed barium atoms forming the Stampfli–
Gähler tiling.

The X-ray analysis of the OQC structure by the 
classic methods as described for instance in Ref. [2] is 
difficult. This is because of the limited amount of reflec-
tions intense enough to be collected even by using highly 
brilliant synchrotron X-ray sources such as provided by 
the European Synchrotron Radiation Facility (ESRF) in 
Grenoble (France). However, due to the similarity of the 
OQC structure with its approximant, the structure analysis 
of the latter provides information about the major build-
ing blocks of the OQC as highlighted in Figure 1a and b. In 
this study we provide a complete analysis of the approxi-
mant structure using SXRD. In a previous publication [11] 

it was shown that the Kepler tiling is formed by titanium 
atoms which are surrounded by three oxygen atoms each. 
Barium atoms are located approximately at the edges of 
the tiling elements. Here, we present important details 
of the atomic structure and how the model was derived 
by starting with a model free analysis of the reflection 
intensities based on the projected Patterson function [P(u, 
v)]. We emphasize that the OQC approximant structure is 
purely two-dimensional, i.e. the third coordinate in recip-
rocal space, ℓ, is a continuous parameter. Our analysis 
represents one of the very few examples of an applica-
tion of the classical Fourier techniques to solve a surface 
structure.

The preparation of the approximant structure was 
carried out as outlined in Ref. [11] using the UHV dif-
fractometer at the ID03 beamline of the ESRF where the 
experiments have been performed. During preparation 
the (270) reflection was monitored versus time to optimize 

Fig. 1: Scanning tunneling microscopy images of the OQC (a) and its approximant (b). STM parameters for OQC = 4 × 4 nm2, I = 0.3 nA, U = 1.0 
V, for approximant = 3.5 × 3.5 nm2, I = 30 pA, U = 0.1 V). The building bloc of the Kepler tiling common to both structures is emphasized. In (a) 
the rhombs which occur only in the OQC structure are highlighted. The red square in (b) emphasizes the unit cell used for the structure anal-
ysis. (c): Large scale (17 × 17 nm2, I = 0.5 nA, U = − 1.0 V) STM image showing the 2.78 nm modulation periodicity (emphasized by black lines) 
oriented 30° relative to the unit cell (red square). The arrow indicates the modulation direction. (d): Experimental (E = 20 eV) and schematic 
(d) LEED pattern of the approximant highlighting the orientation of the six domains (colored squares represent unit cells in reciprocal space 
of different domains. Large (blue) dark spots represent first order reflections of the Pt(111) surface (see also Ref. [11]). (f): X-ray diffraction 
spots of the approximant and of the OQC (black circle) within the black rectangle in (d) and (e) collected at ℓ ≈ 0.
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the area fraction of the approximant structure on the 
Pt(111) surface. The formation of the approximant is also 
identified by LEED images, one of which is shown in 
Figure 1d collected at an energy of 20 eV. It is compared 
with a schematic in Figure 1e clarifying the domain struc-
ture on the Pt(111) surface. In total, three 120° rotated 
structures with two mirror domains exist as indicated 
by the different squares representing the unit cell is the 
approximant structure in reciprocal space. In total, the 
integrated intensities of 176 reflections of type (hk0) were 
collected using a 2D pixel detector under total reflection 
conditions of the incident beam (λ = 1.1 Å). We note that 
due to the large number of domains, the large unit cell 
and the majority of atoms having small scattering ampli-
tudes, reflection intensities are very low in general, orders 
of magnitude weaker than typical crystal truncation rod 
intensities [15]. Figure 1f shows several approximant and 
one OQC X-ray reflection, the latter indicated by the black 
circle. Reflections in (f) correspond to spots in the black 
rectangles in (d) and (e). It can be seen that the approxim-
ant reflections are relatively sharp as compared to that of 
the OQC which forms the minority phase under the given 
preparation conditions.

