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1. Introduction

Amongst all conventional superconductors known to date, 
palladium hydrides are the most enigmatic [1]. The absorp-
tion of hydrogen by a non-superconductive Pd increases the 
transition temperature (Tc) of PdH x  up to 9 K [2, 3]. In the 
face centered cubic structure, there are one octahedrally coor-
dinated and two tetrahedrally coordinated interstitial sites per 
each Pd, which will be referred below as the octapores (O) 
and tetrapores (T). Although the limit of absorption at ambient 
pressure is x ∼ 0.7, the researchers have sporadically made 
their attempts [4–6] to prepare PdH x>1, expecting that its Tc 

is to be significantly larger than 9 K. However, the evidences 
of sensationally high Tc were not reported so far.

While the H-rich palladium hydrides (x > 1) are still ques-
tionable, their accessible compositions display the so-called 
inverse (negative) isotope effect (IIE), which was found [7–9]  
in the 1970s, shortly after the discovery of superconductivity. 
The IIE, i.e. the 2 K increase of Tc, seen in PdD x  between 
0.7 � x � 1, as compared to PdH x , formally contradicts the 
expectations of the Bardeen–Cooper–Schrieffer (BCS) theory. 
The latter successfully evaluates conventional superconduc-
tors utilizing the Eliashberg spectral function, which describes 
the coupling between the lattice vibrations and electrons as 
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the product of the phonon density of states, F(ω), and the cou-
pling constant to electrons. The BCS theory, within the har-
monic approximation, estimates Tc as a function of ion mass: 
Tc ∼ 1/Mα, where the isotope coefficient α is close to 0.5. In 
palladium hydrides, however, α is negative and this phenom-
enon is still a subject of extensive theoretical debate.

The early models which can explain the IIE qualitatively, 
used the anharmonic effects [10] together with the isotope-
dependent Debye–Waller factor or, alternatively, together 
with the spin paramagnon and Coulomb interactions [11, 12]. 
Then, the anharmonic effects were combined together with 
the thermal-energy fluctuations [13]. The effect of spin fluc-
tuations on Tc and isotope effect was calculated [14] as well.

At present time, the parameter-free ab initio based theory 
[15, 16] can be used to study the IIE. For instance, the com-
putational model which includes stochastic ionic vibrations 
has been proposed recently [17, 18] to evaluate the IIE. By 
treating hydrogen vibrations far beyond harmonic, Errea et al 
[17, 18] obtained α = −0.38 that seems to solve the problem. 
Despite the fact that exaggerated anharmonicity triggered by 
quantum fluctuations can quantitatively explain the inverse 
isotope effect in palladium hydrides [17, 18], there is no 
explicit explanation why this material is so unique and why 
the similar exaggerated anharmonic effects were not detected 
in other hydrides of the transition metals. The previous theor-
etical studies deal with static configurations of dopants in 
palladium at zero temperatures. Thus, even if quantum fluc-
tuations were included, the researchers who try to solve the 
problem statically fail to address a key question: why does IIE 
start at x ∼ 0.7 but not before this ambient limit of absorption? 

In this work, we study PdH x  and PdD x  from first principles 
and demonstrate that their phonon-mediated superconduc-
tivity can be quantified by taking into account the dynamics 
of differently coordinated positions for dopants in octapores 
and tetrapores. When dopants appear in tetrapores, the phonon 
density of states displays a gap that dramatically reduces the 
electron–phonon coupling (EPC) constant to the value below 
the threshold of Tc. Thus, we suggest that only octapores 
occupied by hydrogen or deuterium enable superconductivity 
in palladium hydrides and, moreover, that their Tc should not 
increase at x > 1 since all excessive dopants above x = 1 
occupy tetrapores.

