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Abstract

We perform a theoretical study of the emission properties of a thin ballistic, mesoscopic ring driven by a quasi-perio
of electromagnetic half-cycle pulses (HCPs). It is shown that an applied sequence of pulses induces a non-equilibrium, t
dependent charge polarization in the ring. The resulting charge oscillations generate an emission spectrum that can b
by designing appropriately the strength and the shape of the HCP sequence. The HCP is fast in that, the relaxation of t
ring to its equilibrium state occurs after the pulses have passed by. Hence the study of the emission spectrum offe
possibility to investigate relaxation processes in mesoscopic systems in absence of external perturbations.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Due to their importance for technological applic
tions as well as for fundamental research, mesosc
systems are continuing to attract considerable at
tion [1–4]. Of particular interest for this work ar
mesoscopic systems with ring-confining geometr
At low temperatures, the phase coherence lengt
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electrons in a mesoscopic ring (MR) can be consid
ably large compared to the size of the ring and inter
ence effects become important. Interference effects ar
manifested in various phenomena. E.g., when a M
threaded by a magnetic field, the thermodynamic pr
erties of the system become periodic functions of
magnetic flux. The flux dependence of the free energ
leads then to the existence of the so-called persis
currents[4–9,12]and to the Aharonov–Bohm condu
tance oscillations[1].

Charge transfer phenomena and the polarizab
of MRs have been studied previously both theor
.
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cally [10] and experimentally[11]. In these studies
however, MRs are considered in the presence o
time-independent flux or dc electric fields, i.e., t
system behaviour is investigated in the presence
external perturbations. In addition, the rise-up a
switch-off times of these external fields occur usua
adiabatically on the scale of the relaxation timeτrel.
Thus, a time-resolved study of the unperturbed sys
with a time resolution better thanτrel is not feasible
(this includes in particular the dynamical behaviour
the relaxation itself). In the present Letter we addr
the situation in which a MR is periodically excite
within times shorter thanτrel and relaxes to its equ
librium state in a field-free manner after each pertur
tion. Specifically, we investigate the charge dynam
and the emission spectrum of a thin (one subba
ballistic MR subjected to a train of linearly polarize
electromagnetic half-cycle pulses (HCPs). An HCP
a strongly asymmetric mono-cycle pulse consisting
a very short, strong half-cycle (we refer to this part
an HCP), followed by a second half-cycle of an opp
site polarity (the tail of the HCP). This second part
the pulse can be attenuated and stretched substan
(in time) by means of optical gating techniques[13].
Since the HCP tail is very weak and very long (co
pared to the relaxation time of MRs) it hardly infl
ences the electron dynamics. Nowadays, subpico
ond HCPs are available that last for picoseconds
have a peak field up to several hundreds of kV/cm
[14]. Furthermore, trains of HCPs are experimenta
feasible[15–17].

The highly asymmetric HCPs and symmetric
nearly symmetric) fields (e.g., continuous wave (C
lasers and laser pulses) differ qualitatively in the w
they couple to electronic systems. A key difference
that unlike CW lasers or laser pulses, an HCP can
liver a non-zero momentum transfer (or akick) to the
system[13,16–18]. It is precisely this peculiar prop
erty of HCPs that allows for inducing postpulse (an
therefore, field-free) time-dependent charge osc
tions in MRs, as shown below. When a MR is ill
minated by a single HCP the charge oscillations de
on a time scale of the order of the relaxation timeτrel.
However, the charge oscillations can be sustained f
longer time if a train of HCPs is applied. The induc
charge oscillations correspond to a characteristic e
sion, meaning that the driven MR can serve as a so
of electromagnetic radiation. As shown here, the em
y

-

sion characteristics of the MR can be controlled
a certain extent) by appropriately designing the
quence of HCPs.

