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Abstract

We have determined the effective exchange interactions in the random magnetic overlayers on a nonmagnetic

substrate by a mapping of the accurate ab initio total energies onto a classical two-dimensional Heisenberg Hamil-

tonian. The electronic structure is determined within the tight-binding linear muffin-tin orbital method combined with

the surface Green function technique while the effect of a disorder is included using the coherent potential approxi-

mation. We employ both the magnetic-force and the vertex-cancellation theorems to evaluate the concentration

dependence on the overlayer exchange interactions. The formalism is applied to the magnetic overlayers on the fcc-

Cu(0 0 1) substrate. � 2002 Elsevier Science B.V. All rights reserved.

Keywords: Density functional calculations; Green’s function methods; Alloys; Magnetic films

1. Introduction

Exchange interactions between the magnetic
atoms in the non-magnetic as well as in ferro-
magnetic metals and their alloys are of a key
importance for understanding of the nature of
magnetism in such systems. These interactions,
determined from the first principles, play also an
important role in the construction of the model
magnetic Hamiltonians, e.g., the classical Heisen-
berg Hamiltonian, which allows to understand the
temperature dependent properties of the complex
magnetic systems [1] as well as their dynamic
properties, like for example spin-wave spectra.

Such a study can be also extended to two-dimen-
sional layered systems as it was recently demon-
strated [2]. While a reasonable progress has been
achieved in understanding of the spin-wave spectra
and thermodynamic properties like the Curie
temperature of the elemental ferromagnets [1] and,
recently, also of the ideal layered systems [2], there
is a small progress as concerns on evaluation of the
related properties in the magnetic substitutional
alloys [3]. This is particularly true for systems with
surfaces and interfaces playing a key role in vari-
ous technological applications. It is thus important
to have a theory as well as the first-principle
computational scheme suitable for evaluation of
the exchange interactions in the random substitu-
tional alloys, their surfaces and interfaces. This
would allow to understand their properties on a
level comparable to ideal (bulk) crystals. We have
recently developed such a scheme for bulk alloys
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[4] and a purpose of this paper is to extend this
study to random two-dimensional systems.

2. Formalism

The exchange interactions for random alloys
are conveniently evaluated in the framework of the
real-space approach [3] which is applicable also to
systems with broken translational symmetry in
contrast to the conventional reciprocal-space-
based approaches, such as the frozen-magnon
approach [5]. Both approaches adopt the adiabatic
approximation in which the calculated exchange
energies are small compared to the bandwidth and
the exchange splitting of each magnetic atom in a
system. As we are interested in the exchange in-
teractions among different sites in the system, we
can neglect the intracell non-collinearity. We em-
ploy the magnetic force theorem [3,6] according to
which the change of the total energy of a system
coincides with the sum of one-particle energy
changes of occupied states. Another important
point is the vertex-cancellation theorem (VCT)
valid within the framework of the coherent-po-
tential approximation (CPA). The VCT can be
used to calculate any kind of the energy associated
with a local rotation of the magnetization, in-
cluding the Heisenberg exchange interactions
which are of interest here. This theorem states that
disorder-induced vertex corrections can be ne-
glected in the limit of infinitesimal rotations of
magnetizations and it represents a good approxi-
mation for the case of small but finite rotations [7].
The effective two-dimensional alloy Heisenberg

Hamiltonian with classical spins is

H eff ¼ �
X
i6¼j

Jijei � ej; ð1Þ

where Jij is the exchange interaction energy be-
tween two particular sites i, j in a random alloy,
and ei; ej are the unit vectors pointing in the di-
rection of local magnetic moments at sites i, j, re-
spectively. The quantities Jij assume four different
values in a random overlayer depending on the
occupation of terminal sites i, j, namely JQ;Q0

ij ,
Q;Q0 ¼ A;B. In the framework of the ab initio
tight-binding linear muffin-tin orbital method (TB-
LMTO) [8], JQ;Q0

ij are given as [4]

JQ;Q0

ij ¼ 1

4p
Im

Z
C
trL DQ

i ðzÞ�gg
Q;Q0;"
ij ðzÞDQ0

j ðzÞ�ggQ0;Q;#
ji ðzÞ

� �
dz;