2. Methods

2.1. Structural optimization of the PdHx  supercells

The electronic and lattice properties of PdH x  (1/8 � x � 1) 
were computed using the minimal supecell size, namely, Pd8
H1 for x = 1/8, Pd4H1 for x = 1/4 and so on, although the 
larger supercells of each composition, such as Pd8H2, were 
also inspected. The structural optimization was performed 
using the QUANTUM ESPRESSO (QE) code [28] and Vienna 
Ab initio Simulation Package (VASP) [19], within the gener-
alized-gradient approximation [32] to the exchange-correla-
tion potential. The electron–ion interactions were described 
within the VASP calculations by projector-augmented wave 

pseudopotentials [33], and the electronic wave functions were 
represented by plane waves with a cutoff energy of 450 eV. 
Ionic relaxation of the PdH x  supercells was performed using 
the Γ-centered 6 × 6 × 6 k-point Monkhorst–Pack mesh 
and the conjugate-gradient algorithm until the Hellmann–
Feynman forces became less than 5 × 10−3 eV Å

−1
, which 

yielded reliable results for the atomic positions. The structural 
optim ization was followed by calculations of the electronic 
and lattice properties for each composition of PdH x . The equi-
librium volume of PdH x  calculated for 0 � x � 1 and related 
energetics are plotted in figure 1. For x = 1, when hydrogen 
occupies octapores (tetrapores) the volume increase is about 
13% (20%). The density of states (DOS) was obtained using 
the tetrahedron method on the Γ-centered 8 × 8 × 8 k-mesh 
with no smearing for the electronic occupations. The detailed 
Fermi surfaces of Pd and PdH were calculated using the rela-
tivistic Korringa–Kohn–Rostoker method [34].

2.2. Ab initio MD simulations

To simulate the pore population by dopants we used the 
64-atom Pd supercell, the tetrapores and octapores of which 
accomodate between 46 and 64 hydrogens or, alternatively, 
D species that covers the PdH x  compositions 0.7 � x � 1. 
For each supercell the ab initio molecular dynamics simula-
tions were performed using the code VASP [19]. The electron 
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Figure 1. The total energy and equilibrium volume of PdH x , which 
are plotted in the lower and upper panels, respectively, versus x for 
both the octahedral and tetrahedral positions of hydrogen.
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orbitals were represented using plane-waves, with a cut-off 
energy of 400 eV, while the electron–ion interactions were 
described by the PAW pseudopotentials [33]. The conclusions 
of our simulations are completely unaffected by the approx-
imation to the exchange-correlation potential. All dopants 
were allowed to move while the time step was 1 fs. To obtain 
adequate statistics for thermodynamic equilibrium, we run a 
set of simulations for a time of 10 ps, keeping the different 
temperatures which were varied between 10 K and 200  K. 
Since the simulations were started from artificially chosen and 
different initial positions of H(D), we excluded the first 30 fs 
outputs from the statistics.

2.3. Phonon frequencies

The phonon frequencies were calculated for each accu-
rately optimized structure within the QE code [28]. To avoid 
the phonon mode softening, which can happen already at 
q = (0, 0, 0) before the structural optimization and which 
indicates the lattice instability of the system at T = 0 K, we 
performed further relaxation of atomic positions and the cell 
shape. After relaxation, the structures can show some minor 
(below 0.5%) rhombohedral distortions. For the decompo-
sition of the wavefunctions and charge density, we used the 
plane-wave cutoff energies of 40 Ry and 280 Ry, respectively. 
All electronic structure calculations were performed within 
the generalized-gradient approximation [32], using the Γ-cen-
tered (8 × 8 × 8) k-point mesh while denser (16 × 16 × 16) 
k-mesh was utilized to compute the electron–phonon cou-
pling. Regarding the phonon frequencies, ωi(q), the dynam-
ical matrices were calculated for each q of the Brillouin zone 
(4 × 4 × 4) mesh and, then, the resulting real-space atomic 
force constants were obtained using the Fourier transforma-
tion. The scheme [16] provides the phonon frequencies of 
sufficiently good accuracy, as compared to that of directly 
calculated from the much more computationally demanding 
finite-displacement supercell method. In the case of fcc-Pd, 
for instance, the phonon dispersion curves are in a good 
agreement with the experimental data and previously reported  
ab initio results [20]. The phonon density of states was calcu-
lated using the tetrahedron method.