2. Theory

We consider an isolated 1D MR at low tempe
tures (T ≈ 0 K). A periodic train of HCPs linearly
polarized along thex direction is applied att = 0.
We are particularly interested in the case where
periodT of the pulse sequence is much longer th
the (relaxation) timeτrel which is needed for the ex
cited MR to relax to the equilibrium state after t
action of each pulse. In such a case the task is
duced to considering the evolution of the system un
the action of a single pulse. The system evolution
der the influence of the HCP train can be retriev
from the behaviour under the action of a single HC
In addition, the duration�t of an HCP is assume
to be much shorter than the ballistic timeτF a par-
ticle at the Fermi level requires for completing o
turn around the ring. This condition is experime
tally feasible: for typical ballistic ringsτF is of the
order of several tens of picoseconds (here we c
sider a ring withτF ≈ 32 ps as the experimental rin
used in Ref.[9]), while HCPs as short as 1 ps c
be generated with contemporary techniques[14]. For
�t � τF the interaction of the system with the HC
can be treated justifiably within the impulsive appro
imation. As specified below, the MRs we are cons
ering are such that in the equilibrium state the cha
carrier in the ring can be treated independently[8,9].
Thus, the fundamental quantity from which the b
haviour of the complete system can be deduced is
single-particle, time-dependent wave functionΨ . The
functionΨ is deduced from the solution of the tim
dependent Schrödinger equation in the presence
single HCP, i.e.,

(1)ih̄
∂Ψ

∂t
=

[
− h̄2

2m∗ρ2
0

∂2

∂θ2 − qρ0p cosθδ(t)

]
Ψ.

Hereρ0 is the radius of the ring andδ(t) denotes the
Diracδ function. The polar angleθ specifies the angu
lar position of the charge carrier (with chargeq) with
respect to thex axis andm∗ is the effective mass. Th
pulse is applied att = 0 and transfers a momentu
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denoted byp to the system[14,16–18]. The momen-
tum p is determined by the area of the actual pu
i.e., by the time-integral

∫ �t

0 F(t) dt over the electric
field amplitudeF(t) of the pulse. Regarding(1), it
is worth remarking that although the actual HCP h
a finite duration its approximation by a Dirac de
function (this is equivalent to the impulsive appro
mation) is expected to describe appropriately the
namics of the system if the pulse duration is mu
shorter than the characteristic time (in the present c
text τF ) of the field-free system. In fact, it has be
numerically demonstrated in a number of works (s
for example, Ref.[18]) that under the mentioned co
dition the impulsive approximation leads indeed
results that hardly differ from the numerical resu
obtained when considering the finite duration of
HCP.

It is worth noting that the 1D model is expect
to be a good approximation for thin MRs with a wid
d � ρ0. In such a case the radial motion is much fas
than the angular motion and, hence, the radial ch
nels become adiabatically decoupled from the ang
motion. If, in addition,d < λF (with λF represent-
ing the Fermi wavelength) then the MR become
single-channel 1D ring. A typical value for the Ferm
wavelength in ballistic, thin GaAs–AlGaAs MRs
λF = 42 nm (see, for example, Ref.[9]).

The time evolution of a particle residing initially (a
t < 0) in the electronic state characterized by the ro
tional quantum numberm0 is described by the solutio
Ψm0(θ, t) of Eq. (1) at t > 0. ExpandingΨm0(θ, t) in
terms of the stationary eigenstates leads to

(2)Ψm0(θ, t) = 1√
2π

∞∑
m=−∞

Cm(t,m0)e
imθ e

−i
Emt

h̄ ,

where

(3)Em = h̄2m2

2m∗ρ2
0

, m = 0,±1,±2, . . .

are the eigenenergies of the unperturbed states.
expansion coefficientsCm(t,m0) have the form

(4)Cm(t,m0) =
{

δm,m0 for t � 0,

im0−mJm−m0(α) for t > 0,

whereJl(x) are the Bessel functions andα = qρ0p/h̄.
On the other hand, the energy corresponding to a
ticle initially in them0th state is derived to be

(5)Em0(t) =




h̄2m2
0

2m∗ρ2
0

for t � 0,

h̄2

2m∗ρ2
0

(
m2

0 + α2

2

)
for t > 0.

Thus, the HCP shifts the unperturbed energy sp
trum by an amount that scales quadratically with
strength of the pulse and does not depend on the
of the ring.

The polarization (along thex axis) of the MR in-
duced by the HCP is given by

(6)µ(t) =
∑
m0,σ

f (m0, σ,N, t)µm0(t).