DQ
i ðzÞ ¼ PQ;"

i ðzÞ � PQ;#
i ðzÞ: ð2Þ

In this expression, trL denotes the trace over the
angular momentum L ¼ ð‘mÞ, the energy integra-
tion is performed in the upper half of the complex
energy plane over a contour C starting below the
bottom of the valence band and ending at the
Fermi energy, while PQ;r

i ðzÞ are diagonal matrices
of the potential functions of the TB-LMTO
method for a given atom type and spin orientation
r ¼"; # with elements P r

i;LðzÞ, and DQ
i ðzÞ plays a role

of the local exchange splitting for an atom Q in the
conventional tight-binding approach. The sites i, j
are limited to the random overlayer, i.e., we ne-
glect very small magnetic moments, induced by the
magnetic overlayer in a non-magnetic semi-infinite
substrate. The interaction of two spins is mediated
by the conditionally averaged (auxiliary) Green
functions �ggQ;Q

0;"
ij ðzÞ and �ggQ

0 ;Q;#
ji ðzÞ. In the framework

of the CPA, they are evaluated as [8]

�ggQ;Q
0;r

ij ðzÞ ¼ ~ff Q;r
i ðzÞ�ggr

ijðzÞf
Q0;r
j ðzÞ;

f Q;r
i ðzÞ ¼ 1

h
þ ðPQ;r

i ðzÞ �Pr
i ðzÞÞ�ggr

iiðzÞ
i�1

;

~ff Q;r
i ðzÞ ¼ 1

h
þ �ggr

iiðzÞðP
Q;r
i ðzÞ �Pr

i ðzÞÞ
i�1

:

ð3Þ

The coherent potential function Pr
i ðzÞ is the site-

diagonal matrix with the elements Pr
i;LL0 ðzÞ, �ggr

iiðzÞ
and �ggr

ijðzÞ are the site-diagonal and the site off-di-
agonal blocks of the configurationally averaged
auxiliary Green function [8], respectively, evalu-
ated with the help of the lattice Fourier transform
(for more details see [8]). The Fourier transform of
JQ;Q0

ij can be calculated in two ways, namely by a
summation over the large number of the coordi-
nation shells

JQ;Q0 ðqk; zÞ ¼
X
jðj 6¼0Þ

JQ;Q0

0j ðzÞeiqk:Rj ð4Þ

or, by a direct Fourier transformation of Eq. (2),
namely

JQ;Q0 ðqk; zÞ ¼
1

4pNk
Im

X
kk

Z
C
trL DQðzÞ�ggQ;Q0 ;"ðkk; zÞ

�

�DQ0 ðzÞ�ggQ0;Q;#ðkk � qk; zÞ
�
dz: ð5Þ
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Here, the sum runs over the corresponding surface
Brilouin zone (SBZ), and Nk is the number of kk-
points in the SBZ. It should be noted that the
quantity JQ;Q0

ij is closely related to the configura-
tionally averaged non-interacting static transversal
susceptibility of a random overlayer.
The derivation of the above expressions is quite

similar to that for bulk alloys [4]. One should,
however, mention that Eq. (2) can be derived in
two ways: (i) by performing the rotation of mag-
netizations at two sites i and j occupied by atoms Q
and Q0, respectively, for a given alloy configura-
tion, and then applying the CPA configurational
average, or, (ii) by rotating the magnetizations of
two sites i and j occupied by the ‘effective’ CPA
atoms, i.e., using the same approach as for non-
random systems [2] but applied to the configura-
tionally averaged system. The equivalence of both
approaches is obvious from a physical point of
view (the interchange of a configurational average
and of a small rotation of magnetizations at two
sites) but it is non-trivial from a formal point of
view. In both cases, one has to employ the VCT to
derive Eq. (2).