After averaging over symmetry equivalent reflections 
and reflections of equivalent domains, 43 symmetry inde-
pendent reflections were used for the structure analysis. 
Structure factor amplitudes (|Fobs (hk0)|) of equivalent 
reflections agree to within about 15% which can serve as 
an estimate of the total standard deviation. We emphasize 
that for the refinement no weighting scheme was used and 
the un-weighted residuum (RU) [16] serves as the param-
eter of the fit quality. The approximant structure can be 
viewed as an almost perfect 2D one, in that it is only com-
posed of a single layer of barium, titanium and oxygen 
atoms located at almost the same level.

The data analysis was carried out by exploit-
ing the classical Fourier transformation (FT) methods 
originally developed for 3D crystallography (for more 
details see Ref. [17]), here applied to the 2D case. Based 
on 43 independent reflections with structure factor 
amplitudes of type |Fobs(hk0)| the 2D (z-projected) 
Patterson function, P(u, v), was calculated given by: 

2P(u, v) F (hk0) cos2 (hu kv).obs  π= × +∑  The summation 
runs over all reflections (hk0). Peaks in P(u, v) represent 
interatomic vectors whose heights are proportional to the 
atomic numbers (Zi, Zj) of the respective species (i, j) and 
the multiplicity (M) of their occurrence within the unit 
cell, i.e. P(u, v) ∝ Zi × Zj × M [17]. In general, difficulties in 
the interpretation of P(u, v) may arise by the interference 
between nearby vectors, but in many cases a first guess of 
basic features of the structure is possible, especially in the 

present case where it contains heavy barium atoms, which 
dominate the total scattered amplitude.

In Figure 2 we compare P(u, v) (a) with the best fit 
model of the structure (b). The refined atomic coordinates 
are listed in Table 1. Apart from the trivial maximum at 
the origin =

�
( 0)R  corresponding to the self-correlation 

of all atoms, several symmetrically independent peaks 
appear within the asymmetric unit ∈ ∈1

2( [0, ], [0, 1]).u v  
In Figure 2a some peaks are labeled by (A), (B) (C) and (D) 
together with the vectors which are directly transferred 
to Figure 2b for comparison. It is possible to relate the 
peaks to correlations between atoms. For instance, the 
strong peak (A) can be attributed to an interatomic vector 
between atoms Ba(1) and Ba(3). Also, the weaker peaks (C) 
and (D) can be correlated to O–O interatomic vectors. The 
first one has a high multiplicity M = 4 related to the vector 
(green) between atoms O(6) and O(8) as well as between 

P(u,v)

v
u

a

b

A

(a)

(b)
Ba(1)

Ba(2)

Ba(3)

Ti(4)

B

Ti(5)

O(6)

7

8

9
10

11

Ba Ti O

C

D

8'

9'

11 '

6'

10 '

6

Fig. 2: (a): 2D Patterson function of the approximant structure. Posi-
tive peaks (solid lines) are related to interatomic vectors as shown. 
(b): Structure model for the approximant based on the least squares 
refined structure factor amplitudes. Green, blue and red spheres 
correspond to barium, titanium and oxygen atoms, respectively. 
Labels 1–11 correspond to atoms listed in Table 1. Some interatomic 
vectors are shown and compared with the corresponding peaks in 
P(u, v) in (a).
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symmetrically equivalent ones given by primed numbers. 
Also, the weak peak (D) is attributable to the vector 
between O(8) and O(8’). Although the study of P(u, v) is 
helpful to set up a structure model, we emphasize that 
this discussion needs a caveat, since in the structure 
many nearby interatomic vectors also exist and a quan-
titative interpretation in terms of peak height is limited. 
For instance with regard to peak (A) a similar interatomic 
vector between Ti(4) and Ti(5) (not drawn) exists, which 
is expected to contribute. Similarly, peak (C) is also close 
to the Ba(1)–Ti(4) and Ba(3)–Ti(5) interatomic vectors. In 
addition, care has to be taken in the analysis of P(u, v) 
as truncation errors are important due to the limited data 
set. Nevertheless the correlations are sufficient to set up 
a preliminary structure model including only the barium 
atoms Ba(1), Ba(2) and Ba(3).