The spin of the particle is referred to byσ andN is the
number of particles (which is assumed to be a cons
since the ring is isolated). In Eq.(6) f (m0, σ,N, t)

stands for the non-equilibrium distribution function
The quantityµm0, defined as

(7)µm0(t) = qρ0

2π∫
0

∣∣Ψm0(θ, t)
∣∣2 cosθ dθ

is the dipole moment along thex axis associated with
a particle that resided initially in them0th stationary
state.

As shown in Ref.[8], the electron–electron intera
tion plays a minor role in determining the ground st
properties of the MRs considered in this Letter. Wh
the HCP is applied to the MR, the system is promo
into an excited state and starts to relax after the H
has passed by. The relaxation of the system can
cur through various pathways, e.g., electron–pho
scattering, simultaneous scattering by impurities
phonons, electron–electron scattering,1 etc. The de-
tailed study of such mechanisms, although interest
is out of the scope of the present Letter. Here the re
ation processes are introduced phenomenologicall
means of a single (averaged) quantity, the relaxa

1 We note that unlike in the equilibrium state in which the cha
is distributed uniformly along the ring and the electron–electro
scattering conserves the momentum in the two-particle collision
the excited state the external field induces a polarization that br
the rotational symmetry and leads to the violation of the mom
tum conservation. A similar situation occurs in “dirty” metal rin
in which the presence of disorder is responsible for breaking the
tational symmetry.
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time τrel. The non-equilibrium distribution functio
f (m0, σ,N, t) in Eq. (6) is evaluated within the re
laxation time approximation by solving the Boltzma
equation:

(8)
∂f (m0, t)

∂t
= −f (m0, t) − nF (m0)

τrel
,

whereτrel represents the relaxation time and

(9)nF (m0) =
[
1+ exp

(
Em0(t � 0) − η0

kBT

)]−1

denotes the Fermi–Dirac distribution function cor
sponding to the equilibrium. Note that the explicit d
pendence onσ andN has been omitted for brevity
In the equation aboveT , kB , and η0 represent the
temperature, the Boltzmann constant and the che
cal potential (fort � 0), respectively. Eq.(8) has to
be complemented with the boundary condition spe
fying the value of the distribution function right afte
the application of the pulse,

f
(
m0,0+) = n

(1)
F (m0)

(10)=
[
1+ exp

(
Em0(t > 0) − η1

kBT

)]−1

.

In the present case of an isolated MR, the chem
potentialsη0 andη1 have to be calculated, in gener
by requiring the number of particlesN in the ring to
be a constant. In the particular case of a zero t
perature, only the lowest-lying states are occupied
such a case, considering that the action of the HCP
the energy spectrum consists only in shifting the
ergy levels (see Eq.(5)), the sum in Eq.(6) can be
performed analytically. Hereby the filling of the leve
depending on whether theN charge carriers are spin
less or spin1

2 particles plays a crucial role. For the ca
of spinless particles [µ(σ = 0) = µ0] we obtain

(11)µ0 =
{

µo(N, t) for N odd,
µe(N, t) for N even,

where

µo(N, t) = −αqρ0 Θ(t)
[
J0(Ω) + J2(Ω)

]
(12)× sin

[
2πNt

τp

]
e−t/τrel,

µe(N, t) = −qαρ0 Θ(t)
[
J0(Ω) + J2(Ω)

]
(13)× sin

[
2πNt

τ

]
cos

[
2πt

τ

]
e−t/τrel.
p p
In Eqs. (12) and (13)Θ(t) denotes the Heavisid
step function,α = qρ0p/h̄, τp = 4πm∗ρ2

0/h̄ andΩ =
α
√

2− 2 cos[4πt/τp].
By following a procedure similar to that discuss

in Ref. [7] the total HCP-induced dipole mome
µσ (t) corresponding to the case of spin12 particles
can be expressed in terms of the dipole moments
the spinless case (Eqs.(12) and (13))

µσ =




2µe

(
N
2 , t

)
if N = 0 (mod 4),

µo

(
N+1

2 , t
) + µe

(
N−1

2 , t
)

if N = 1 (mod 4),

2µo

(
N
2 , t

)
if N = 2 (mod 4),

µe

(
N+1

2 , t
) + µo

(
N−1

2 , t
)

if N = 3 (mod 4).
(14)

We note that for time scales in the domaint � τp

the dependence of the polarization on the parity of
number of particlesN becomes irrelevant (compa
Eqs.(12) and (13)). In such a situation one can ea
ily find from Eqs.(12)–(14)that for a large value o
N [(N ± 1)/N ≈ 1], all the four cases in Eq.(14)can
be approximated as follows

µσ (N, t) ≈ −2αqρ0 Θ(t)
[
J0(Ω) + J2(Ω)

]
(15)× sin

[
πNt

τp

]
e−t/τrel.