2.4. Electron–phonon coupling

Using the phonon dispersion curves over the Brillouin zone 
we calculated the Eliashberg spectral function (ESF), α2F(ω),  
and also the electron–phonon coupling (EPC) parameter λ 
[15, 16]. Then the superconducting temperature, Tc, can be 
estimated simply from the McMillan formula:

Tc =
〈ω〉
1.2

exp

{
− 1 + λ

0.96λ− µ∗(1 + λ 〈ω〉/ωmax)

}
, (1)

where 〈ω〉 is the weighted phonon frequency defined as 
follows:

〈ω〉2
=

∫ ωmax

0 ωα2F(ω)dω∫ ωmax

0 ω−1 α2F(ω)dω
 (2)

and µ∗ is the Coulomb pseudopotential. Frequently, µ∗ is 
treated empirically to fit the Tc estimate to the known exper-
imental value. Here, for palladium hydrides we used simply 
the adjusted value of µ∗ = 0.18 which is slightly larger 
than the standard value of 0.13 for metals. For comparison, 
Papaconstantopoulos et al [21] used relatively small adjusted 
value of 0.085 that is, mostly, because of utilization of neu-
tron-scattering data.

3. Results

3.1. Ab initio molecular dynamics simulations

The H(D) dopants show large diffusion coefficient in Pd and, 
therefore, they can migrate in the host lattice due to quantum 
tunneling [1]. Prior to the modelling of the pore population 
in PdH x  and PdD x , we optimized the crystal structure of 
PdH x , using the supercell approach and the VASP code [19]. 
For hydrogen, its position in octapore is energetically favour-
able by 0.16 eV with respect to the T-pore, as shown in the top 
panel of figure  2. The energy barrier was simulated for the 
Pd4H1 supercell. The two minima of the energy profile along 
[1 1 1] are separated by the barrier of about 0.35 eV. This result 
is consistent with previously reported ab initio study [22] of 
PdH x , while the quantitative deviations can appear there since 
the energy profile depends significantly on the obtained equi-
librium volume of the PdH x  supercell and its composition. Ke 
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and Kramers [23] reported that when the zero point energy is 
included the O-pore position for hydrogen in PdH x  is 81 meV 
more stable than tetrapore. Thus, the zero point motions sig-
nificantly increase the O-pore stability [23]. Further improve-
ment of the pore energetics can be achieved using the free 
energy contributions, such as the electronic entropy and vibra-
tional entropy terms [24]. In this work, however, we calculated 
simply the total energies aiming to illustrate that the barrier 
shape in figure 2 qualitatively agrees with that reported by Ke 
et al [23]. Besides, the potential profile was calculated here 
keeping the equilibrium volume fixed for the case of occupied 
octapore. However, the equilibrium volumes for hydrogen in 
tetrapore and octapore are different that is shown clearly in 
figure 1. This volume difference therefore may be responsible 
for the more unfavorable dopant position in tetrapore that was 
demonstrated by Ke and Kramers [23].

The controversy over the occupation by deuterium of tet-
rahedral interstices in palladium was studied experimentally 
[25]. The model of tetrahedral occupancy was necessary there 
to fit the experimental diffraction profiles. At the D:Pd atomic 
ratio of 0.6, about one-third of all D were in tetrahedral sites. 
With increasing deuterium concentration, the tetrahedral frac-
tion decreases dramatically. This experimental result should 
remove a conceptual concern expressed by Ke and Kramers 
[23] regarding tetrahedral occupancy in palladium hydrides.

Based on the calculated energy profile of the material, 
which is shown in figure 2, one can suppose that below the 
absorption limit hydrogen and deuterium firstly occupy ener-
getically favorable octapores. To reveal the difference between 
these two light species, we performed ab initio molecular 
dynamics (MD) simulations. The use of the 64-atom Pd super-
cell, the pores of which can accommodate between 46 and 64 
dopants allows to simulate PdH x  for 0.7 � x � 1. The larger 
host supercells were also examined. We calculated the partial 
radial distribution function (RDF), gαβ(r), defined so that sit-
ting on an α = Pd  atom the probability of finding the light 
β-atom in the spherical shell (r, r + dr) is 4πr2nβgαβ(r)dr, 
where nβ is the number density of the β species.