3. Results and discussion

It should be noted that two-dimensional Hei-
senberg Hamiltonian (1) is obtained by a mapping
the total energies of a realistic system, consisting
of a random magnetic overlayer sandwiching the
semi-infinite non-magnetic substrate and the semi-
infinite vacuum described in terms of empty spheres

[8]. In this way direct interactions among magnetic
atoms in the overlayer as well as the indirect in-
teractions of magnetic atoms via the substrate are
included into the construction of the Heisenberg
model. Such indirect interactions can play an im-
portant role in the explanation of some phenomena
in magnetic multilayers (see [2] for more details).
The potential functions and Green functions,

appearing in Eq. (2), were determined within the
non-relativistic TB-LMTO-CPA method [8] as-
suming the experimental Cu lattice constant and
the exchange potential in the form suggested by
Vosko–Wilk–Nusair [9]. The Gaussian quadrature
method with 20 nodes was used to perform the
energy integration on the semi-circle C in the up-
per part of the complex energy plane. The inte-
gration over the full SBZ was performed using up
to 150 000 kk-vectors for the energy point on the
contour C closest to the Fermi energy, and then
the number of kk-vectors progressively decreasing
for more distant energy points, and for points
close to the bottom of the band. The exchange
interactions were calculated up to 48th shell.
We have performed calculations for the refer-

ence systems Fe/Cu(0 0 1) and Co/Cu(0 0 1) and for
their disordered counterparts, namely Fe50Co50/
Cu(0 0 1), Fe50Vac50/Cu(0 0 1), and Co50Vac50/Cu-
(0 0 1). Here Vac denotes vacancies (empty sites)
and the corresponding models represent incom-
plete overlayers of magnetic atoms on the fcc-
Cu(0 0 1) substrate. In each case, the overlayers are
1 ML thick.
The results are summarized in Table 1 and Figs.

1–3. The local moments on Fe-sites are enhanced

Table 1

Calculated values of the local Fe- and Co-magnetic moments in the overlayer and the first nearest-neighbor exchange interactions

among Fe–Fe, Fe–Co, and Co–Co pairs in various overlayers

overlayer Fe Fe50Vac50 Fe50Co50 Co50Vac50 Co

mFe (lB) 2.76 2.68 2.81 – 2.87

mCo (lB) 1.69 – 1.73 1.60 1.77

JFe;Fe1 (mRy) 2.82 4.69 2.87 – 3.11

JFe;Co1 (mRy) 2.69 – 2.78 – 2.84

JCo;Co1 (mRy) 2.10 – 2.23 3.31 2.32

In the case of the ideal Fe/Cu(0 0 1) overlayer the Co–Co term corresponds to two isolated Co impurities in the Fe layer while the Fe–

Co term describes a single Co impurity in the Fe layer, and similarly for the Co/Cu(0 0 1) overlayer. Exchange interactions among the

magnetic atoms and vacancies (or among two vacancies) are negligible, similarly as the local magnetic moments on vacancies and

therefore are not shown.
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compared to the bulk bcc-Fe crystal due to the
reduced coordination of atoms in the overlayer.
On contrary, the local moments on Co-sites are
only slightly different from the bulk fcc value be-
cause the majority band is nearly filled and thus
varying environment does not change the occu-

pation of spin subbands so strongly as in the case
of the bulk Fe with a partially filled majority
band (see [10] for more details). This is due to a
strong ferromagnetism which is stabilized for the
Fe1�xCox overlayer ð06 x6 1Þ and leads to above
mentioned enhancement of Fe local magnetic

Fig. 1. Effective pair interactions among the Fe–Fe pairs in the

magnetic overlayers on the non-magnetic fcc-Cu(0 0 1) substrate

as a function of their distance R (in units of the lattice constant

a): the Fe50Vac50 overlayer (top panel), the Fe50Co50 overlayer

(middle panel), and the Fe overlayer (bottom panel). Note that

the pair interactions are multiplied by a factor ðR=aÞ2.

Fig. 2. Effective pair interactions among the Co–Co pairs in the

magnetic overlayers on the non-magnetic fcc-Cu(0 0 1) substrate

as a function of their distance R (in units of the lattice constant

a): the Co50Vac50 overlayer (top panel), the Co50Fe50 overlayer

(middle panel), and the Co overlayer (bottom panel). Note that

the pair interactions are multiplied by a factor ðR=aÞ2.
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moments as well as to a weak concentration de-
pendence of both the local Fe and Co magnetic
moments [10].The majority spin electrons are only
weakly influenced by the disorder in the Fe50Co50
overlayer so that this subband exhibits nearly a