Refinement of the barium coordinates yields an un-
weighted residuum of 30% [16, 18]. Once the positions 
of the heavy atoms are approximately known, it can be 
assumed that the calculated scattering phases [αcalc (hk)] 
based on the barium positions only approximately corre-
spond to the experimental ones [αobs (hk)] corresponding to 
the complete structure. In the present case of a z-projected 
structure which is centrosymmetric owing to the p2 plane 
group symmetry and its two-dimensionality, the determi-
nation of the scattering phase is reduced to the determina-
tion of the sign of the structure factor amplitude, i.e. Fobs 
(hk) = | Fobs (hk)| × exp[iαcalc (hk)] = ± |Fobs (hk)|. This means 
that Fobs (hk) is a real number with αcalc (hk) either 0 or π.

Tab. 1: Structure parameters of the approximant based on the best 
fit. Parameters x and y represent coordinates within the unit cell 
(a0 = 13.1 Å, b0 = 12.9 Å and γ = 90.5°, plane group symmetry p2). 
Labels (1) to (11) refer to atoms in Figures 2–4. The parameter Θ 
indicates the site occupancy. Parameters Uiso and Uij represent static 
mean squared displacement amplitudes in the case of isotropic and 
anisotropic refinement, respectively (standard deviation about 50%. 
Standard deviations for x and y are approximately equal to ± 0.01 for 
the barium and titanium positions and ± 0.02 − 0.04 for the oxygen 
positions, respectively. Uncertainties for the Us are 30% at most.

Number Species Θ X y Uiso (Å2) U11 U22 U12

(1) Ba 1.0 0.000 0.000 0.28 0.88 0.65 − 0.57
(2) Ba 0.5 0.423 0.187 0.09 0.67 0.40 − 0.28
(3) Ba 1.0 0.170 0.529 0.28
(4) Ti 1.0 0.165 0.162 0.02
(5) Ti 1.0 0.262 0.703 0.02
(6) O 1.0 0.185 0.000 0.05
(7) O 1.0 0.030 0.207 0.05
(8) O 0.5 0.293 0.280 0.04
(9) O 0.5 0.294 0.580 0.05
(10) O 1.0 0.080 0.770 0.05
(11) O 1.0 0.367 0.860 0.05
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Fig. 3: Difference electron density contour plot Δρ (x, y), calculated 
after refinement of the barium positions. The positive peaks (solid 
lines) indicate the approximate positions of the titanium atoms 
(blue). For comparison the fully refined structure model is superim-
posed. Labels 1–11 correspond to atoms listed in Table 1.

The remaining part of the structure can subsequently 
be derived by calculating the difference charge density 
[Δρ (x, y)] which is given by the FT of the difference between 
the observed and the calculated structure factor using 
αcalc (hk) as phases: = − × × − +∑(x, y) (|F (hk)| |F (hk)|) exp[i (hk)] exp[ 2 (hx ky)],obs calc calc i∆ρ α π 

= − × × − +∑(x, y) (|F (hk)| |F (hk)|) exp[i (hk)] exp[ 2 (hx ky)],obs calc calc i∆ρ α π  where the summation 
runs over all reflections with indices (hk).

The calculated difference charge density is shown 
in Figure 3 with the refined atomic positions of all atoms 
within the unit cell superimposed. It can be seen that the 
positive peaks in Δρ (x, y) very well indicate the positions 
of the so far not considered titanium atoms. Refinement 
of the atomic positions including barium and titanium 
yields RU = 18%, which can be interpreted as that the 
gross features of the structure are well modeled, i.e. the 
condition αcalc (hk) = αobs (hk) is met for almost all reflec-
tions. This allows the calculation of the charge density, 
ρ(x, y), by FT of Fobs (hk) again using αcalc (hk) now derived 
from the refined positions of both, barium and titanium: 