In figure 2 we plot the two RDFs calculated for Pd-H and 
Pd-D separations, which were simulated over the long time 
interval at 10 K. The temperature variation below 200 K gives 
the minor effect on RDF. Each RDF in figure 2 shows its main 
peak, which corresponds to the O-pore position at the distance 
of a/2 to Pd, where a is the lattice parameter. In the case of 
H, nevertheless, the shorter Pd-H separation of a

√
3/4, which 

is related to the T-pore, seems quite possible. From the shape 
of RDF we conclude that deuteriums tend to occupy all avail-
able octapores whereas hydrogens are distributed between the 
O- and T-pores as 10:1. In practice, this ratio can decrease 
when the H pressure is used to exceed the absorption limit of 
x ∼ 0.7. Importantly, for 0.7 � x � 1 the probability to find H 
in tetrapores is larger compared to D. A crucial consequence 
of this disproportion on Tc is discussed below. It should be 
noted that although the RDF simulated here are anharmonic 
the subsequent and presented below calculations are confined 
to the harmonic approximation.

3.2. Electronic structure and Fermi surface

The electronic and lattice properties of PdH x  were com-
puted for x = 1/8, x = 1/4, x = 1/2 and x = 1. Because the 
details of electronic structure are not distinctive between PdH 
and PdD, we discuss the case of PdH x . With increasing x, the 
equilibrium volume gradually increases so that when the H 
content in octapores reaches 100 at.% the volume increases by 
13% compared to that of pure Pd. The density of states (DOS) 
of PdHO, which corresponds to the case when H occupy all 
octapores, is plotted in figure 3. One can see that the s-states 
of H are localized about 6 eV below the Fermi level (EF) and, 
therefore, these states should not contribute significantly to 
the DOS at EF. However, due to the lattice expansion caused 
by hydrogen, the d-band of PdHO becomes narrower, as com-
pared to bulk Pd. Simultaneously, since PdHO is the electron-
doped Pd, its d-band top is now 0.25 eV below EF. As a result, 
the Pd s − p states appear at EF that transforms the FS of 
PdHO, making it similar to the FS of Ag. As shown in figure 4, 
the FS of PdHO has a single sheet having open necks along 
[1 1 1] in the Brillouin zone, whereas the FS of Pd displays 
three sheets, which are formed by the Pd d-states. The differ-
ence in the FS topology between Pd and PdH and the corre-
sponding change from the d  to s − p character is decisive in 
the context of superconductivity.

3.3. Phonons and electron–phonon coupling

Recently, two groups of authors calculated the phonon frequen-
cies of PdHO, using the different ab initio based approaches, 
beyond the harmonic approximation [26, 27]. For PdHT, the 
phonon dispersions were not reported so far. In this work, the 
phonon frequencies and ESF of PdHO

x  and PdHT
x  were calcu-

lated using the pseudo potential plane-wave method as imple-
mented in the QE package [28]. Afterwards, by integrating 
the ESF over phonon frequencies ω , the electron–phonon 
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coupling constant, λ, was obtained that provides the estimate 
of Tc.

When each kind of dopants relax, for instance, in tetrapores 
the phonon density of states, F(ω), differs dramatically from 
that of octapores, as shown in figure 5. Surprisingly, for tet-
rahedrally coordinated hydrogen in PdHT we found rather 
significant gap of 19 THz in F(ω), which exists throughout 
the whole interval of simulated concentrations 1

8 � x � 1 and 
which increases with increasing x. The issue of the phonon 
gap has been discussed recently in the context of the thermal 
and thermoelectric properties [29]. Usually, the low-frequency 
gap is in the focus of such studies. In our case, however, 
dealing with the high-frequency phonon gap, we are focusing 
on its role on the ESF and superconductivity.