rigid-band behavior. On contrary, the minor-
ity electrons are influenced by a disorder more
strongly. The present results are also in a fairly
good agreement with full-potential slab calcula-
tions for ideal overlayers [11]. The disorder is,
however, very strong in the case of a partial mono-
layer coverage of fcc-Cu(0 0 1) substrate by the
magnetic Fe and Co atoms due to a large differ-
ence between the d-levels of magnetic atoms and
vacancies (the split-band regime of the CPA). In
this case, the rigid-band model is not applicable.
Also these overlayers exhibit a strong ferromag-
netism, i.e., the filled majority d-subband, and a
small concentration variation of local magnetic
moments with a coverage. The magnetic polar-
ization of empty sites is (negligible being less than
0.01lB).
The leading values of the pair exchange inter-

actions for ideal overlayers, namely JFe;Fe1 for Fe/
Cu(0 0 1) and JCo;Co1 for Co/Cu(0 0 1), agree with
previous calculations [2]; JFe;Fe1 are essentially the
same as in Fe/Cu(0 0 1), Fe50Co50/Cu(0 0 1), as well
as for the two impurity case in Co/Cu(0 0 1) over-
layer. A similar behavior is also found for JCo;Co1 in
Co/Cu(0 0 1), Fe50Co50/Cu(0 0 1), and Fe/Cu(0 0 1)
overlayers. On contrary, both JFe;Fe1 and JCo;Co1

are strongly enhanced in Fe50Vac50/Cu(0 0 1) and
Co50Vac50/Cu(0 0 1) due to a strongly reduced co-
ordination of magnetic atoms in these overlayers.
A similar trend of increasing J1s with the reduced
coordination of magnetic atoms, although not so
pronounced, was found for magnetic monolayers
embedded in the host fcc-Cu crystal, deposited
on fcc-Cu(0 0 1) as overlayers, and for the free
standing magnetic layers [2].
The dependence of the exchange pair inter-

actions JFe;FeðRÞ, JCo;CoðRÞ, and JFe;CoðRÞ on the
distance R ¼ jRi � Rjj is presented in Figs. 1–3,
respectively. To be more precise, the dependence
R2 JQ;Q0 ðRÞ, where Q;Q0 ¼ Fe, Co is shown there.
In the limit of large values of R, the expression (2)
can be evaluated analytically by means of the
stationary phase approximation [12]. For the bulk,
one obtains JQ;Q0 ðRÞ / R�3 [13], while a similar
estimate gives JQ;Q0 ðRÞ / R�2 for a two-dimen-
sional case. It should be noted, however, that the
present case is not strictly two-dimensional due to
the indirect exchange interactions of two magnetic

Fig. 3. Effective pair interactions among the Fe–Co pairs in the

magnetic overlayers on the non-magnetic fcc-Cu(0 0 1) substrate

as a function of their distance R (in units of the lattice constant

a): the Fe overlayer (top panel), the Fe50Co50 overlayer (middle

panel), and the Co overlayer (bottom panel). In the case of the

Fe overlayer the pair interactions correspond to a single Co-

impurity case, and similarly for the Co overlayer. Note that the

pair interactions are multiplied by a factor ðR=aÞ2.
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atoms in the overlayer via a non-magnetic
fcc-Cu(0 0 1) substrate. This is also seen in Figs. 1–
3 for the ideal overlayers: the R�2 dependence,
clearly dominates but an overall behavior is more
complex. In a disordered system one expects an
additional damping due to an exponential decay of
the configurationally averaged Green functions
evaluated in the CPA, �ggr

ijðzÞ, with the distance R.
In the case of a weak disorder in one spin channel
(majority spins in Fe50Co50/Cu(0 0 1)), we observe
only a weak additional damping in contrast to the
strong split-band type of disorder in both spin
channels for the case of the incomplete magnetic
overlayers.
In conclusion, a construction of the effective

two-dimensional alloy Heisenberg Hamiltonian
represents an important, but only the very first
step in studying the relevant properties of an
overlayer, such as the magnon dispersion laws, the
spin-wave stiffness, and the evaluation of the Curie
temperature. This will represent a natural gener-
alization of the approach already existing for ideal
magnetic overlayers [2].
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