The polarizationµk(t) (for the case of spin12 parti-
cles) of the MR due to a periodic sequence ofk HCPs
with periodT � τrel can be obtained from the pola
ization induced by a single HCP [Eq.(15)] through the
following relation

(16)µk(t) =
k−1∑
j=0

µσ (t − kT ),

where the dependence onN has been omitted fo
brevity.

The emission spectrumI (ω) produced by the
charge oscillations in the MR is given by

(17)I (ω) ∼ ∣∣µk(ω)
∣∣2,

where µk(ω) is obtained by Fourier transformin
µk(t) to the frequency (ω) domain. In the limit of
weak fields (α � 1/2) we haveΩ � 1. The Besse
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functions in Eq.(15)can then be approximated as[19]

Jν(Ω) ≈ 1

�(ν + 1)

(
Ω

2

)ν

, ν �= −1,−2,−3, . . . .

(18)

Consequently, from Eqs.(15)–(18)the following ana-
lytical expression is deduced

(19)I (ω) ∼ Y (ω)

[
sin

(
kωT

2

)
sin

(
ωT
2

)
]2

,

where the functionY (ω) is given by

(20)Y (ω) = (2παqρ0N)2( τp

τ2
rel

+ π2N2

τp
− ω2τp

)2 + 4ω2 τ2
p

τ2
rel

.

One can see from Eqs.(19) and (20)that at the inte-
ger harmonics (ω = nω0,ω0 = 2π/T ,n = 0,1,2, . . .)
the emission spectrum has peaks whose amplitude
modulated by the modulation functionk2Y (ω). The
modulation function has a maximum

(21)k2Ymax= (kαqρ0τrel)
2

at the frequency

(22)
ωmax

ω0
=

√(
NT

2τp

)2

−
(

T

2πτrel

)2

.

Note, however, that asωmax must be a real numbe
the maximum indicated in Eq.(21)exists only ifτrel �
τp/(πN).

3. Results

Explicit calculations were performed for a balli
tic GaAs–AlGaAs ring similar to that used in the e
periment reported in Ref.[9] with the following pa-
rameters:ρ0 = 1.35 µm, the electron effective ma
m∗ = 0.067me, and N = 1400. For such a system
τp ≈ 13.26 ns. The time domain of interest here
t � τp, where Eq.(15) and the further relations de
rived from it hold. A quasiperiodic train ofk = 10
sine-square HCPs with a periodT = 100 ps are used
The HCPs were taken as short as 1 ps and with p
field as weak asF = 1 V/cm (to ensure thatα � 1/2
holds). A zero temperature was considered in all c
culations.
Fig. 1. Time dependence of the polarizationµσ (in units of 103

Debyes) for different values ofτrel. The results correspond to a tra
of k = 10 HCPs with a period ofT = 100 ps and a peak field o
F = 1 V/cm.

The time dependence of the induced polarizat
µσ is shown inFig. 1(a) and (b) forτrel = 5 ps and
τrel = 20 ps, respectively. It is clear from the com
parison of these figures that as the relaxation t
increases the carriers in the ring are able to oscil
stronger and therefore the amplitude and the num
of oscillations of the induced polarization increas
with τrel. It is worth mentioning that although ou
study here is limited to the case of a quasiperio
train of unidirectional HCPs, it is also experimenta
feasible to generate trains of bidirectional HCPs[17]
as well as to vary the time delay between consecu
pulses. Therefore, it is possible to control the ring
larization on a picosecond time scale by appropria
designing the sequence of HCPs.