4. Discussion

For the binary systems, the gap in F(ω) may appear as the 
result of the large mass disproportion between two species. 
In some compounds, the gap breaks F(ω) into the acoustic 
and optical regions. The vibrational frequency of light dopant 
ω2

l = γ/Ml can lie as well as below and above the topmost 
mode (ωmax) of the host lattice. When ωl  is significantly larger 
than ωmax , the high-frequency phonon branches appear above 
ωmax . For the Pd lattice we obtained νPd

max ≈ 6.5 THz, whereas 
weakly dispersed ωT

l  calculated by QE for hydrogen in the 
T-pore position varies between 25 THz and 32 THz. For the 
heavier dopant, D, placed in the T pore, its topmost phonon 
DOS is localized between 18 THz and 23 THz as shown in 
figure 5. It should be noted that the supercell approach, which 
is used here to model PdH x , means that dopants form their 
regular sublattice. As shown in figure 5, the model yields the 
localized optical phonon branches, associated directly with 
H/D in tetrapores. The dispersionless vibrational frequen-
cies of interstitial dopants, which can be calculated, within 
the harmonic approximation, using few small displacements 
of dopant from its equilibrium position, were reported pre-
viously [30]. This approach tends to overestimate the H/D 

vibrations in palladium hydrides, compared to the phonon 
DOS calculated by QE.

Regarding randomly distributed impurities and their vibra-
tional modes, the corresponding model results were reported 
by Dederichs and Zeller [31]. These authors, using the Green 
function method for the imperfect lattice, showed how the 
localized mode: ωl > ωmax  appears and found the conditions 
for its lower and upper bounds, within the Einstein approx-
imation. Thus, the analytical derivation confirms our ab initio 
based calculation. Since all local modes ωl > ωmax  are charac-
terized by the effective force constant and effective mass, the 
comparison between ωT

l  and ωO
l  can be easily obtained. For 

octapore, its potential well, seen in figure 2, is wider. It means 
that γO

eff < γT
eff and, hence, ωO

l < ωT
l .

As a result of the phonon gap formed in PdHT, its ESF 
is also gapped. Thus, the coupling parameter to electrons 
becomes relatively small there: λT = 0.3. Although the 
phonon gap of PdDT is reduced by almost 5 THz, compared 
to that of PdHT, its EPC remains relatively low, below the Tc 
threshold. Regarding the octahedrally coordinated dopants, 

Figure 4. The three-sheeted Fermi surface (FS) of Pd shown in 
three upper panels and FS of PdHO shown below.
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we found that below x � 1
4 the optical phonon modes are 

marginally split by 1.3 THz (x = 1/8) and 2 THz (x = 1/4). 
However, when x approaches 50 at.% the gap in F(ω) com-
pletely disappears that yields robustly strong EPC. For PdHO, 
as shown in figure 5, we obtained λO = 0.8, which is strong 
enough to enable superconductivity.

Using the McMillan formula we estimated the critical 
temper ature magnitude for the two coordinations of H and for 
each x modeled. In figure 6, this Tc is plotted as a function of 
x. For PdHO

x=1, our calculation of Tc is in a very good agree-
ment with the experiments. For x � 1 the Tc > 0 values start 
from x = 0.5 and for dopants relaxing in the O-pores only. If 
tetrapores are filled by H or D then the phonon gap notably 
separates the dopant-associated optical modes that, therefore, 
weakens λ. The features of F(ω) and ESF shown in figure 5 
for PdHT

x  illustrate that. These findings are important for the 
clarification of IIE.

5. Summary

From our simulations it can be concluded that the Pd octa-
pores are more favourable energetically for H(D) than tet-
rapores. On the other hand, D as heavier species tend to 
occupy octapores at x � 1 whereas H can appear in tetrapores 
even if there are empty O-pores. Meanwhile, when dopants 
occupy tetrapores, their phonons display the gap, which dra-
matically diminishes the EPC figure  of merit to the values 
below the threshold needed for Tc. Thus, we suggest that 
only octapores filled with H(D) support superconductivity 
in the material. Regarding the IIE, we suggest also that for 
the given concentration 0.7 � x � 1 the Tc of PdH x  may 
become smaller, as compared to PdD x . This is because of 
lighter H, since their portion of about several percent can sit 
in the ‘EPC-suppressing’ T-pores. Unfortunately, we cannot 
quantify here the 2 K IIE because the temperature used in 
MD simulations is an uncalibrated model parameter. Finally, 
our findings allow to conclude that Tc of palladium hydrides 
should not increase for x > 1 since all extra dopants above 
x = 1 relax in tetrapores and environmentally do not con-
tribute to superconductivity. We believe that this work can 
provoke further studies of palladium hydrides using more 
sophisticated dynamical models.
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