= × × − +∑(x, y) |F (hk)| exp[i (hk)] exp[ i2 (hx ky)].obs calcρ α π

This directly provides a charge density image of the 
structure which is shown in Figure 4 together with the 
refined positions of all atoms. It can be seen that for all 
atoms in the unit cell there is a corresponding charge 
density. Again, some disagreement between the atomic 
positions and the peak locations exists which is due to 
truncation errors resulting from the finite Fourier summa-
tion. Figure 5 shows for all reflections the relation between 
|Fobs (hk)| and |Fcalc (hk)|. The dashed line corresponds 
to the condition |Fobs (hk)| = | Fcalc (hk)|. The numerical 
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data are given in Table 2. The agreement between them 
(RU = 14%) can be viewed as very good given the overall 
low intensity of the reflections. Some larger discrepancies 
are only observed for a few very weak reflections [(01), 
(11) and (16)] which could hardly be discriminated from 
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Fig. 4: (a): Calculated electron density contour plot, ρ (x, y). For 
comparison the fully refined structure model is superimposed. 
Some deviations between refined atomic positions and the charge 
density peaks are due to truncation errors. Four unit cells are shown 
to emphasize the tiling. Labels 1–11 correspond to atoms listed in 
Table 1. Different tiling elements are labeled by α, β, γ, δ. Numbers 
are distances in Ångstrøm units.
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Fig. 5: Plot of |Fobs (hk)| versus |Fcalc (hk)| for all 43 reflections of the 
data set on a logarithmic scale. The dashed line corresponds to 
the condition |Fobs (hk)| = |Fcalc (hk)|. For the numerical data we refer 
to Table 2. Error bars refer to the average systematic error only. No 
weighting scheme was used for the refinement. the background and are associated with a statistical error 

larger than 50%. Note, that no weighting scheme was 
used for the refinement. Error bars shown in Figure 5 refer 
to the average systematic error only.

In Figure 4 four unit cells are shown for the refined 
structure model emphasizing the tiling. There are two 
types of double triangles (α and β) as well as two types 
of slightly distorted rectangles (γ and δ). In the center of 

Tab. 2: Comparison between observed and calculated structure 
factor amplitudes obtained for the best fit. The parameter αcalc (hk) is 
the calculated scattering phase.

h k |Fobs (hk)| |Fcalc (hk)| αcalc (hk)

0 1 6.6 13.1 0
0 4 77.3 83.9 0
0 5 12.6 11.6 0
0 6 61.5 77.2 0
0 8 45.4 32.6 π
1 1 10.2 5.4 0
1 2 62.9 48.2 0
1 3 22.6 22.7 π
1 4 165.5 168.9 0
1 5 17.2 14.2 π
1 6 16.3 10.2 π
1 7 28.3 23.1 π
1 8 16.4 15.1 0
2 0 32.7 33.6 0
2 1 44.1 49.3 0
2 2 18.1 27.5 0
2 3 55.7 63.7 π
2 4 24.5 26.5 0
2 6 22.8 24.3 0
2 7 63.1 48.4 π
2 8 22.2 21.2 π
3 0 8.3 4.2 π
3 1 13.7 10.5 π
3 2 40.8 43.9 π
3 3 131.8 131.1 0
3 4 16.6 13.9 π
3 5 53.6 48.8 0
3 7 29.0 29.5 π
3 8 22.2 17.2 π
4 0 30.2 31.9 π
4 1 111.3 115.9 0
4 2 14.1 11.2 π
4 3 135.5 129.1 0
4 5 18.9 17.8 π
4 6 20.8 17.5 π
4 7 54.3 50.9 0
5 3 38.3 26.3 π
5 4 19.0 23.7 0
5 5 41.6 43.1 0
6 4 21.6 19.6 π
6 6 22.3 26.5 0
6 7 8.3 9.1 0
7 2 35.4 35.3 π
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the smaller double triangle (α) one barium atom is located 
whereas all other barium atoms are located approxi-
mately at two out of four edges of the rectangles (γ, δ). The 
lengths of the edges of the tiling elements vary between 
7.70 Å (maximum) and 6.06 Å (minimum) as labeled. 
Titanium atoms are coordinated by three oxygen atoms 
approximately forming a triangle. The average (projected) 
Ti–O distance is equal to 2.14 Å, which is a bond length 
typically seen in titanium oxides. The shortest one (1.64 Å) 
is between Ti(5) and O(9), while the longest one (2.53 Å) 
is between Ti(5) and O(10). It should be kept in mind, 
however, that he refinement of the oxygen positions is 
the least accurate one. We estimate the uncertainty for 
the Ti−O distance determination to lie in the 0.1−0.2 Å 
range. There is no significant vertical corrugation within 
the structure. The measurement of the diffraction rods, 
i.e. along the continuous ℓ coordinate indicated an almost 
flat structure. In view of the limited data set and access in 
k-space we did not try to refine the individual z-positions 
of the atoms.