The emission spectra corresponding to the po
ization oscillations shown inFig. 1(a) and (b) are dis
played inFig. 2(a) and (b), respectively. For the sa
of comparisonI (ω) has been expressed in the sa
arbitrary units in bothFig. 2(a) and (b). As antici-
pated in the previous section, the emission spect
is composed of peaks at the integer harmonics (ω =
nω0, n = 0,1,2, . . .) with amplitudes that are modu
lated by the modulation functionk2Y (ω). This situ-
ation is in contrast to the harmonic spectra obtai
from a single atom in a linearly polarized laser fie
and from ringlike molecules interacting with circular
polarized fields. In the former case only linearly pol
ized odd harmonics are generated[20] and in the lates
only harmonics of the ordern = gK ± 1 (K is the or-
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Fig. 2. Emission spectrum (solid lines) and modulation fu
tion (dashed lines) for different values ofτrel. The results corre-
spond to a train ofk = 10 HCPs with a period ofT = 100 ps
(ω0 = 2π/T ≈ 6.28× 1010 Hz) and a peak field ofF = 1 V/cm.

der of the discrete rotational symmetry of the molec
andg = 1,2,3, . . .) can be emitted[21]. In these case
the suppression of determined harmonics is due to
lection rules imposed by the dynamical symmetry
the correspondingHamiltonian. For the system studie
here the highly asymmetric character of the HCPs
the consequence that the Hamiltonian does not h
any dynamical symmetry and therefore no special
lection rules exist.

It is quite apparent that the intensity of the strong
emission lines increases with the relaxation ti
(compareFig. 2(a) and (b)). This behaviour is compr
hensible from Eq.(21), for the maximum of the modu
lation function depends quadratically onτrel. Further-
more, as the modulation function depends essent
on the ring parameters, by choosing appropriate va
for ρ0 andN one canfilter (within a certain accuracy
some specific harmonics from the emission spectr
e.g., one can choose the system parameters such
ωmax/ω0 (see Eq.(22)) coincides with the order of th
harmonic one wishes to highlight. We stress that
emission of concern here is mainly due to the indu
charge oscillations and not to the relaxation proces
Due to the single-channel (1D) condition the quant
transitions between different states are more likely
occur through the gain or loss of angular moment
and, therefore, the relaxation of the system is expecte
to occur through phonon (and not photon) emissi
For the same reason the effects of the emitted p
tons on the relaxation processes are not expected
t

important and, consequently, are not included in
model.

It is worth noting that the charge polarization e
fects occur mainly between consecutive pulses an
therefore, in a field-free environment. This fact offe
a unique opportunity for studying relaxation proces
in absence of external perturbations. In fact, the res
depicted inFig. 2 suggest a way of experimental
measuring the relaxation timeτrel. By detecting the
emission spectrum, the relaxation time can be fo
as the value ofτrel in the modulation functionk2Y (ω)

that leads to the best correspondence with the emis
peaks that are determined experimentally. In addit
we believe that it is, in principle, possible to infer fro
the emission spectrum whether there are several re
ation mechanisms and whichof them are the most im
portant. A definitive answer to this question, howev
requires the detailed inclusion of the relaxation me
anisms (one can then “switch on” or off the differe
relaxation mechanisms and by comparing with the
perimental results one can obtain information ab
the relaxation process). The model discussed her
cludes the relaxation at a phenomenological level
cannot provide such a detailed information.

The system studied here could be useful for h
monic generation as well as for designing artificia
structured materials that do not occur naturally.
particular the creation of a planar array of isola
MRs2 is expected to resonantly increase the emiss
intensity.3 Furthermore, as shown above, the indiv
ual ring polarization strongly depends on its param
ters (mainly size, and number of particles). Therefo
upon an appropriate design of the corresponding
nar array (e.g., by varying the diameters of cert
rings in the array) one can create a desired ma
the charge polarization of the quasi two-dimensio
structured material.

4. Conclusions

In summary, we showed that when a thin bal
tic MR is subjected to a quasiperiodic train of HC

2 Similar arrays of connected GaAs/GaAlAs MRs have been
perimentally realized (see Ref.[12]).

3 An experimental realization of an artificially structured mat
ial with an enhanced response has been reported in Ref.[22].
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17.
a non-equilibrium, time-dependent polarization is in
duced in the ring. The charge oscillations induc
in this way can be engineered on the picosec
time scale by an appropriate design of the pulse
quence. The emission spectrum generated by the
duced charge oscillations was studied for the cas
weak pulses. The obtained results document the
tential of the studied system for harmonic generatio
A procedure was proposed for the experimental m
surement of the time of relaxation of the excited sta
to the equilibrium state (in absence of external per
bations).
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