We have allowed for the refinement of the atomic disor-
der and the occupancy factors. Atomic disorder is taken into 
account by the generalized atomic displacement factor (Thk) 
which is given by: 2T exp[ 2 U a  a  h  h ],hk ij i j i kπ ∗ ∗= − ∑∑  
where the Uij represent the mean squared displacement 
amplitudes, the a*

i the lengths of the reciprocal unit 
vectors. The (double) summation runs over i, j = (1, 2) cor-
responding to h1 = h and h2 = k. For details, see for instance 
Ref. [19]). In the isotropic approximation very large values 
in the range between U11 = U22 = Uiso = 0.05 − 0.27 Å2 are found 
(see Table 1). Most importantly, the fit quality is improved 
if for the Ba atoms (1) and (3) anisotropic disorder is taken 
into account. For Ba(3) we obtain U11 = 0.67 ± 0.10 Å2, 
U22 = 0.40 ± 0.10 Å2 and U12 = − 0.28 ± 0.09 Å2, the latter rep-
resenting the orientation of the tensor ellipse relative to the 
lattice vectors [for Ba(1) the fit result is: U11 = 0.88 ± 0.23 Å2, 
U22 = 0.65 ± 0.18 Å2, U12 = − 0.57 ± 0.20 Å2]. These huge values 
are only explainable by a model in which the position of 
the Ba atoms are split by several tenths of an Ångstrøm 
over different sites. We attribute this to the modulation of 
the Ba positions similar to the modulation of the Ti atoms 
visible in the STM image in Figure 1c. As for the SXRD anal-
ysis we use the projection of the large modulated unit cell 
[transformation matrix M = a11 = 27; a21 = 10; a21 = 3; a22 = 20] 
into the 20 times smaller one [M = a11 = 27/5; a21 = 2; a21 = 3/4; 
a22 = 5], the Uij represent the “blurring” of the atomic posi-
tions. Notably, the consideration of the component U12 ≠ 0 
is very important for obtaining a good fit, indicating the 
32° angle between the a-axis of the unit cell and the modu-
lation direction. Consideration of anisotropic atomic dis-
placements improved the fit only in the case of Ba atoms 

(1) and (3), which contribute most strongly to the scattering 
amplitude.

Secondly, the occupancy factors (Θ) of the individ-
ual sites were varied. We find that the occupancy of the 
barium site (2) as well as of the oxygen sites (8) and (9) 
are equal to Θ = 0.5 with an estimated uncertainty of about 
0.15–0.25 for the barium and the oxygen sites, respec-
tively. This reflects the presence of (random) vacancies. 
Taking this into account the stoichiometry corresponds 
to Ba4Ti4O10 rather than Ba5Ti4O12 in the case of full occu-
pancy of all sites. The oxygen deficient stoichiometry rela-
tive to barium titanate (Ba4Ti4O12) is related to the reducing 
preparation conditions (annealing under UHV conditions) 
of the film and the observation of Ti3+ species in X-ray pho-
toemission spectra [7].

In summary, we have carried out a surface X-ray struc-
ture analysis of the approximant of the two-dimensional 
BaTiO3 related oxidic quasicrystal. We find that the build-
ing block composing the 32.4.3.4 Archimedean tiling is 
formed by titanium atoms which have previously been 
observed in scanning tunneling microscopy images. This 
structure has been described by J. Kepler almost 400 years 
ago and thus can be viewed as the oldest complex surface 
structure in history. Titanium atoms are threefold coordi-
nated by oxygen atoms separated by barium atoms. Due to 
the close resemblance of the approximant with the quasic-
rystal this study is an important step into the direction to 
completely solve the OQC’s structure and the understand-
ing of its formation and stability.
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